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Knaccuueckue pemenust HEOJHOPOIHOIO
(haKTOPHU30BAHHOTO TUIIEPOOINUECKOr0 YpaBHEHUS
BTOPOTO IMOPAAKA B YETBEPTHU IIIOCKOCTH
[IPU TTOJYHECTAIMOHAPHOK BTOPOM KOCOU ITPOU3BOIHOM
B ITPAHUYHOM YCJIOBUHU

®.E. Jlomorues, E.H. HoBukoB
benopycckuii 2ocyoapcmeennviii ynusepcumem

Panee cmewantvle 3a0auu 01 HEOOHOPOOHO0 YPAGHEHUS KONCOAHULL NOTYOSPAHUYEHHOU CIPYHbL PEWAUCy MEMOOOM XAPAKMEPUCTUK
MOBLKO € NOMOUYbIO HEKOMOPBIX NPOOOINCEHULL NPABOLL YACHIU, HAYATLHBIX OAHHBIX U GPAHUYHO20 OAHHO20 GHe 001ACMU 3A0AHUSA DMUX 3A0a.

Lenv Hacmoawell pabomul cOCMOANA 8 HAXOHCOEHUU ABHO20 8UOA KIACCUHECKUX peuleHull 0Jid YpagHeHus KoiebaHuil noiyoapa-
HUYeHHOU cmpyHbl Oolee 0buezo 8uda

0,—a,0, +b, 0,+a0, +b u(x,t)="f(xt),a >0a,20,{xt}ecG= 0,0 x 0,0,
npu  HAYambHLIX ycrosuax O, —a,o, +b, O, +a0, +b u(x,t)=f(x1t),a >0,a,20,{x,t}eG= 0,00 x 0,00 ,u epanuunom
yenosuu
[ @,®0, + B0, +7,(t) &0, + 30, +nu JLU = u(t), 0<t <on,
0e3 Kkaxo20-1ub0 NPoOOANCEHUA UCXOOHBIX OAHHBIX f ,yr U L OMOU cMewantoll 3a0auu ene mroscecmea G. B omoil cuewannot

3adave a,,p,,y,— Henpepvignvie PyHKyuu nepemennon tu b,b, 0, B, 11 — ewecmsennvle nocmosnnsie. Paccmompen cnyuail epa-
HUYHO20 YCN08UsL C HEXAPAKMEPUCTNUYECKUMY HANPABeHUAMU NEPBbIX KOCHIX NPOU3BOOHBIX 8 (haKmOpu308aHHOL 6MOpoli KOCOU
npouseodnoii na xonye cmpynsl, m.e. ac; = 3, t€[0,00[, j=1,2.

Tocmasnennas cmewantas 3a0a4a pewena Memooom XapaKmepucmux u Memooom Jroameis.

Buvigeoennvt dge hopmynvl ee kiaccuueckux peutenutl, 00HA U3 KOMOPLIX A61semcs 0000weHuem usgecmuou gopmynel JJanambdepa noo
xapaxmepucmuxotl X= ayt, a emopas gopmyna oaem pewenue coomeemcmeyioujeli SpanuyHoll 3a0auu Hao xapakmepucmukou X= ayt. [ns
CYWeCmBOBaAHUs U eOUHCIMBEHHOCTNY KIACCUYECKUX PeteHut] OaHHOU CMEWAHHOT 3a0a4u YCManoeienbl cledyloujue Heobxooumble u 00Cc-
mamoutvle mpebosanus 2IAOKOCHU U YCIIOBUS COLTACOBAHUS HA NPABYIO YACMb YPASHEHUS, HAUATbHbIE OaHHble U PAHUYHOE OAHHOe:!

f €C(G).peC [0,y e C'0,0f, u e CLO e, € f (x+(-1)'a(t-7)|, 1)dz €C(G),i =12,

,(0{[f(0,0) +(a, —2,)y'(0) +2,3,¢"(0) — (b, +b,)y(0) - (ab, —&,0,)¢'(0) —bb,p(0)] +
+6y'(0) + 7y (O} + £, (0)[aay'(0) + 9" (0) + 710 (0)] + 7, (0) [ (0) + ,9'(0) + 7292(0)] = 1(0).

Knrouesvie cnoga: sgnas ghopmyna pewenus, Heobxooumwle U 00CMAmMoyHble YCI08Usl, YCIO0BUS CO2NACOBANUS, CMEWAHHAS 3A0a-
ua, pakmopuzoeannoe eunepboruyeckoe ypagHeHue, 6Mopas KOCds NPOU3B00HAs.

Classical Solutions of Inhomogeneous Factorized
Second-Order Hyperbolic Equation in a Quarter
of the Plane with a Seminonstationary Second
Directional Derivative in the Boundary Condition

F.E. Lomovtsev, E.N. Novikov
Belarusian State University

Previously mixed problems for an inhomogeneous equation of oscillations of a semi-infinite strings were solved by the characte-
ristics of just using some extensions of the right-hand side, the initial data and the boundary value outside of the regions for these
problems.
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The aim of this work was to find the explicit form of classical solutions for the semi-infinite string oscillations of more general
form

0,—a,0, +b, 0,+a0, +b u(xt)="f(xt),a >0a,2>0{xt}ecG= 0,0 x 0,0,

with the initial conditions 0, —a,0, +b, 0, +ad, +b u(x,t)=f(xt),a>0,a, 20,{x,t}eG= 0,00 x 0,c0, and the

boundary condition
[ %00, +B,00, +7,(0) @d +Bo,+ru |  =pt) 0<t<o,

without any extension of the original data f, @,y and £ of this mixed problem outside of set G. In this mixed problem
a,, 3,7, — continuous functions of the variable t and b,,b,,e, 3, 7, — real constants. We consider the case of the boundary condi-
tion with non-characteristic directions of the first directional derivatives into the factored second directional derivative at the end of
the string, i.e. ae; = 3, t€[0,0[, i=1,2.

The posed mixed problem is solved by the method characteristics and the Duhamel’s method.

We derive two formulas of its classical solutions, one of which is a generalization of the well-known d’Alembert’s formula under
the characteristic x = a;t, and the second formula gives the solution of the corresponding boundary value problem over of the cha-

racteristic X = a;t. For the existence and uniqueness of classical solutions of the posed mixed problem we determine the following
necessary and sufficient conditions of smoothness and consistency conditions on the right-hand side of equation initial data and

boundary value:

f €C(G).peC [0y € C'IO,eef e CLO,0l, [ £ (x+(-1)'a (t—7)

,7)dzeCHG),i=12,

, (0{[ 1 (0,0) + (2, —a,)y'(0) +2,2,¢"(0) - (b, +b)y(0) — (&b, —a,b)¢'(0) ~byb,p(0)] +

+Bw'(0) + 7 (0)}+ 5,0y (0) + B9"(0) + 7290 ()] + 7, (O eryr (0) + £’ (0) + 710(0)] = 14(0).
Key words: closed-form expression for a solution, necessary and sufficient conditions, matching conditions, mixed problem, fac-

torized hyperbolic equation, second directional derivative.

B HacTosAIEeH paboTe, 6€3 MCIOIb30BAHMS METO-
Jla TIPOIOIDKEHUS (OTPaKeHHUs1) MCXOIHBIX JaH-
weix f,@,y, y3anaun e muoxectBa G ee 3ana-

HUSl, HAJIEHBI B SIBHOM BHZe (OpPMYJBI Oojee mpo-
CTOro BHJIa, 4eM B pabote [1], Il KIacCHYeCKHX

pemennit U(X,t) €C*(G) cmemannoii 3anaun (1)—
(3) u ycraHOBJIEHBI HEOOXOIUMBIC U JOCTATOYHBIC
yenoBuss Ha f,@,y, 4 11 ee KOPPEKTHOCTH IO

Anamapy. DTH yCIIOBHUS COCTOAT U3 HEOOXOAMMBIX U
JIOCTATOYHBIX TPeOOBaHMWH TJAJAKOCTH Ha IMPaBYIO
4acTh ypaBHEHUs, HaYaJbHbIE JAHHBIE U TPAaHUYHOE
JAHHOE U W3 HEOOXOJMMOTO M JOCTAaTOYHOI'O YCJO-
BUSl COTJIAaCOBaHMS HaydalbHBIX ycloBHH (2) ¢ rpa-
HUYHBIM ycnoBueM (3) u ypaBuenuem (1). Anaro-
TU4YHas 3aja4a ¢ (pakTOpH30BaHHOW BTOPOH KOCOU
MIPOU3BOAHON B TPAaHUYHOM YCIOBHM JJIsI HEOJHO-
POJHOTO YpaBHEHUS KOJICOaHUH MOTyOTrpaHUICHHON
CTpYHBI HaMHu ObUta perieHa B [2]. Bropas kocas
NPOM3BOJHAS B TPAaHMYHOM YCIIoBUH (3) BBIpaxkaer
Hanuuue Ha KoHie crpyHbl X = 0 nunamuueckoii
CHJIBI, COIPOTHUBIIEHUS CPEBI, MIPOMOPLIUOHATIBHOIO
€ro CMEUICHHI0, CKOPOCTH M yCKOpeHHI0. BriepBrie
SIBHBIM BHJI KJIACCUYECKUX PELICHUH CMEIIAHHON
33J]a4yl B YETBEPTH IUIOCKOCTH U1 OJHOPOAHOIO
YpaBHEHHUsI KOJeOaHUH MOMyOrpaHUYEHHON CTPYHBI
IIPY HECTALMOHAPHOM NEPBOM KOCOM MPOU3BOJHON B
TPaHUYHOM YCJIOBHH W TaKX€ TOJBKO TOCTATOYHBIE
YCIIOBUS HA @, y/, 42 OblM momydensl B [3]. Tlozxe

ObUIM HalaeHBI (OPMYINBI KJIACCHUCCKUX PEIICHHUH
CMEIIaHHOW 3aJjauydl B YETBEPTH IUIOCKOCTH VI He-
OJHOPOAHOTO ypaBHEHUS KoJIeOaHWIl MOTyorpaHu-
YEHHOH CTpPYHBI NIPH HECTAllMOHApHOM MepBOH KO-

COM NPOU3BOJHON B I'PAaHMYHOM YCIIOBHMH, a TAKXKE
YCTAHOBJICHBI HEOOXOIUMBIE U JOCTATOYHBIE YCIO-
Bust Ha f,¢,y, uB [4]. ©opMmyibl KiaccHYecKnux

pelIeHnil HEKOTOPON CMEIIaHHOM 3a/1auu IJIsl OJHO-

POMHOTO ypaBHEHHUS KOJI€OAHWN OTpaHUYCHHOU

CTPYHBI MPU CTALMOHAPHON INEPBOH KOCOM MpPOU3-

BOJHOM Ha OJHOM KOHIIE OTPAHUYEHHOU CTPYHBI U

CMEIIEHHSX Ha IPYrOM KOHIIE BEIBEAEHBI B [5].
MarepuaJ 1 MeToAbI. B ueTBepTH II10CKOCTH

G = P ok P, |pemaercs cmemannas sanaua:

0 0 0 0
(a_a2§+sz(a+a1&+blju()(’t) = f(x1),

a,>0,a,>0,{xt}eG= 0,0 x 0,0, (1)

=y (x),0< x <o, 2

t=0

ou
u|t:0 = (), E

[(az(o%wz(t)%yz(t)](m%ﬁla—axm]uj

= u(t),0<t <oo, (3)

x=0

riue f,(D, 4 ,,U,Olz,ﬂz, 7> — 3amaHHble (PYHKIIUU HE-
3aBUCHUMBIX NepeMeHHbIX X u 1, b, b,, o, B, 7, —
BEILCCTBCHHBIC MOCTOSHHBIE U f # a,q;, t €[0,00],
i1=1,2. YcraHoBUM HEOOXOIMMBIE U JOCTATOYHbIE
ycaoBust Ha T, @, w W y JUIsL KOPPEKTHOI paspe-
MUMOCTH cMetanHo# 3amaun (1)—(3) Bo MHOXKECTBE
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knacenueckux pewennitU(X,t) € C*(G). Uccneny-

eM U pemraeM cMmemanHnyto 3anady (1)—(3) metogom
XapaKTePUCTUK U METO0M J{roamerts.

Pesyabrarsl u ux oocyxuenne. Ilycrs C*(G) -
MHOXeCTBO Bcex K = 1, 2 pa3 HempepsiHO audde-
permupyembix Gyuakimii Ha mHOKecTBe G, C(G)—
MHOXECTBO BCEX HETIPephIBHBIX (yHKumii Ha G < P°
u Pp
u(x,t) € C*(G) u3 ypasuenus (1), HauaTbHBIX yCIIO-

— BCHICCTBCHHad IIpsaMasd. I[J'Iﬂ peIHeHI/Iﬁ

BrH (2) ¥ TpaHUYHOTO YCIOBUsA (3) BBITEKAIOT HEOO-
XOJMMbIE TPEOOBAHHUS T3 IKOCTH

f eC(G), ¢ eC?[0,0[, € C[0,00[, £ C[0,o0[, (4)

KOTOpBIX Ui GyHknuu f odeBmaHO HemocTaTOUHO

JUISL TTIAJKOCTH KJIACCUYECKUX PEICHUH CMEIaHHOMN
3agaud (1)—(3). ITomaraem t = 0 B TpaHUYHOM YCIIO-
B (3), BBIYHCISIEM 3HAYEHUE JIEBOM YaCTH MOIY-
YEeHHOTO PaBEHCTBA C IMOMOIIbIO ypaBHeHus (1) mpu
X =0, t=0 u navanpHoro ycnoBus (2) npu X =0 u
noJry4aeM HeoOX0AUMOE YCIOBHE COTTIACOBAHUS

Y =, (0){e[f(0,0) + (a, —a,)y'(0) + &,a,9"(0) -

~(b, +1,)y(0) - (&b, —a,b,)¢'(0) — bb,p(0)] + By (0) +
+77 (0} + B, (0w’ (0) + Bo"(0) + 1,0 (0)] + 5)
+7,(0)[eay (0) + B9’ (0) + 7,9(0)] = 1(0),

Il OJHUM M JBYMS IITPUXaMU HaJl (QYHKIUSIMH
0003Ha4YEeHbI COOTBETCTBEHHO WX IepBas U BTOpas

IMPOU3BOJHBIC. MmuoxectBo G ACIIUTCA XapaKTCpU-
CTHKOH X = alt Ha IBa MHOXXCCTBA:

G = {xt}eG:x>at, t>0,
G,= {xt}eG:x<at, x>0 .

Teopema. Ilycmo ¢pynkyuu o, 3,7, € C[0,00[ u
o # B, tel0,0, i =1,2.
(1)—(3) umeem eduncmsenmnvie Kiaccuueckue peuie-
nus U(x,t) € C*(G) suoa:

Cmewannas 3adava

u, (x,t) = Po(x+a,t) +ae p(x—at) +

X+at

e [ €% Ap(s)+y(s) ds |+ F(x).{x 1< G, (6)

x—ayt
u,(x,t) = d(x,t) +
t_ai ( ) ale(s)ds+blv
! ! P(v)e -
+ Ct D(a7+x)
% fe ) [ ra T

_ ' a, jE(s)ds
L 00 +y(0)~a,0'(0) 7 |
a +a,

+F(x1),{x1t}eG,,

T+ (7)

20e
A= a,b, +a,b, B= b, blc blﬂl a171
a, +a, a +a, -8
D= bla ~—N E(t) = ba,(t) - 72(t)
-B aa,(t) - B(t)’
t
F(x.1) = 1 IeA(r—t)X
aZ 0
X+a, (t-7)
o | eI (sl r)dsdr,
X—8 (t-7)
—byt
D(x,t) = a (a,p(x+a,t) +a,e® " p(0) +

2

X+a ot

+ J' gBlat-s) A(p(S)+W(S) ds),
0

P(t)=y(t)—{ (az(t>§+ﬂz(t)§+n(t)x

x=0

x a2+,8£+}/
ot Ttox

mo2oa u MmoIbKo moedd, K020d BbIROIHIIOMCS YCI0-
sue coenacoganus (3), mpebosanus enaokocmu (4) u

) O(x,t)+ F(x,t) }

]eb.rf [x+(-D'at-7),r dreC(G),i=12. (8)

Jloka3zaTenbCcTBO.JOCTATOYHOCTES.
Bo muHOoxectBe G pelieHUsIMH UCXOJHON CMeIaH-
HOM 3a/a4yy SBIISIOTCS, OUEBUIHO, PEUICHUS 3a1add
Kommm (1), (2). MeTtoom xapakTepuUCTUK HAXOAUTCS
obmree pemenue ypaBaeHus (1)

u(x,t) =e*g(x+at) +e h(x—at) + F(x,t),

{x.t}eG, (9)
rae g u h — mo0ble ABaXIsI HenpepbiBHO Audde-
periupyembie  ¢ynkuun B G, f =1(s,7) -

NOZbIHTErpasibHas QyHKIMs Ha MHoxectBe G, u
f= f(|s|,r)— NOJIbIHTETpaIbHAsT QYHKIMS HA MHO-
xectBe G,. VkasaHHoe Bbllie YacTHOE pEIICHHE

F(X,t) ypaBuenus (1) BoiBoguTCs MeTomoM lroa-

mens. JIBykpaTHBIM an¢QepeHIpoBaHuEeM IMPOBE-
psieTcst JOCTATOYHOCTh TpeOOBaHMM Triaakoctd (4),
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(8) ma f wis Toro, uroGel pynkius F (X, t) € C*(G).
[Mockonbky Gyrkums F(X,t) ymosrerBopsier Heon-
HOPOJHOMY ypaBHEHUIO (1) U OZHOPOJHBIM Hayalb-
HBIM YCJIOBHUSAM (2), TO TOCTaTOYHO PEIINThH 3a1ady
Kommu (1), (2) mpu f =0. I[loacTaBuB 3KBHUBaJICHT-
HBII BUJ

u(x,t) =e®* *[g(x+at) + h(x—at)]

obmero pemreHus (9) Wi OTHOPOAHOTO YpaBHEHHS
(1) B HauanpHBIE ycoBHA (2), IPUXOIUM K CHCTEME
YpaBHEHHI

{g(x) +h(x) =& p(x), (10)
8,9'(x) - ah'(x) ~ Alg(x) + h(x)] =&~y (X).

B cuity nepBoro ypaBHEeHHUsI 3TOI CUCTEMBI €€ BTO-
pPBIM YpaBHEHHEM CTAHOBUTCS YpPaBHEHHE X

3,9 '(x) —a,h'(x) =e " [Ap(x) +y (x)].
CyMMupys 3TO ypaBHEHHE € MEPBOM MPOU3BOIHOM IO
x mepBoro ypaBHeHHs cucTembl (10), yMHOXEHHOM
Ha a;, HaX0uM TudGepeHITHAILHOES YPaBHEHUE X

9'(x) = (a,+a,) [P (x) +a e p(x)) T,

rae dyrxums P(X) = e > [Ap(X) +y(X)]. Warerpu-
pys €ro 1o X, UMEeM PEIICHHS

g(x)=(a1+a2){ jkv(s>ds+a1e8*<o(x)}+é,

vCep. (11)
Toraa u3 nepBoro ypaBHeHus cuctemsl (10) BbIBO-
JMM PELICHUs

h() = (8, +,)" {aze‘“co(x) - ]Lv(s)ds} ~E,vCep (12)

Honcrasmss pemenns (11), (12) cucremsr (10) B
ofliee peneHre OAHOPOJHOTO YpaBHEHHUs IOJTyva-
eM 0000mmennyo ¢dopmyrny amambepa (6). Ilpu
JI0Ka3aTeNbCTBE JIOCTATOYHOCTH TPEeOOBaHWMA TJial-
koct (4) u (8) Ha f, o, B G; cHavana nckiro-

4aeM W3 BTOPBIX IPOM3BOAHBIX U, U, U,

Herpe-
peIBHBIE craraeMeie B G; Oiaromaps riaakocty (4) u
MOTOM K OCTaBIIMMCSI CJIaraéMbIM HPUMEHSEM Tpe-
OoBaHue rIaaKkocTH (8).

Pemrenus 3amaun (1)—(3) B G, umiem, kak perie-
Hus 3agaun JapOy mist ypaBHenus (1) npu rpaHud-
HOM ycIioBHUH (3) ¥ TPaHUYHOM YCJIOBHH Ha JIPYTon
ctopone yria G,. Pemrenust ypapaenus (1) T0JKHBI
COBIIA/IaTh C HETPEPBIBHBIMU MPOAOIDKCHUSIMH pe-

meHnit U, u3 yrna G; Ha XapakTepUCTHKY X = at,

1 3TU PCHICHUA OOJDKHBI YAOBJCTBOPATH I'PAHUYHO-

My ycioBuio (3). B pe3ynbTare mpuxoauMm K cUCTe-
M€ ypaBHEHUI

eg (a +ayt +e’“‘h(0):%e"’2'(p (@ +a)t +
+

(a+a,)t

ep(0)+ [ ™ Ap(s)+u(s) ds,
(13

+a, aQ+a

{%m§+mm£+nml%§+m§a@x

x e™h(x—at) }

x=i

:/z(t)—{ (az(t)§+ﬂz(t)%+;f2(t)j(al% WJ

x e™g(x+a,t) + F(xt) }

x=0
U3 ee mepBoro ypaBHeHus 3ameHon Y = (a; + a)t >0
HaXOIUM (I)yHKL[HIo

—2 _e¥p(0)-e¥h(0) +

:%+ vy

(14)
+— _[eBW 9 Ap(s)+w(s) ds.
a+a,;

[Moncranosko#t Gpynknyu (14) mpu y = X + at > 0 Bo
BTOpOe ypaBHeHHe cucteMbl (13) BeBogMM audde-
PEHIHAIbHOE YpaBHEHHE

{ [a2<t)§+ﬂ2<t)a—ax+n(t>jx
<((B, - e )e M (x—at) +
+ (71 _blal)e_blth(x _alt)) }

¢ npaBoi yacteio P, (t) = P(t) + P, (t)h(0), rne MHOXM-

(15)

= Ph (t)

x=0

TCIIb

Po<t>{[az(t)ng(t)%m(t)j 8

0 x
( —+B = +71] i j
x=0

= (a0, - B)(aa, (1) - B,(t) B+D B+E() e™

bnaromapsa nocrosHHEIM Ko3(pduuuentam o, f, 7,

npuBonuM ypaBHeHue (15) 3ameHol ¢yHKUIUH
H(at-x) = (4 —am)h'(x-at)+( -ba)h(x-at) x
BUJTY

et {(az(t)%ﬁz(t)%w(t)j e *H (at - x) }

x=0

= (o, (t) - B,(O)H (at) + (7, (t) -
~ b, (O)H (at) =e™'R, ().
Orcrona 3ameHol o =at>0 BeBOAUM HudpepeH-

[IMAbHOE YpaBHEHNE

8
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(@, (o /a)-p(ola)H () +(r,(c/a) -
(16)

—ba,(o/a)H(o)=e “R(c/a,).

OTO ypaBHEHHE NeMUMM Ha aw,(o/a)-pB,(cla,),

YMHOXKa€M Ha  UHTETPUPYIOLIUI

1(o) =exp —fE(p/al)dp U monydaeMm nudde-

MHOXHUTECIIb

PEHOUAIBHOC YPABHCHHUC

!

- [Epray)dp

H(o)e ®

- [ECpra)doet =

_R(ola)e°
alaz(o'/a1)_ﬂ2(0/a1).

WnTerpupys ero no o,
ypaBHeHus (16)

HaxXoauM oOliee pernieHne

) IE p/al)dp+b1 TE(p/a)dp
_ I P.(w/a)e dw+C,e° 1
; ao,(wla)-p,(wl/a)

vVC, eP.

B Hem nenmaeM 3aMeHy IepeMeHHBIX P =2a,5,S 2> 0,
W=ayv,Vv >0, u umeeM Bce pelIeHus

olag
qy I E(s)ds+byv olay

ola
J‘l Ph (V)e v dv—i_(:lea1 .! E(s)ds1
o (V)= 4()
U3 KOTOpPBIX NpU o =0 OIpeaciisieM 3HAa4YeHUs I0-
CTOSTHHOM

C,=H(0) = (4 —a,x)h'(0) +(, 0, )N(0) .

Bosspamasics 3neck ot pynkuun H K GyHKIUH
h u nmemas 3ameny z=-o0<0, nomnydaem audde-
pEHIIMAILHOE YpaBHEHHE

H(o) =3,

(ﬂl - aial)hl(z) + (7/1 _blal)h(z) =

-2l

i, a j E(s)ds+b
=a I R.(v)e dv+
0 aiaz (V) - 182 (V)

-zl
a E(s)ds

bey)h(0) e °

+ (B—ao)h'(0) +(r, — . (A7)

Ero Mbl gienum Ha [, —a,(;, yMHOKAeM Ha HHTET-
pupytomuii Muoxutens 0, (z) =exp{Dz} u npuxo-

oM K auddepeHnaabsHOMy YpaBHEHHIO

~zlag
a E(s)ds+by
, e, L[ E)dseby

—gP? a, J‘ P(V)e
o (Bi—aa)(am,(v)- ﬂz(V))

h(z)e®

-zlag
a; I E(s)ds

+ W(0)+Dh(0) e °

Ero unTerpupoBanuem mo Z BBIBOAMM 0OIIee pe-
menne ypaBHeHus (17)

-plag
a; J. E(s)ds+byv
P,(v)e

(A -aa)(aa,(v) - ﬁz(V))

-play

h(Z)—IeD(p 2) a, J‘

-play
a, J E(s)ds

+ h'(0)+ Dh(0) e ° dp+C,e ™, VC,eP,

B KOTOPOM JIeJlaeM 3aMeHy p = —a7, T 2 0, u mme-
€M pCUICHUSA
/ alj.E(s)dsﬂ)lv
-2/
' P.(v)e -

-D(ar+2) -
n@)=a [e alfaial A

r
a |E(s)ds

— h'(0)+ Dh(0) e ° dr+C,e™, (18)

13 KOTOPBIX MpPH z =0 HaxXOJIUM 3HAYCHHS IMOCTO-
auHoi C, =h(0).
[ToacranoBkoil pyHkuuii g u h B obuiee perie-

Hue (9) ypaBuenus (1) corimacHo ¢opmynam (14),
(18) mpu C, =h(0) B G, monyyaem peleHus

X

U () =(x+a, [P0 x
0

) al]. P(V)eal_‘[E(s)ds+blv .
o (@a =) (@, (v) - ﬁz(V))

a; | E(s)ds

— W(0)+Dh(0) e * dr —h(0)e® ™ +

(19)
+h(0)e“" " + F(x,1).

3navyenus npomsBogHoit h'(0) ompenensioTces u3
YCIIOBHS PABEHCTBA YaCTHBIX IIPOU3BOIHBIX MIEPBOIO
nopsaaka ot pemenus U, u3z G, u npeienbHbIX 3Ha-
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MATOMATBIKA

YCHHI YaCTHBIX MPOU3BOJHBIX MEPBOTO MOPSAKA OT
pemenus U; u3 G; Ha xapakrepuctike X = a;t. Ha
9TON XapaKTEPUCTUKE X PA3HOCTH PaBHBI

o, oy
ot x=at ot x=at -
__ ae™ (b, —b,)h(0)+b,p(0) +y(0) + (a, +a,)h'(0) —a,p'(0)
a +a, ’
U, _ouy
ox x=at ox x=ayt -
_ e™ (b, —b,)h(0) +b,p(0) +(0) + (a, +a,)h'(0) —a,p'(0)
a,+a,

OTcro/1a BEIBOJAMM 3HAYCHHE ITPOU3BOTHON

h'(0) = (b, —b,)N(0) —b,0(0) —1/(0) +2,0(0) /(a, +a,).

B Breipaxenue (19) mojcrasisgeM HaiiieHHOE 3Hade-
Hue h'(0) u nomydaem perieHue

X

Ug(x,t) = CD(X,t) + aj_ J' eCt—D(alﬂ_X) o
0

ale(s)dsmlv

% | R()e
o 6[(310{1 - ﬂl)(alaz (V) - ﬂz (V))

dv+

+[b2(p(0)+l//(0)_a2(pl(o)+ B+D h(O)JealiE(S)ds dr -
a +a,
— h(o)eBfot + h(o)ethDx + F(X,t) (20)

Yoenumcst B ToM, 4TO B BhIpaxkeHuu (20) cymma
BCEX claraeMbiX, cozaepxkaummx wmuoxurtenb h(0),
paBHa HYJIIO, T.€. CIIPABEJIMBO PABEHCTBO

X
t—
&

Bx—At +eCt—Dx+alz J‘eCt—D(ale)><
0

—€

al_r[E(s)ds+blv
R(v)e -

: J(aial =B, (v)-B,(v))

X

dvdr -

a TIE(s)ds

-a, J' B+D e P@e o dr=0. (21)
0

Jlnst aToro B neBoil yactu paBeHcTBa (21) mepBbrid
UHTErpajl IPUBOIUM K BULY

X
-2

a j.E(s)ds—ale

=3’ [ B+D e [B+E(W) e * dvdz.
0 0

CHayaza B HEM HHTEIPUPYEM IO YaCTSIM BHYTPEH-
HUI UHTErpai

a jE(s)ds
—e 0

a IE(s)ds—ale

—al] B+E(W) e '

aBr

dv=e

3aTeM IMOACTAaBJIAEM 3HAYCHUE OTOI'0 MHTErpalia B |1
1 HAaXOJHM €TI0 3HAYCHUC

X
t——

ay alj-E(s)ds
l,=-a, [ B+D e g9 gt lgr=
0
. ?
a ay jE(s)ds
=e® M e ta [ B+D e P@Me b dr.

0
IToxcraHoBKa JaHHOrO 3HAYEHMA UHTErpana |, B
paBeHCTBO (21) MOATBEPKAAET €T0O CIPABEATUBOCTb.
[Tosromy pemienus (20) npuodperarot Buz (7).
BoruncnstoTess 4acTHple NMPOU3BOJHBIE BTOPOTO
nopsizka ot pemeHus (7) ¥ HEMOCPEACTBEHHO Mpo-
Bepsiercs, 4To ecnu T, ¢, w, y yHOBIETBOPSIOT

TpeboBanusiM rinankoct (4), (8), To pemenus (7)
JBXKBl HEMPephIBHO audepeHupyeMbl Ha MHO-
xectBe G,.

Ilo mocTpoeHuto pemeHne U, U €ro 4acTHbHIE
MPOU3BOJIHEIE TIepBOrO mopsiyika M3 G, cooTBeTCT-
BEHHO COBMAJAIOT C MpeAeIbHBIMUA 3HAUYEHUSIMU DPe-
HIeHus] U; ¥ €ro 4acTHBIX IPOU3BOAHBIX MEPBOTO
nopsinka u3 G; a xapakrepuctuke X = a;t. PazHocTH
3HAYEHUH YaCTHBIX MPOM3BOAHBIX BTOPOTO MOPS/IKA
OoT U; W TpEeAeNbHBIX 3HAYCHUH YacTHBIX MPOU3-
BOJIHBIX BTOPOTO MOPAJKA OT U; HA 3TOM XapakTepu-
CTHKE X = &t COOTBETCTBEHHO PABHBI:

ou,| | a’e™ wu(0)-Y

o |, | am-B au0)-5(0)
ou,| | e™ u0)-Y

ox’ x=agt ox’® x=at & — ﬁl aa, (0) - ﬁz (0)
’u|  du| ae™ Y - u(0)

otox x=at otox x=ait o — ﬂl aa, (0) - ﬁz (0)

DTH COOTHOIICHHS TIOKa3bIBAIOT, YTO €CJIH BEPHO
yCJIOBHE coriiacoBaHus (5), TO BCe YaCTHBIC MPOM3-
BOJIHBIC BTOPOTO MOPSKA OT PelIeHud U, U U; COB-
najgaoT Ha Xapaktepuctuke X = ajt. MTak, mocra-
TouHOCTH ycaoBuit (4), (5), (8) mis cymecTBoBaHUSA
KJIACCHYECKUX peuieHuid cmemanHoi 3aaaun (1)—(3)
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B G ycraHoBneHa. EquHCTBeHHOCTD perieHuit (6) u
(7) obecmieunBaeT METOM PELIEHUS.

Heo0xoagumMocThb. Jug moboit mpaBoit
qactu f e C(G), f#0, ypaBuenue (1) umeer nemnpe-
peiBHO auddepeHrpyeMoe YacTHOE pelieHue Uy
(x,t) = F(x,t)eC}G). Torma mempepsiBrO mudde-
PEHIMPYEMbIMU JIOJKHBI OBITH €r0 MEPBBIE KOCHIE
MPOU3BO/THbIC

U ,—(-D'a u, =-bu,+

t
4 Iema,i(t—r)f |x—(-1'a,, t—7 |,z dreC' G,
0

i=12,
COOTBCTCTBCHHO BIOJIb XapaKTECPUCTUK
x-at=C, x+at=C,, vC,C,eP  ypaBuenus

(1). Oro monTBepkmacT HEOOXOAUMOCTH TpeOOBa-
Hus (8), Tak kak U, X,t €C' G . Teopema mokazaHa.

3ameuanue. /Jugpdepenyuanrvroe ypasHenue c
NOCMOSIHHBIMU KO puyuenmamu 6Ooree o0b6ueco
suoa

u, +bu, —au, +cu, +du, +ru=f,

20e I =(ac® +bcd —d?)/ (b° +4a), a >0, ceooum-
¢ K ypasuenuio (1) ¢ koaghguyuenmamu

a = (Vo> +4a—(-1)'b)/ 2,

b =(ac+(-1)'d)/(a +a,),i=1,2.

3akmouenue. B HacTosmielt pabdore, 6e3 mpume-
HEHHS METOoJ]a TIPOJIOJDKEHHS MPaBOH YacTH ypaBHe-
HUSI, HAYAJILHBIX U MPAaHUYHBIX JAHHBIX BHE MHOXE-
cTBa 3afaHus cMerranHoi 3amaun (1)—(3), HaligeHs!
B SBHOM OoJjiee MPOCTOM BHJIE €€ €IUHCTBEHHBIC
KJIACCHYECKUE PEIICHUS, KOTOPhIC BBIPAKAIOTCS
tdhopmynamu (6) u (7) Ha mHOXKecTBax G; u G, co-
OTBETCTBEHHO. M3 3TX (hopMyn BBIBOIUTCS WX He-
MpepbIBHAs 3aBHCUMOCTh OT MCXOJHBIX JaHHBIX 3a-
maun f, @,y m p B TOmONOrMM paBHOMEpPHOM

cxoauMocTH. TakuM 00pa3oM, cMemlaHHas 3ajada
(1)+(3) sBsieTcst KOPPEKTHOW MO Ajamapy B COOT-
BETCTBYIOILLIEH Iape INPOCTPAHCTB PEUICHUM U HUC-
XOJIHBIX JaHHBIX. YCTAaHOBIICHBI HEOOXOAWMBIE W
nocratounbie ycinoBus (4), (5), (8) cymecrBoBanwus,
CIMHCTBEHHOCTH M YCTOHYMBOCTH €€ KIIACCUYECKHX

peuienuii. Yciosus (4), (8) mpenacraBnsiorT coOoi
HEO0OXOJMMBIE U JOCTAaTOYHbIE TPeOOBaHUS TIIAIKO-
CTH Ha MPaBYIO YacTh ypaBHEHUs, HAYAIbHbBIC JaH-
HBIE ¥ TPAaHUYHOE JAaHHOE, KOTOpbIe 00eCIeunuBarOT
JIBAX/IbI HETIPEepBIBHYIO anuddepeHmpyeMocTsb pe-
IIEHUM 3TOM 3a/laud BHE XapaKTepPUCTHKH X = ayt.
VYcnoBue (5) MO3BONAET HaM TIIAAKO «CIUIUTH» pe-
urenus (6) u (7) BIOJIb XapakTepUCTUKHU X = ayt, Tak
KaKk OHO BBIPAXKAET COTJIACOBAHHOCTh HAYaIbHBIX
ycioBuii (2) ¢ TpaHUYHBIM ycioBueM (3) U ypaBHe-
Huem (1).

B ycrmoBun (8) mpuHALICKHOCTH HHTErpaia
MHOXKecTBy C'(G) SKBHBAICHTHA €TI0 MPHHAIEKHO-
cru muoxecteam CHO(G) mwm CPY(G). 3necs
CH(G) u CPY(G) — MHOXECTBA COOTBETCTBEHHO
HenpepbiBHO nuddepermupyemMsix o X u tu He-
npepbIBHBIX TI0 t 1 X (yHKuuMi Ha MHOXKecTBe G.
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