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VYpaBasgeMOCTh JIMHEHUHBIX CTAllMOHAPHBIX
CUCTEM OOBIKHOBEHHBIX
nuddepeHnnanbHbIX YPaBHCHUN
IpY HATMYUHA KOMOWMHUPOBAHHOTO YHPABJICHUS

0O.B. Xpamuos
Vupeowcoenue obpazosanus « Bumebckuil cocyoapcmeenublil yHugepcumem
umenu I1.M. Maweposay

OO0HuM U3 pazdenos meopui ONMUMALLHBIX NPOYECCO8 SGISLeMcsl npobiema NOTHOU YAPAGISLeMOCIU TUHEIHBIX CIAYUOHAPHBIX
cucmem 00bIKHOBEHHBIX OUPDEPEHYUATLHBIX YPABGHEHULL 8 PA3IUYHBIX KIACCAX YAPAGIAIOWUX 6o30eticmeutl. [lonnas ynpagisiemocmo
O3HAuAem 803MOICHOCHb NOCMPOCHUSL NPOSPAMMHO20 YNPAGISIOue20 6030elCmeUsl, NEPE6OOAUec0 COCMOHUE CUCIEMbL 3d KOHeU-
HbIIL POMEJICYMOK 8peMeHU U3 1106020 Hanepeo 3a0aHHO20 HAYANbHO20 COCMOAHUSA 8 M0D0e Haneped 3a0aHHOe KOHEYHOe COCMOsl-
Hue.

Lenv pabomvl — Havimu ycao8us HAIUYUs C60UCMEA NOAHOU YNPAGIACMOCHU TUHEHHBIX CIMAYUOHAPHBIX CUCIEM 0ObIKHOBEHHBIX
oupghepenyuanvhvix ypasueHuil 6 HOBOM KIACCE KOMOUHUPOBAHHBIX YRPABIAIOUWUX B030CUCMBUL, COCIMOAUUX U3 TUHEUHOU KOMOU-
Hayuu GyHKYuU ynpagienus, UHmezpaid u npou3e00HoU om Mol (hyHKyuu.

Mamepuan u memoowt. O6veKmom UCcIe006aHUsL AGNAEHCI AHAIUMUYECKOe NPeOCmagienue YApagIseMo20 npoyeccd 6 guoe
JIUHEUHBIX CIAYUOHAPHBIX CUCMeM O0ObIKHOGEHHbIX Oughhepenyuanviblx ypaghenuti. B pabome ucnonv3ylomes memoovl meopuu
cucmem IUHEUHbIX CMAYUOHAPHBIX CUCTEM 00bIKHOBEHHBIX OUPDepeHYUATbHBIX YPAGHEHUL; MenoO NpobeMbl MOMEHMOS, MEmoObl
MAmMpU4HO20 AHANU3A MEOPUU MAMPUY.

Pesynomamet u ux oocyycoenue. B oannou pabome 6ce MHONCECMEO TUHEUHBIX CIAYUOHAPHBIX CUCTEM 00bIKHOBEHHbIX OU-
Gepenyuanvubix ypasnenuil pazdoumo na wemvipe Kiacca. B kasicoom knacce nonyuen Kpumepuii noIHOU YRpAsIseMocmu npu Haau-
Yuu KOMOUHUPOBAHHO20 ynpasienus. Bce pe3ynomamol s61510mcst HOGbIMU, UOO NOYYEHbL Ol He U3YHAeMO20 paHee Cyyas KoMOu-
HUPOBAHHO20 YNPAGIEHUS,

3axntouenue. B pabome npednodicen ancopumm npogepKu HATUYUsL C8OUCMEA NOIHOU YAPABISAEMOCIU JTUHETIHBIX CHAYUOHAPHBIX
cucmem 00bIKHOBEHHBIX OUDDEPEeHYUATLHBIX YPAGHEHULL 8 HOBOM KILACCE KOMOUHUPOBAHHBIX YNPAGISIOUWUX 6030€UCMEUTL.

Knrouesnle cnosa: cucmemvi 00bIKHOBEHHBIX OUDDEPEHYUATLHBIX YPAGHEHUTI, A8MOMAMUYECKOe ynpasieHue, NOIHAs YNpasisie-
Mocmb.

Controllability of Linear Stationary Differential Equation
Systems with Composite Control
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One of the sections of the theory of optimal processes is the issue of total controlabilityl over linear stationary systems of
ordinary differential equations in different classes of control impact. Total controlabilityl means possibility of building software
control impact, which transfers the state of the system within a finite period of time from any initially programmed primary state into
any initially programmed final state.

The purpose of the work is to find conditions of the presence of qualities of total controllability over linear stationary systems of
ordinary differential equations in a new class of combined controllability impacts, which consist of a linear combination of the
control function, integral and this function derivative.

Material and methods. The object of the research is analytical picture of the control process in the form of a linear stationary
system of ordinary differential equations. Methods of the theory of the systems of linear stationary systems of ordinary differential
equations, the method of moment problem, methods of matrix analysis of the matrix theory are used in the work.




MATOMATBIKA

Findings and their discussion. In the work the multitude of linear stationary systems of ordinary differential equations is divided
into four classes. For each class the criterion of total controllability with the presence of combined controllability is obtained. All the
findings are new for they were obtained for the case of combined controllability which had not been studied previously.

Conclusion. An algorithm of the check of presence of the feature of total controllability of linear stationary systems of ordinary
differential equations in the new class of combined controllability impacts is offered in the work.

Key words: linear stationary differential equation systems, automatic control, total controllability.

B JIAaHHOW paboTe OOBEKTOM HCCIECIOBAHUS SB-
JSIFOTCA  CTallMOHAPHBIE CHUCTEMBI OOBIKHOBEH-
HBIX Tu(epeHINaNbHBIX YPaBHEHUH, KOTOPBIE JIU-
HEHHBI [0 COCTOSHUIO U MO YIPABISAIOIIEMY BO3/AEH-
CTBUIO. I3yyaeTcs CBOMCTBO IOJIHOM YIpaBisieMo-
CTH TaKUX CHCTEM, T.€. BO3MOXHOCTh MOCTPOEHUS
YIPaBJISIOMIET0 BO3ACHCTBUS, NEPEBOMAAIIETO CO-
CTOSHHE CHUCTEMBI 332 KOHEUHBIH MPOMEXYTOK Bpe-
MEHHM M3 J000ro Hamepes 33aZaHHOIO HAa4YaJIbHOTO
COCTOSIHUSI B JII0OO€ Hallepes 3aJaHHOE KOHEYHOE
COCTOSIHME. JTO CBOMCTBO XOPOIIO PACCMOTPEHO B
MaTEeMaTHYECKOW JINTEpaType B CiIydae yIpPaBICHHUS,
COCTOSIIIETO M3 BEKTOP-QYHKUIUH (CM., HampuMep,
[1-4]). VYmpaBnsemMocThb B pa3iUyYHBIX Kiaccax
byHkmi yrnpasieHus usydeHa B [5-6]. B Hacros-
el paboTe CBOWCTBO TOJNHOW YIMPABISIEMOCTH HC-
clenyercs B MPEANOSIOKEHHH, YTO YIIPaBIISIOIIee
BO3/IEMICTBHE HOCUT KOMOMHHPOBAHHEIN XapakTep:
YIOpaBJISOLIee BO3ACUCTBHE COCTOUT M3 (YHKLUHU
YIPaBJICHMs], UHTErpaja W IIPOU3BOJHOM OT 3TOH
(GyHKINY.

Ilenp craTbm — MONY4YEHUE YCIOBUHM IOJIHOU
YOPaBJIIEMOCTH B  Cilydae KOMOHMHHMPOBAaHHOTO
yropaBieHUs. Bce MHOXKECTBO H3y4aeMbIX  CHUCTEM
pa3buTO Ha yeThIpe Kjacca, JUId KakJI0ro U3 KOTO-
PBIX J0Ka3aH KpPUTEPUI HaJIU4Msl CBOMCTBA MOJIHOU
YIPaBIsEMOCTH. OTH KPUTEPHUHM HOCST PaHTOBBIN
XapakTep OT HEKOTOPBIX MATpPHIL, COCTABICHHBIX IO
W3BECTHBIM MaTpPULIAM HUCXOJIHOW CHCTEMBI.

Martepuan u Meroabl. OObEKTOM HCCIIETOBAHMUS
SIBJISIETCS. aHATMTMYECKOE TIPEICTaBICHHE Mpoliecca B
BUJIC JIMHEHHOM CTAllMOHAPHOW CHCTEM OOBIKHOBCH-
HBIX TuddepeHnnansHbIX ypaBHeauil. B pabdote mc-
MOJB3YIOTCS. MeTOA Jiiepa MmocTpoeHnus PpyHIameH-
TaJIbHOW MaTpUIbl PELICHUH OJTHOPOJHBIX JTMHEHHBIX
CTaIJMOHAPHBIX -CUCTEM OOBIKHOBEHHBIX IU(QepeH-
LUaNbHBIX ypaBHeHMH; Meron Komm noctpoeHus
o0IIero PeuIeHdsi HEOAHOPOAHBIX JIMHEHHBIX CTa-
IIMOHAPHBIX CUCTEM OOBIKHOBEHHBIX Hddepenmu-
AIBHBIX YpPABHEHHId; METOA MpoOJIeMbl MOMEHTOB;
METOBI MAaTPUYHOTO aHAJIN3a TEOPHH MATpPHIL.

Pe3yabTaThl U uX 00cy:k1enue. B mannoii cra-
Th€ BCE MHOXKECTBO HM3y4aeMbIX Iu(depeHnnannb-
HBIX CHCTEM pa30HMTO Ha 4eThlpe Kiacca. B kaxmom
KJIacce TMOJy4YeH KPUTEPUM TOJIHOW YNPaBIISIEMOCTH
MpY HaJIMYMH KOMOMHUPOBAHHOTO yIpasieHus. Bee
Pe3yAbTaTHI SBISIOTCS HOBBIMH, KOO MOTYYEHBI IS
HE M3y4aeMoro paHee ciydas KOMOMHMPOBAaHHOI'O

YHpaBIeHHsI, COCTOSIIEro n3 (PyHKIIUU yIpaBIeHHUS,
WHTeTpaJia ¥ MPOU3BOJHON OT ATON (PYHKIIHH.

I. PaccmaTpuBaeTcs mpoiiecc, OMUCHIBAEMbBIN JIH-
HEHHOW CTaIlMOHAPHOW CHUCTEMOW OOBIKHOBEHHBIX
nmud hepeHnnanbHBIX ypaBHEHHIH

%= Ax+butefu(s)ds+ki, (1)
0

rne X € R" — Bbixojy cocTosiHme chctemsr; U € R —
BXOJ, yNpaBieHHE, HEIPEPhIBHO anddepeHupye-
Mas ckaysipHas QyHKOus; A — MOCTOSIHHAS BELIEeCT-
BenHas (NxN)-matpuna, D,C,K— Henynessie Berme-
CTBEHHBIC TIOCTOSHHBIEC N-BEKTOPHI.

Jst 3apaaHOi cKamsipHoi pyHKmr U cuctema
(1) umeer enuHCTBEHHOE perieHue [7, ¢. 227] ¢ Ha-
YaJIbHBIM YCIIOBHEM

x(0)=x°. 2)

PacemoTprM CBOMCTBO NOITHON YIPaBIIIEMOCTH
cuctemsl (1) B cMBICTE CIIEAYIOMIETO OIMpPEISIICHUS
[1,¢.177].

Onpenenenue 1. Cucmema (1) wnaszvigaemcs
6NONIHE YNPABNAEMOU, eCu 0Nl NPOU3BOALHBIX KO-

neunvix cocmosmuuii X°,x' € R" cywecmeyiom xo-
neynwiilt momenm 4,>0 u nenpepwieno ouggheperyu-
pyemoe ynpasnenue u=u(t,x’,x"), te [0, tl], ma-
Kue, Ymo 01 HeKomopozo peuterus cucmemvl (1)
Hapsioy ¢ ycnoguem (2) 6binOIHAEMCst YCA08Ue

x(t,)=x". (3)

1. Bmuawane paccmaTpuBaeTcs ciydaid, KoTraa
BekTOpel b, C U K momapHO He KOJUTMHEAPHBHI.
OpHopoaHas cuctema

y=Ay (4)

nmeer odOmee pemenne [1, ¢. 157, 171]
m-1

y =exp(At)y°® = % o (AY’,  (5)

rie M — CTENeHbh MUHUMAIBHOTO TOJIMHOMA MaTpH-
sl A, o;(t) — k03hPHUIHEHTH HHTEPHOIAIOHHO-

ro nosmHoma Jlarpamka—CuiibBecTpa, MMOCTPOCHHO-
ro st pyaknun exp(At) [1, c. 178].

Nwmeer mMecTo

Teopema 1. B ciyuae, kocoa eexkmopwr b, ¢ u k
He KoliuHeapuul, cucmema (1) enoane ynpasnsema
mozoa u mojyibko moz0d, K020a Cywecmeyem KoHey-
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HO€ 3Ha4YeHue apcymenma tl >0 , Npu KOmopom evl-
NOJIHEHO paHecoBsoe yciosue

rankQ () =n, (6)
20e
Q) =[r, Ar,.., A" r —k, mfai (t)A'k, mfai (t)Ald],
i=0 i=0

r=c-Ab+A%, d=b-Ak; mefnn-1,n-2}
HoxazaTtenscTBo. 1. CormacHo Teopeme
Konmn—I"amunerona [1, ¢. 179] cnpaBemmmBo pasio-
YKEHUE
A" = |, E—LA—...—1_,A™. 7)
3nech || — k03 ULMEHTE B MUHUMAJILBHOM IO~

JUHOME MaTpUIbl A.
[ocne nmoacranoBku (5) B (4) M dIEMEHTAPHBIX
peoOpa3oBaHuil MOIyIUM

[E(cy + ooty y) + Alcy — oy + oy, 1) +
+ Az(dz —0.’1+|20£m_1)+ cee +

+ Amil(dmfl =0y g+l e 1)) yo =0. (8)

0
CymecTByeT BEKTOp Y , UTO paHT MaTpHIbl KO-

3¢ dutmeHToB B (8) YAOBIETBOPSIET YCIOBUIO
rank[ Ey°,Ay°,..., A"y’ =m.

[TosToMy TOXmecTBO (8) MMEET MeCTO TOTJa U
T
TOJIBKO TOTJA, KOraa BeKTop o =(0g,...,0m 1)

.07

YIOBJIETBOPSIET CUCTEME

(cumBOR 03HA4YaeT TPAHCIIOHUPOBAHUE)

0 .. 0 =1 ]

1 0 00 |4
d == LO! , L = 0 1 ce 0 - |2
10 0 . 1 =l
Torna
a(-t)=—Lo(-t). 9
(Bnecw |, — ko3 puIMEHTH B MUHHMAIBHOM I10-

nuHOMe MaTpuIsl A us (7)).
2. O6miee penienue aist cucreMbl (1) 3ammchiBa-
ercs B Buze [1, c. 178]
X(t) = exp( At)[x°+

+ j' exp(—At)(bu(t) + cw(t) + ku)dt], (10)
t

rae szu(s)ds .
0

Ecnu Bocnonb3oBatbest popmynoit (5), To B Mo-
MeHT t =1, u3 paBeHcTsa (10) moixyunm paBeHCTBO

h= Qltjloc(—t)u(t)dt + tajla(—t)} u(s)dsdt +
0 0 0

t
+Qs jloc(—t)U(t)dt , (11)
0

rae le[b,Ab,...,Amilb], QZZ[C;AC,...,Am{C],
Q, =[k,Ak,...,A"k], h :exp(_Atl)Xl _—

Boruncnum ¢ yuetoM (9) clieayroniye HHTErpaibl
10 YacTsIM.
1¢] f

tjloc(—t)u(t)dt — a(=t) [u(t)dt - jam,l(—t)}u(s)dsdt -
0 0 0 0

ty 6]
= au(~t;) j u(t)dt —L j a(—t)}u(s)dsdt . (12)
0 0 0

AHaOTHYHO BBIYUCIHM JBAXIB ¢ yueToM (9)
CIICAYIONINE UHTETPAJIBI IO YACTSIM:

J(-Du()at =(e(-t Ju)fs -
0

~La(- l)tjlu(t)dt + thjla(—t)ju(s)dsdt . (13)
0 0 0

Taxk xak
0 0 0 0~y 0+lgly 4
0 0 0 0 - S R
1 0 0 0 -l .
’=|0 1 0 0 -l L+l |,
0 0 1 0 —l, =l
0 0 0 ... 1 oy —lop+lnlny

To mocie moactanoBku (12) u (13) B (11) u moce-
JTYFOIIUX BBIYHCICHU ¢ ydeToM (7) Imorydnm

h=(Q,-Q.L +Q3L2)tjloc(—t)w(t)dt +
+Qz(a(-tu(ty) - i(O)U(O)) +
+[Q -Q; L]Ot(—t1)tIIU(t)dt ={[c, Ab,..., A" 1]-
- [AOb, A%b,...,A™b]+

+[A%k, A%k,..., A"k, ATk, AM K] 3x

t]' m-—. .
X [a(-t)w(t)dt + Zloci (~t) Alku(t,) —ku(0) +
0 0
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+([b, Ab,..., A" D] -[Ak, A%k,..., ATK])c

f

ca(-t)[u(t)dt .

0
Nmm

1 m-1 .om=1 .
h=[r, Ar,..., A"7r—k, Y o (-t)A'K, Y o (-t)A'd]p ,
i=0 i=0
r=c—Ab+A%, d=b—Ak, me{n,n-1n-2}
Takum o00pa3oM, A TMOJHOW YHPaBISIEMOCTH

cucremsl (1) HeoOX0aMMa pPa3pelInMOCTh anredpau-
4eCKOW CHCTEMBI OTHOCHUTEIBEHO BEKTOpA p

h=Q(t)P, P=(Py:Pyr -+ PrssPrns Prss Pz ) 5 (14)

P 3TOM

Pm =u(0), (15)
Pmi = u(tl) ) (16)
Pmi2 = W(tl)’ (17)
t
Po = [ g (-t)w(t)dt,
0
t
pL= J(ll(—t)W(t)dt, (18)
0
t
Pm-1 = [ am_a (FH)W(t)dt,
0
371€Ch
w(t) = }u(s)ds , (29)
0

u marpuna Q(t) ompenenena B (6). M pasperu-
MOCTH 3aJ1a4H MOJHOW YIIPABIAEMOCTH HEO0X0IUMO
¥ JOCTATOYHO, YTOOBI OBUIM pa3pelirMbl CHUCTEMa
(14) m pacmmpennass mpoOiiema MoMeHToB (15)—
(18). IlepBoe TpeOoBaHHE BBHIIOIHAETCS COTIACHO
ycioBuio (6) Teopemsbr 1. ITokakeM BBITOJTHUMOCTH
BTOpPOTO TpeOOBaHUS.

3. Penienne pacmimpeHHO#. TpoOIeMbl MOMEHTOB
OyJZieM HCKaTh B KJIacCe HENPEPhIBHBIX (DYHKIIUH

U=Cq+2Ct+3C,t2+ (1), C,eR", (20)
C TOMIeKANIMMU _ONPEICICHUI0 TapaMeTpamMu
Cy,C,,C, w nenpepsiBHO dynkumeir f. Torna u3
ompeneneaua (19) umeem

t
w(t) = Cot + Cyt® + Cot® + [ f (t)dt, w(0)=0. (21)
0

B cuny nmHeiliHON He3aBUCHMOCTH (QYHKIHN
o;(t),i=0,...,m—-1, npobmema wmomeHToB (18)
nmeer [8, c. 66] pemenne W(t), te[t,t,], B Tom
YHCIIC M B KIIACCE HENPEPhIBHO MU (epeHIUPYEMBbIX
¢dynxmuii ¢ ycnosuem W(0)=0.

Torna ycnosus (15)—(17) npuHUMAaIOT BUI

pm =C:0 + f(O),
P,.. =C, +2Ct +3C,t7 + f(t,),
i}
Prir = Cot, + Cit2 + C,t7 + | f(t)dt.
0

(22)

Jlunetinas anreOpamdeckas cucrema (22) mmeer
€INHCTBEHHOE pEILICHNE CO,Cl,CZ. Tak kak (1)yHK—

st W(t) m3BecTHa, TO, B3SB MPOU3BOIAHYIO OT TOXK-

nectBa (21), naiitem dynkmmio f(f). Tem campim

ympasienne (20), pemaromnice - 3amady IOJTHOU
yhpaBisieMocTH, HaliieHo. Teopema 1 nokazaHa.

Il. Kpurepuit momHo#l ympasisiemoctu (6) mo-
BOJIGHO TPOMO3AKHI. B 3TOM ITyHKTE JOKa3bIBaeTCs
Oouee mpocToit kputepuii. CrpaBennBa

Teopema 2. B ciyuae, ko20a eekmopvt b, C u

K ne KoJLIuHeaphwl, cucmema (1) enonne ynpagnse-
Ma mo20a U MOAbKO mo2id, K020d 8bINOIHEHO PaH-
2060¢€ ycosue

rankQ =n,

20e Q=T[r,Ar,.,A""rk,d],
d=k-—Ab.

(23)
r=c— Ab+ A%,

JoxazatenascTBso. CormacHo Teopeme 1
TpeOyeTcs J1oKa3aTh, 4TO yTBEp)KAeHUE (22) Teope-
MBI 2 00€eCTIeYMBAET BBITIOJIHUMOCTD YCIOBUS

rankQ(—t,) =n, (24)

1 m-1 . m-1 .
re Q) =[r, Ar,.., A"k, S o A, 3 o (DATd],
i—0 20
r=c—Ab+A%, d=k—Ab, me{nn-1,n-2}
PaCCMOTpI/IM aJIFOpI/ITM IIOCJICAOBATCIILHOTI'O

OTBICKaHMSI MaTpHIBl HauOoibpmiero panra N u3
cIucKka S MaTtpui

R, =[r, Ar,...,A" ],

Ro_100 =[r Ar,.., A“7r k], we{n-1n},
Roio=[rAr..., A AK],  uefn-1n},
i=1L,m-1,

S)
Ri 100~ =[r,Ar,..., Ayflr,d] . pe{n-1n},

Riio; =[r A, A“%r, Ad], uefn-1n},
i=1m-1,
R, .0 =[r Ar,...,A7rk,d], pe{n—2,n-1n}.
llar 1. m=n. Jls

R, =[r,Ar,...,A"™r] umeer mecro omsa u3 ABYX

ITycTth MaTpHUIIbI

BO3MOYKHOCTEH
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rankR, =n, (A) wm rankR, <n. (B).

B cnyuae (A) ycnosue (24) BBIIOJIHACTCS U all-

roput™ 3akanumuBaetrcs. B cmyuae (Bb) mepexoaum k
clelytoLleMy LIary.

lar 2. ITycts rankR, =n—1. Jng kaxnoi mar-

punsl Ry 400 =[r, Ar,..., A* Ty, k], me{n-1n},

HUMEET MECTO OJJHA U3 ABYX BO3MOXKHOCTEH

rankRn_l‘O’O =N , (Al) HIIn rankRn_l’O’O <n,

(B1)

B ciyuae (Al) ycnoBue (24) BbIIONHSIETCS U Q-

ropuT™ 3akaHdnBaetcs. B ciyuae (b1) mepexomum
CIICAYIOIIEMY IIary.

[ar 3. Beuny npeanonoxenus (b1) mis kaxaoi

matpuibl R, g0 =[r,Ar,..., AL AT, pedn—1,n},

i=1,m —1, UMeeT MECTO YCIIOBHE
rankRnilyi’O < n . T.C. det Rn—l,i,O = 0 . (B2)
B cumy (B1)

Bektop O €R*“"  rakodl, uto
R=I[r,Ar,..., A*r].
Rn—l,i,O :[Rl A Rq]

I'amunbroHa (7) obnamaer cBorictBoM (B2).
Hlar 4. Ecimu rankR, =n—-1, To 1y Kaxnoi

[eicTBUTEIBHO. CYyILLIECTBYET

k=Rg, rne

Torna MaTpuua

BBUAY Teopembl  Koamm—

MaTpuibl Ry g o = [r,Ar,..., A”‘lr, d], ge{n-1n},

MMEEeT MECTO OJIHA M3 JABYX BO3MOXKHOCTEH
rankR .., =N, (A3)mm rankR, ;49, <n. (B3)
B cnyuae (A3) ycrmoBue (24) BBIIONHSCTCS W aJl-
roputM™ 3akanuuBaercs. B ciaydae (b3) mepexoaum k
ClIeAyIONIEMY Iary.
ar 5. B cuny npeanonoxenus: (b3) ananorndxo
mary 3 MOXKHO IOKa3aTh, 4TO ISl KaXKIOH MaTpHIIbI

Ry 10, =[r, Ar,..., A“"r, Ad], ne{n-1n},

i=1,m-1,
HUMECT MECTO yCJIOBHUE
rankR_,io <N, rte. detR ;;,=0. (B4)

[Iycts temeps rankR, =n-2. Beemem B pac-
CMOTPEHHE MATPHILY
Rasao =[r, Ar,..., A"3r k,d] =[R,k,d].
OrmeruM  TOT  (pakT, dYTO I JIIOOOTO
pe{n—-2,n-1,n}, 4£=M, umMeeT MECTO PABEHCTBO

rank[R,k,d]=rankR,_,,,

rae R=[r,Ar,...,A"%r], R _,o =[rAr,...,A“"r k,d],
pue{n-2,n-1n}.

[To3TOMY J0CTATOYHO TIPU U3YYCHHU PAHIa Mart-
puust R, BesicHuTS panr matpuusl [R,K,d]. s

M3YUYCHHs paHra OCTAIbHBIX MaTpHIl U3 crucka (S)
MMOHAA00STCS BeroMoraTeabHbIe (DakThl. [1omoxum B
samade (14) p; =0, N—3<i<m-—1. Toraa omn-

pemenurens kBagpataoi wmatpuibl Q(t) wumeer

mpeaACTaBJICHUC
det Q(t) = Fy(t)+ F(t) +mkFoo(t),
Fo(t) =aOaO|R,k,d|,
F(t) = oo (R k, Ad|+ R, Ak, d))
F (1) = cer, (R, k, A%d|+[R, A%, d) + s R, Ak, Ad,

TIe

F(t) = aoas(‘R, K, A3d\+\R, A3k, d\) +
+ et (R, Ak, %[+ (R, A%, Ad)),
F,(t) = a0a4(\R, 3 A“d\+\R, A“k,d\) +
Fay (R, Ak, A°d|+[R, A%, Ad]) +

+a2a2‘R, A%, Azd‘,
Fo o = oy o Rk, A7+ R AT, +
Yoya, s (‘R, Ak, A”“‘d‘ + ‘R, Ak, Ad‘) +...+P(D),

n-4

R,A2K A

n;4+1
2

d|+

snec P()=a,4a,, (
2 2t
n-4 n-4

RAZ KAZd

+ ), eciu N — 4eTHOe,

n3 03

Pt)=an_32,3RA 2 kA 2dl, ecmm N-— me-
2 2

YETHOE.
Ckamsipuble QyHKIMH ¢ (t) UMEIOT IpezcTaBiie-

uue [1, c. 157; 9, c. 58]
&
ai(t)=F+zaistn 1+S, aiSE Rl,
T

ie{0,...,n-3}.
[Mosromy mst dyskmu F(t), i €{0,...,n—-3},
UMEET MECTO OJHA W3 TPEX BO3MOXKHOCTEW: a) 3Ta
(yHKIMS HAUMHAETCS CO cTeneHu t', 6) GyHKIus Ha-

yunaercs co crenenn 7, npudeM P 2N, B) GpyHK-
Ul TOXKAECTBEHHO paBHa HYyJr0. Torma ompenenu-
tens A=det Q(t) oOmamaer BaxKHBIM CBOMCTBOM:




MATOMATBIKA

YrBepxknenne 1. Onpederumenv A He paseH
MOAHCOECNBEHHO HYII0 M020a U MOIbKO mo2od, KO-
20a ecmpemumcsi pynrkyus F(t), i €{0,...,n—3},
He PasHas MONCOECMBEHHO HYTIO.

[lar 6. Jlns MaTpHIbl R;—z,o =[R,k,d] umeer
MECTO OJIHA M3 IBYX BO3MOXKHOCTEH

rankR_,o=n, (re. |R .k d[=0). (A5)
13171

rankF_,o <n, (re. |R.k.d[=0).  (B5)

B ciygae (AS) B cumy yTBepxkaeHus 1 ycioBue
(24) BBIMONHSAETCS W AITOPUTM 3aKaHUWBaeTcs. B
ciydae (b5) mepexoaum k cienyromeMy mary.

Mar 7. dynkuun F;(t) comepxar asa BUAa OI-
penenurenen

As =[R A%, A%|,

Ag. :‘R,Ask,AS+kd‘+‘R,As+kk,Asd

B ciygae (b5) ati ompenenuTenu paBHBI HYITIO.
HeiictBurenpHo, B cuiny ycnoBusi (b) cymectByer

BeKTOp PeR " quciao P,
k=Rp+ pyd . A’k = ARp + A®p,d ,
ASHK = ASRp + AS*K pod . TTosTomy

Aq :‘R, ASRp + poASd, A%d|=0,

TaKkue, 4TO

Torma

Agc =R, AR + poAd, A+ d| +

R, AS*KRp + p,AST*d, A%d

+

= ‘R,ASRp,AS+kd‘+ ‘R,pOASd,AS+kd‘+

+‘R,As+kRp,Asd‘+‘R, PoASd, Asd‘ ~0.

Beunay teopemsl Kanu—T amMmuinbsToHa B nocienHen
CTPOKE TIEPBBIi U TPETHI ONPEEIUTENIH PABHbI HY-
J10, @ BTOPOW W YETBEPTHIA  OTIIMYAIOTCS 3HAKOM.
Takum 00pa3oM, B pacCMaTpUBAEMOM CITydyae OTIIH-
4ie OT TOXKJECTBEHHOTO HyJs ONpEIENUTENs
det Q(t) - 3aBHCHT TOJNBKO OT paHra MaTpPHIIBI

*

Rh20 =[R,k,d]. 13 Bcero noxasarensctsa cieny-

€T, YTO OTJIMYHE OT TOXKIAECTBEHHOTO HYJIsS OIpeje-
nutens det Q(t) oOycnasnuBaeTcs BBINOIHEHHEM

XO0TA 6I>I OJHOI'0 paBCHCTBA
rankR, =n, R, =[r,Ar,...,A" ],
rankRn_LO,o =N y Rn7110’0 = [I’, Ar, ooy An_zl’, k],
rankRn_l’O’o* =N y Rn_l’o’o* = [r, AI’, ey An_zr, d] y

rankR_,o=n, Ry, =[r,Ar,...,A"3rk,d].

Bce 3T ycrioBHst MOYKHO 3aMEHUThH OJHUM YCJIO-
BueM (23). Teopema 2 mokazaHa.

I1l. Temeps paccmaTpuBaeTcs ciiydaii, Koraa He-
HyJIeBble BeKTOpEl b, C u K KomauHeapHBI: Ccyiile-
CTBYIOT BELIECTBEHHBIC 4YWcia [, B, TaKue, 4To
b=gk, c=pK.

Nwmeer mMecTo

Teopema 3. B cayuae, koeda HeHyne8ble 8eKMO-
por b, C u Kk rommuneapnol, cuecmema (1) enonne
ynpaensgema moz20a U mMoaAbKO moz2od, Ko20a OJs
mMampuybwl

Q =[k, Ak,..; A" ]
BbINONHAENICSL YCIIOBUE
rankQ=n-. (25)

JoxaszaTtensbcTB o. B paccmatpuBaecMoM
cilydae KoJuThHeapHoCcTH BekTopoB b, C u K cuc-
teMma (1) mpuHIMaeT BUA

t
X=AX+K(Bu + B, [u(s)ds) +u) . (26)
0
CdopmMupyeM HOBOE yIIpaBIeHUE
t
V= U+ S, u(s)ds) +u.
0

Toraa cuctema (26) mpuMeT mpocToil BHIT
X= Ax+kv,
JUII KOTOPOM KpUTEpHH YIPaBIsIEMOCTH H3BECTEH
[1 c. 183] u 3akmioyaercs B BBIIOJHEHUH YCIOBHUS
(25). Takum obGpasom, uckomoe ympasnenue V(t),

(@7)

t €[0,t,], cymecTByer, B TOM YHClIe M HENPEPHIBHO
miuddepernupyemoe [5]. U3 ypaBuenus (27) Bceraa
MOKHO BOCCTaHOBHTH yIpaBieHHe U , Tak Kak 3TO
ypaBHEHHE SKBUBaJICHTHO 3a1a4de Komm

U+ Byu+Byu=v(t), u(0)+u()=v().

Ora 3amavya Komu Becerna mMeer pemieHue B 00-
JacTd onpenenenus riaaakod  ¢ymkium  V(t),
t €[0,t;]. Teopema 3 noka3zaHna.

IV. Paccmotpum Temepp citydail BEKTOPHOTO
ynpasnenus. [lycTs mpouecc onuchiBaeTcst JTUHEH-
HOW CTallMOHAPHOW CHCTEMOIl OOBIKHOBEHHBIX AUQ-
(epeHIMaNbHBIX YpaBHEHUN

t
= Ax+Bu+C[u(s)ds+Ku, (28)
0
rie X€ER" — Bexon, cocrosiHue cuctemsl; UER ' —
BXOJI, YIIpaBIIEHUE, HETPEPHIBHO AupdepeHmpye-
Masi BEKTOP-(QyHKIIHsI; A — IOCTOSTHHAS BEIECTBEH-
nas (nNxn)-matpuna; B,C, K — pemecTtsennsie mo-
crostaabie (N X T) -MaTpHIEL.
MHuoxecTBO €2 Bcex cucteM (27) pa3o0ObeM B 3a-
BUCHMOCTH OT CBOHCTB MAaTpPHUIBI YyIPaBJICHUS

10
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[B,C,K] na nBa kmacca Q) u Q,, ISt K&X/I0T0 U3

KOTOPBIX pacCMaTpUBAacTCs 3aTeM 3ajladya yIpasiec-
aug. O0o3HaYNM

rank[B,C,K]=p, pefl...2m}, 2m=<n.

K kmaccy € ortHocsaTest Te cucremsl (27),

JUISL KOTOPBIX BBIMOJHSIOTCS OJHOBPEMEHHO JBa
CBOMCTBA
p=L=r, (29.1)

Ja,feR': rank[B+aC+ pK]=1,, (29.2)
rae I, — pa3mepHOCTh BekTopa ympasineHus U. K

Kaaccy (), OTHOCATCS Te CHCTEMSI (2), Al KOTO-
PbIX HE€ BBIIIOJIHACTCA XOTA OBl OAHO U3 CBOIICTB
(28): Q,=Q19Q;.

Jlnst cuctem kinacca (), MMEIOT MECTO

Teopema 4. Cucmema (28) knacca Q, enonmne

ynpagnsaema moz20d u MmojibKo moz2od, Ko20a cyuje-
cmeyem KoHneuHoe 3nayenue apeymenma t; >0, npu

KOMopom 6blNOJIHEHO paHecoB80¢€ ycloesue
rankQ () =n,

20e

Q) =[R, AR,.., A" R K, mz_lai (HAK, mz_lai (A D],

i=0 i=0
R=C-AB+A?’K, D=K—-AB, me{n,n-1n-2}

Teopema 5. Cucmema (25) knacca €, enoawne
ynpaensiema mo20a U moabKo moeoa, (Koeda Onsl
mampuyul

Q =[R AR,..., A" R K, D],

20¢e R=C—-AB+A’K, D=K=AB,
BblNOJIHAemcs yczzoeue

rankQ=n.

JlokazaTenscTBO TeOpeM 4 M 5 NPOU3BOIUTCS
aHAJIOTHYHO JI0Ka3aTeibcTBaM TeopeM | m 2 ¢ uc-
MOJIb30BaHUEM TIPHHITATA Cyniepro3unuu [3, c. 43].

V. Paccmotpum Teneps cuctemsl (28) xiracca Q; .
[Tpu BeIMONHEHUK ycioBuid (29) cymecTByeT Mat-
puua P, cocraBlieHHasl U3 POBHO I JIHMHEHHO He3a-
BUCHMBIX BekTop-cTos101108 Matpunr B,C, K | Takas,
yro rankP =r,. Orbepem B marpuiry P makcu-
MaJIBHOE YHUCIIO P JIHMHEHHO HE3aBUCHMBIX CTOJO-
1oB u3 Marpulsl K, 100aBUM B Hee MaKCUMaJIbHOE
Yucia0 ( JMHEHHO HE3aBHCHMBIX C HUMH CTOJOLBI
u3 marpuisl B, a 3atem moGaBum octanmbHble  §

JIMHEHHO HE3aBUCUMBIX ¢ HUMHU CTOJOLBI U3 MaTpH-
el C

P :[kil,...,kip ,bip+1,...,bi'D+q ,cip+Q+11'_,,CiP+q+g] ,

p+q+g=Ip, (30)
(wHIEKCc BBepXy oO3HawaeT Homep cronbma). llpm
3TOM B CHIIy CBoiicTBa (25.2) HOMepa CTOJIOIIOB B

marpute P me comamator: 1, #1,, p#v. To-

rJa CYIIECTBYIOT OTHO3HAYHO OIpeessieMble Belle-
crBennble (I, xr)-marpunsl M,N,H " Takue, urto
UMEIOT MECTO TIPE/ICTABICHHUS
K=PM, B=PN, C=PH. (31)
Cucrema (28) knacca Qg B cuity (31) umeet Bua

X = Ax+P(Mu+ Nu + H.tfu(s)ds) . (32)
0

HUMEET MECTO

Teopema 6. Cucmema (32) xknacca € enonme
ynpaensema ‘moz20a u moabkKo moz20d, Ko20a OJis
mMampuybl

Q=[P,AP,..., A"'P]
BbINONHACHICSL Y CTIOBUE
rankQ=n. (33)

HJdoxaszartenscTBso. BpaccmarpuBacmom
ciydae kimacca € cucrema (25) mmeer Buzm (29).
CdopmupyeM HOBOE yIIpaBJICHUE

t
v=Mu+Nu+H[u(s)ds. (34)
0
Torna cuctema (31) mpuMeT IPOCTOH BUJT
X=Ax+Pv,
JUISL KOTOPOH KPUTEpUH YIPABISIEMOCTH H3BECTEH
[1, c. 182] u 3akaroYaeTcst B BHITOJHEHHH YCJIOBHS
(33), Ilpu »oTOM ympaBieHHE CYyHNIECTBYET B
TOM YHCJIE M B KJIACCE JBAXK/IbI HEIIPEPHIBHO Ardde-
pernupyeMbix ¢yHkuuit [5]. Ilokaxem, 4ro u3
cuctembl (34) Bcerzia MO)XKHO BOCCTAaHOBUTH YIIPaB-
nenne U . B cwiy cBoiictea (29.2) HomMepa cToJ0-
iy #
Vuedl,...,phVve{l...,q}. Beenem B paccmort-

peHue

OB B Marpuie P He CcOBMagaroT:

(I’ xr )-ManHHy TEPECTAHOBOK
- - rr o v

T= ||e(|, J)||11, Yy KOTOpPOM B KaXKJIOH CTPOKE U B Ka-

JKIOM CTOJIOIIE CTOUT TOJIBKO OJHA EJMHUIA, IPH

stom smementst €(J,1;) =1, J =1 r, a ocrambHbIe

onementsl  €(S,i;)=0, S#]. Beexem HOBOe

yHpaBJICHHUE
w=Tu,
n HpeI[CTaBI/IM €0 B BUC

detT =0,  (35)

W= (W, Wy, Wz, W), WeR”, w,e RY,

W3€ Rg, W4€ Rsa

11
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p+g+g=r, P+g+g+S=r.
Torma matpunel B (29) wHMEOT cleayroliee
CTpOCHHUE:
Ep M12 M13 M14
M=|0 0 0 0 |,
0 0 0 0
Nll O N13 14
N= 0 Eq Ny Ny, |
0O O 0 0
Hll H12 0 H14
H=|H,, H, 0 H,
0 0 E H,,
3mece E; — eamnmunbie (I x1)-matpuusi, oc-

TaJbHBIC OJIOKU — OJHO3HAYHO OTpECICHHBIC MaT-
PUIBI COOTBETCTBYIOLIUX Pa3MEPHOCTEH BEKTOpaM
w,i=1234.
be3 orpaHvueHUsT BO3MOXHOCTH YIIPABICHHS T10-
JTOKMM
W, (t)=0.
Tornaa cuctema (34) npuHUMAET BHT

Wy + MoWs + MyaWg + Nqjgwy + Npgws +

t t
0 0
t t
W2 + N23W3 + HZI,[WI(t)dt + H22J‘W2 (t)dt :V2 (t)l (37)
0 0

t
[ws(t)dt =vs(t), (38)
0

TOT T
a B KadecTBe ynpasieHus| V= (Y ,V, ,V3 )", pe-
LIAIOUIETO 3a7ady YHpaBieHHUs, UCHOIb3yeM (yHK-
muu ¢ yciosuem V(0) =0, Hampumep, BEKTOPHbIE

nomaHoMsl  [5]  V=Cyt+Cpt? + Cat® + ...+ Ct",
C; € R . U3 ¢ncremsi (46) nmeem

Wy(6) = V(1) , W5 =w5(0) =V5(0) . (39)

IMoacraBum t =0 B pasenctsa (36) u (37), c

yaeroMm (39) momyunm
W (0) + My,\W, (0) +
+Mj3W3(0) + Nyywi (0) + Npaws (0) = v, (0) ,  (40)
W, (0) =V, (0) — N»3v3(0). (41)

Bo3sMmeM nmponsBoaHyIO OT paBeHcTBa (37)
Wy () + Hpqw (t) + Hapow, (1) = hy (1)

hy (t) =V, (1) — Noava(t) . (42)
Ipu t=0 wumeem

W, (0) + Haaw (0) + Hoow, (0) = hy (0), (43)

BozbemeM nipon3BoHYIO OT paBeHCTB (36) u (42)
Vi + MW + Ny + Hygwy + Hypw, =hy (1),

hy (t) =vi (1) — MygVa(t) — Npgva(t),  (44)
W2 + H21W1 + H22W2 = h2 (t) . (45)

B cucreme (44)—(45) cnenaem 3ameHy
W =7, W, =12, (46)

B pesynbpraTe momyuuTcs JIMHEHHAS HEOIHOPOI-
Has crucTeMa OOBIKHOBEHHBIX AU(QepeHInanbHbIX
YpaBHEHU U

4y =13,

22 = 24, (47)
23+ M2y =Hq 2y + Hypzp — Npgzg +hy(t),
24 ==H312Z3 —Hypz4 — Nyjz4 + hy (1)

[Hoi0’kuM TIPOM3BOJIbHBIM 00pazom W (0) = Zf .
OcranbHble HavaiabHbC BeKTOpHI z', 1=2,3,4, on-

penemsatorcst u3 paBeHCTB (40), (41, (43). 3agaya Ko-
mwm st cuctembl (47) Bcerna paspemmma. Tem ca-
MbIM corniacHo (39), (46) naiinen Bekrop W, a 3Ha-
unt, B cwiny (35) u BexTop ynpasneHus U, pemaro-
v 3a1avy ynpasineHus. Teopema 6 qokazaHa.

3akiaioueHue. B maHHOW CcTaThe MOJIYYEHBI yC-
JIOBHSI TIOJTHOW YMPABISEMOCTH ISl CTAIMOHAPHBIX
CHUCTEM OOBIKHOBEHHBIX AH(QepeHINaTbHBIX YPaB-
HEHWI, KOTOPbIE JIMHEMHBI IO COCTOSIHUIO U YNpPaB-
JSIIOLIEMY BO3JECHCTBUIO. YIIPaBISIEMOCTh HM3Yy4ye€Ha
Py HAJIMYMM HOBOTO KOMOWHUPOBAHHOIO YIIPaB-
JISTOUIETO BO3JCUCTBUS B BUIE (YHKIMU YyIIpaBie-
HUSl, MHTETpaJia U TMPOU3BOJHOW OT ATOW (PYHKIIUU
yIpaBieHus. Bce MHOXECTBO HCCIeMyeMbIX aud-
(epeHILIMaNbHBIX CUCTEM Pa30UTO Ha YEThIpE Kilacca,
B Ka)XJIOM M3 KOTOPBIX JTOKa3aH KPUTCPHUMA HATHIHS
CBOMCTBa MOJHOM YIpaBiIsieMOCTH. [ Kaxkaoro
KJIacca KpUTEPUM HOCUT PaHTOBBIA XapaKTep OT He-
KOTOpOH MAaTpullbl, MOCTPOEHHON IO M3BECTHBIM
MaTpHIIaM HCCIIEYEeMbIX cHcTeM. Pe3ynbraTel pabo-
ThI SIBJIIIOTCS. HOBBIMH M HOCST (DyHIaMEHTaJIbHbIN
Xapakrep.
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