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Onucanve CTaOMIBLHBIX KBA3UIIOPSIKOB MOJTYTPYHIIbI
JIMHEUHBIX OTHOIIICHUN

M.JU. Haymuk, E.C. llaiiTop
Yupeorcoenue obpasosanus « Bumebckuii cocyoapcmeenHuvlil yHugepcumem
umenu I1.M. Maweposa»

Teopemuko-peuemouHbiMy NOHAMUAMU NPOHUSAHA 6C COBPEMEHHAs ancebpa, XOms 60 MHOUX Y4eOHUKAX Mo 06cmosmens-
CMBO ABHBIM 00pA30M He omMmeyaemcs. Pewiemku u epynnol npuHaonexcam K Yuciy camblX OCHOBHbIX UHCIPYMEHMOS8 YHUBEPCAIb-
HOU anzebpul; 6 YACMHOCMU, CIMPOEHUE ANeeOPaAULecKUX cucmem 0ObLIYHO HAUbOIee OMUEMIUBO BbIAGIACMCA NYMeM AHAU3A CB5-
3AHHBIX C HUMU DEUemOK.

U, kax cnedcmeue, 0OHUM U3 8ONPOCO8 MEOPUU YNOPAOOYEHHBIX NOJYSPYNN ABNIACMCA HAX0HCOEHUe 8CeX NOPAOKO8 OAHHOU NOJIY-
epynnul. mom 6onpoc pewiaemcs OJis NOLY2PYNN, BANCHBIX 8 MOM UL UHOM OMHOULEHUU.

Ha bonvwioe snavenue onucanus écex cmabUuibHuix (m.e. CONACOBAHHbIX C YMHOMCEHUEM) OMHOWEHUT NOPAOKA YKA3bIBA
E.C. JIanun. On Hawen Makcumanbhvle cmabuibhble NOPAOKU HA NONypynne JUHelHbIX Npeodpazo6anuli KOHeUHOMEPHO20 6eKMOp-
HO20 NPOCMPAHCMEA HAO NOJIEM.

Peghnexcusnoe u mpansumusHoe Ounaproe omuouleHue Ha MHodxcecmee A Hasvieaemcs Keasunopsaokom. Onucanue écex cma-
OUTLHBIX K8A3UNOPAOK08 Ha cummempudeckoll nonyepynne oan M.I". Mozunesckuii ¢ 1978 e. Ilo3oce, 6 1986 2., B./l. /lepeu npeono-
JHCUT ROOPOOHOE ONUCAHUE CIMAOUTLHBIX K8A3UNOPAOKOS HA NOLYSPYNNE YACMUYHBIX 63AUMOOOHO3HAUHBIX NPeoOpA308aHUl.

Ecmecmeenno 8osnukaem 3a0aua onucanus 8cex CmabuibHbiX K6A3UNopaoKo8 Ha NOyepynne TUHEUHbIX OMHOUEH U KOHEeYHO-
MEPHO20 8eKMOPHO20 NPOCMPAHCMEA HAO NOTLEM.

Onucanue KOHEPYIHYUL U CMAOUTBHBIX NOPAOKO8 HA NONY2pynne NUHEUHbIX OMHOWEHUL KOHEUHOMEPHO20 6€KMOPHO20 NpO-
cmpancmea Hao noem 6viio coenano panee M.U. Haymuxom u E.C. laiimopom.

Leny cmamuvu — onucams cmadubHble KEA3UNOPAOKU NOLY2PYNN TUHEUHbIX OMHOUEHU.

Mamepuan u memoodwl. B danHotl pabome UCHOIb3VIOMCA MEMOObl Meopuu NOLYSPYNN U TUHEUHOU aneepbi.

Pezynomamul u ux oocyxscoenue. [lepsvim (6 1961 2.) nodpobHo uccrnedosan anrcebpauieckue c80UCMEA TUHENHBIX OMHOULEHUL
C. Maxneiin [1]. B.A. Illonomapes [2] 6 1969 200y nonyuaem onpocvl meopuu TUHEUHbIX OMHOUEHUL 8 KOHEUHOMEPHOM NPOCPAH-
cmee VAV nao nonem. Um pewena 3a0a4a Haxoxcoenus UHBAPUAHMOS U NPUBEOEHUs. K KAHOHUYECKOMY 6UOY TUHENHO20 OMHOULe-
HUA, 4 MAKHCce AHAT02UYHAS 3a0aid 6 ClyYae nPOCMPAaHCmed ¢ padyuposKoll. 3amemum, ymo 6 meopuu noLyepynn IUHEUHbIX Om-
Howenutl JLB. Inenepmanom [3] 6 1982 2. Ovino ycmanosneno, umo aw0bas nepuoouyeckas noonoayepynna noayepynnot LR(V)
JIOKANIbHO KOHeuHa, 20e V — KoneuHoMepHoe 6eKmopHoe npocmpancmeo nao noiem. B 1987 200y JLb. [llnenepman [4] noxasan, umo
6EKMOPHOE NPOCMPAHCMEO (UCKIIOYAS MATble PA3SMEPHOCHIU) NOTHOCHIBIO ONPEOeNSemCs MyAbMUNIUKAMUBHOU NOJYePyRno peg-
JeKcushblx TuneluHvlx omuowenut. M.U. Haymux [5] ¢ 2004 200y onucan eéce Kowepys3Hyuu Ha NOayepynne JUHeUHbIX OMHOUeHU
6ECKOHEUHOMEPHO20 6eKMOPHO20 NPOCMpPancmea Hao meiom. B pabome [6] M.U. Haymux u E.C. Illatimop nonyuuiu éce cmabuio-
Hble NOPAOKU NOLYSPYNNbL TUHEUHBIX OMHOUEH U KOHEUHOMEPHO20 6EKMOPHO20 NPOCMPAHCIEA HAO NOLEM.

axnrouenue. Taxum obpasom, 6 xo0e pabombl, AGMOPbL NOTHOCHILI) ONUCATU CIAOUTbHBIE K8AUNOPAOKU Ha noryepynne. TlonyuenHvle
8618001 AGTIAIOMCA HOBBIMU U NO3BOAIOM UCNONB306ANL OAHHYIO PAOONTY O OATbHEe20 U3YYEHUS NOTLYSPYHN TUHELHBIX OTMHOULEHUL.

Knrouesvie cnoea: nunelinvie OMHOWEHUS, PAHE TUHEHHO20 OMHOUWEHUS, NONYePYNNG TUHEUHbIX OMHOWEHUT, CMabulbHble Kéd-
3UNOPAOKU, 3AMKHYMble OMHOUEHUs] KASUNOPAOKA.

Description of Stable Quasiorders of the Semigroup
of Linear Relations

M.1. Naumik, E.S. Shaitor
Educational establishment «Vitebsk State P.M. Masherov University»

All modern algebra is penetrated through with theoretical and lattice notions, although in many textbooks this is not distinctly
singled out. Lattice and groups belong to most basic tools of universal algebra; structure of algebraic systems, in particular, is
usually more distinctly identified by means of analysis of lattices connected with them.

Consequently, one of the issues of the theory of structured (ordered) semigroups is identifying all the orders of this semigroup.
This issue is solved for semigroups which are important in this or that respect.

Great significance of the description of all stable (or agreeable with multiplication) relations of the order was singled out by
E.S. Liapin. He found maximal stable orders on the semigroup of linear transformations of finite vector space over the field.

Reflexive and transitive binary relation on A multitude is called quasiorder. Description of all stable quasiorders on the symmetric
semigroup was given by M.G. Mogilevski in 1978. Later in 1986 V.D. Derech gave a detailed description of stable quasiorders on
the semigroup of partial mutually clear transformations.

Naturally a task turns up to describe all stable quasiorders on the semigroup of linear relations of finitely measured vector space
over the field.
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Description of congruencies and stable orders on the semigroup of linear relations of finite measured vector space over the field
was made earlier by M.l. Naumik and E.S. Shaitor correspondingly.

The purpose of the article is to describe stable quasiorders of the semigroups of linear relations.

Material and methods. Methods of the theory of semigroups and linear algebra are used in the work.

Findings and their discussion. The first (in 1961) to study in details algebraic features of linear relations was S. McLain. V.A. Ponoma-
rev in 1969 studied issues of the theory of linear relations in finite measured space of V@V over the field. He solved the problem of finding
invariants and bringing to the canonic variant the linear relation as well as the like problem in case of space with graduation. It should be
pointed out that in the theory of semigroups of linear relations L.B. Sheperman in 1982 found out that any periodic semigroup of LR(V)
semigroup is locally finite, where V is finite measured vector space over the field. In 1987 L.B. Sheperman showed that vector space (excluding
small sizes) is fully defined by multiplicative semigroup of reflexive linear relations. M.1. Naumik in 2004 described all congruencies on the
semigroup of linear relations of infinite measured vector space over the body. In their work M.I. Naumik and E.S. Shaitor described all

stable orders of the semigroup of linear relations of finite measured vector space over the body.

Conclusion. Thus, in the course of the work we fully described stable quasiorders on the semigroup. The findings of the work are
completely new and make it possible to use this work for further study of semigroups of linear relations.

Key words: linear relations, range of linear relation, semigroup of linear relations, stable quasiorders, closed relations of the quasiorder.

HyCTL V — JleBO€ KOHEUYHOMEPHOE BEKTOPHOE
MPOCTPAHCTBO Haj moiieM F pasmepHoctu N.
bunaproe otHomeHne acV XV MExXIy dJIEMEHTaMH
MHOKecTBa V Ha3bIBaeTCS JIMHEHHBIM, €CIIH OHO SIB-

asercs noanpoctpancteom V @V . Ipyrumu cio-
BaMH, JIMHEHHOE OTHOIIEHME A — MHOXKECTBO Iap

(X,y), rtoe X,y €V, 3aMKHYTO€ OTHOCHUTEIHHO

OHCpaHI/Iﬁ CJIOKCHHA U YMHOKCHHA Ha DJICMCHT U3
nons F: ecmun (X, Y;)€a u (X;,Y,)€a mpu xa-
XI y yl EV 5 TO

(axi+ fxz,ay,+ fy,)ea nus moodsix o,feF .

KHUX-TU00

Paur

dhopmyioit
=dim( pr,a/cokera).

MHoxecTBO BeexX TUHEHHBIX oTHOmeHwi LR(V)
Ha npoctpancTBe V siBisiercsl, Kak u3BectHo [1], mo-
JIYTPYIIIONA OTHOCUTEIBHO ONEpAIuil yYMHOXKEHUS
OWHAPHBIX OTHOLICHH.

JInst  mpou3BOJIBHOTO — moAmpocTpaHcTBa ACV
0003HAUUM @, ={(x,0): x e A} W5 =@.

Ecmu aeLRy(V), TO
dimpria/kera=dimpr,a/cokera. SIcmo, uto s JIrO-
6oro a€ELR;(V) a= w,wg", re pria=A, pr,a=B.

PednekcuBHOE TpaH3UTHBHOE OTHOIICHHE HA3bl-
BaeTCs OTHOLICHWEM KBa3HUIIOPSAKA.

OtHowmieHne KBazumopsinka A OyaeM Ha3bIBaTh
OTHOIICHUEM CTAOMIILHOTO KBa3HUIOPSIKA, €CIN JUIS
mo0bIX @, b, ¢, dELR(V), u3 alb cnemyer cadAichd.

CTaOuibHBIA  KBa3MNOPAZOK A TIONYTPYIIIBI
LR;(V) Oyzem Ha3bIBaTh 3aMKHYTBIM KBa3HITOPSIIKOM
A, ecim st mooeix a,bELR;(V) u ¢, deELR(V) u3 aib
crenyer cadichd.

Omnpenenum otHoureHus Ha nomyrpynme LR;(V)
CIICAYIOIIUM 00pa3oM:

JIMHEMHOTO  OTHOIICHHUS OMpeaACIACTCA

ranka=dim( pra/kera)=

a)Aa)gl,ll a)Ba)gl@BgA; DcC;

a)Aa)gl,lz a)Ba)gl@BgA; CeD;

a)Aa)gl,lg, a)Ba)Bl ©A=B; DEC;
a)Aa)gl,u a)Ba)Bl ©ACB; C=D;
a)Aa)gl,15 a)Ba)Blc)BgA;
a)Aa)gl,lg a)Ba)Blc)CgD;
ONOG )7 g 05 ©A=B; D=C;

W0 15 0505 SAB,C.DEV.

Teopema 1. Omuowenus A, AGNAIOMCS
3AMKHYMBIMU K8AZUNOPAOKAMU noryepynnul. Jioooi
3AMKHYMBII KEA3UNOPAOOK NONY2PYNNbL CO8NAOAem
C OOHUM U3 COOMHOWEHUU Ay UTU UM OOPAMHBIM.

JJokxkaszaTtenscTB 0.l JokaxeMm, 9ro
OTHOIICHUS An SIBIISIFOTCS 3aMKHYTBIMA
KBa3HITOPSIKAMU TTONYTPYIITIHI.

JokaxeM, 410 A3 — 3aMKHYTBIH KBa3HIIOPSIOK
nonyrpymibl LRy (V).

IMokaxxem pedekcuBHOCTh. Tak kak A2A u

-1 -1
B2B, 3Haunt, @05 A1 D50 .
ITpoBepuM BBITIOJHEHUE TPAH3UTUBHOCTH. [1yCcTh
-1 -1 -1 -1

D\ A W@y U W@y A 100y . Torma BCSA,

DcC u MCSB, NED. Orciona MCA, NcC.
-1 -1
WpQc Ay Oy Oy

3HauuT, TpaH3UTUBHOCTH

BBIIIOJIHACTCA.
JokaxeM, 4To OTHOWIEHHE A; 3aMKHYTO. IlycTh
-1 -1 -1
0\0c" 1 W@y u a,beLR(V). Tokaxem, 4T0 & Wp0c
-1 -1
blhiawgwy b, Te. pria Wg Spria @ u pr,@y bSpr,

a)gl b.
Nmeem, uto pria=keraaV,, pr,a=cokeraaV,, rme
V1, V, — HekoTopble (GPUKCUPOBAaHHBIE JIOTIOTHEHUS.
O6o3naunm A={x: (X, y) e a, taeye praA},

" BZ:{}:(;(,y)ea, e Y € pr,al1B}. Torxa pria

W =keraa(ViNA,), pr.a®@g=keraa(V:NB,). Ecmu

mo ycmoBuio BCA, 10 ®m B,SA, wu, 3Hauwr,
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(pr.aNB)SA, a w3 3TOr0  CleayeT, uTo
(pr.anNB)<S(pr.anA).

[omyuaewm, 9TO pria@p=
=keraa(ViNA;)2keraa(V,NB,)=pr;a Vg .

C npyroii crtopoHbl, umeeM prib=kerbaVs,
pr.b=cokerbaV,, rtme Vi, V4 — HeKOTOpHIE
(UKCHPOBaHHbIC JIOTIOJTHEHHS. 0O0603HaYMM

C2={91()_(,)_/)€b, rieXe pr(bNC)} "
D,={y:(Xx,y)eb, riexe prbND)}, pr, w5 b=

=cokerba(V4;NC,), pr, a)[',l b=cokerba(V,ND,). Ecimu,
no ycnouto C2D, o u (pribNC)2(pr;bND). Toraa

prza)glbgprza)glb.

3HAYNT, OTHOUICHHE A; SIBISIETCS OTHOIICHHUEM
3aMKHYTOTO CTaOMIIBHOTO KBA3UITOPS/IKa
nonyrpymbl LRy (V).

AHaJOTMYHO  JOKa3bIBAE€TCS, 4YTO Ai—Ag —
3aMKHYTHIH Topsnok Ha LRy (V).

II. Ob6parHo, mycTh A — TPOU3BOIBHBIN

3aMKHYThIH KBa3unopsaok Ha LRy(V). Ilycts nanbi
noanpoctpanctea A, B, C, DEV, Takue, 4to G)AM)B

u a)glll a)[')l.

JlokakemM, dYTO A COBNAaJaeT C OJHUM U3
COOTHOIICHUH A, i UM oOpatHbIM. [IpeacraBum A
u B BBuge A=ANNBOA u B=ANB®B,, e Aiu
B; — ¢uxcupoBannbie nononHeHus. [Ipeanonoxum,
gto A; w B; omHOBpeMeHHO  HEHyJIEBOH
pasmepHoctd. OOo3nauum A; — Oasuc A;, B, —
Oasuc B;. Onpenenum OTHOILIIEHUS:

a=<()_(,)_()ZX€A2>, b=<()_/,§):§/e82>,
Opl0g,
a)Alxia)_

c=<(zm):zeB,meA>.  Us

awp,=w, u AWg=0  crenyer

Ananormano uz  OpA0g, b0)5=0)511/1 b(l)/_\=(0

HOJTy4aeM 6026031. A m o, v, Co, =wg 1
Co=w crenyer wg Aw . W3 peduekcuBHoCTH A
CIIE/lYeT, YTO OZHOBPEMEHHO BBIIOIHSIOTCS g A
u 60/1(()81 , OTCIOZIa MONyYaeM @p A@g . A 91O
O3HAYaeT, YTO wAMB, eciim ABEV. 3nauwur,
BO3MOKHBI BapuanTel A=B; ACB; A2B; A, BEV. (1)

Mpencrasum D u C B sune D=D(1CO®D, u
C=DNC®C,, me D; u C; — uKkcupoBaHHBIE

nonondenus. IlpemmonoxkuM, yro D, wu  C
OIHOBPEMEHHO HEHYJIEBOI pPa3sMEPHOCTH.
O6o3znaunm C, — Oasuc C;, D, — Oasuc Di.

OmpenenuM  OTHOIICHUS: d =<( X,X) - XE D2 >,

n:<(§/,§):§/ecz>,t:<(2,ﬁ):5e DZ,EEC2 >,

Us ocloy n agd= o w'd =0 crenyer
a)ﬂng u a)gll/ia). U3 pednekcHBHOCTH A Clienyer,
YTO OJHOBPEMEHHO BBITIOHAFOTCSI a)/ia)g,ll u a)f,ll/la) ,

1, -1
OTCIOfla TOy4aeM & /M)D1 . A 3T0 O3HaAYaeT, 4YTO

CUCA@D , ecimu ABCV. 3HauuT, BO3MOXHBI
Bapuantel: D=C; D2C; DEC; C,DCV. @

3uauwr, Bo3MokHBI Bapuantel D=C, DEC, C2D. (2)

Uz (1) u (2) ans maoxkects A, B, C, D momygaem
CIIE/IYIOIINE BAPHAHTHI:

1) ecnmu A=B u DESC, To A coBmaacr ¢ Ag;

2) ecim A=B 1 D2C, 10 A coBmagaer ¢ Az

3) ecim A2B u D=C, 10 A coBmagaer ¢ Ay

4) eciiu A2B u D2C, 10 A coBmamaer ¢ Ay;

5) eciu A2B u DESC, To A coBmamaeT ¢ Ag;

6) ectu ACB u D=C, To A coBmamaer c Aq;

7) ecim ACB 1 D2C, 10 A coBmagaer ¢ A,

8) ecitu ASB u DESC, 1o A coBmagaer ¢ v

9) ecnom A=B u D=C, A — TOXIeCTBEHHOE
oToOpakeHue;

10) eciu ASB, To A coBmamaeT ¢ At

11) ecu A2B, T0 A coBmagaer ¢ As;

12) eciiu DEC, 10 A coBmamaer ¢ Xa'l;

13) ecitu D2C, T0 A coBIamaer c Ag;

14) eciu C<D, CID, A=B, BIA, 10 A coBnanaer
C 7\'8-

Tonyuunu, uto ecmn OpAg n 6051/1 6051 , TO A
COBIIAJAET C ONHUM W3 COOTHOLIEHHH A, WIH UM
00paTHBIM.

Teopema nokasana.

Bocnons3oBaBmuce TeopeMoi, nepenieM K onu-
canuio kBazunopsakos LR(V).

[TycTs LR1(V):{a|ranka<l} — ugean [5] moiy-
rpynnsl LR(V), L — menodka Takux HOAMOIYTPYIII
PcP,c..ch, 1YP,,  0¢Pi, rme
P*={a'laeR}, (1<i<n)u BcF.

4qTo

O6o3HauMM uepes ZlLk(lﬁ k<n) takoe orno-
menne Ha LR(V), uro aZlLkb<:>a,be LR,(V) u
Y= malR(V), wm aelR(V), arankb<k,
prlb g prla ] per c przas
a=Ab,rne 1eP,, =P

rank a rankb *

mwmm ranka>0, a

2K
O603naunm uepes Y, (1<K <N) rtakoe orHo-

menne Ha LR(V), uro akab<:>a,be LR,(V) u

12
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Ko Jma LR(V), wm aelR(V), a
rankb <k, prackerb, pr,bccokerb,
rank a > O, aa= lb , TIe Ae I:)ranka = Prankb-

N

O603HaYUM uepes3 Zﬁk(ls k<n) rakoe orho-
merme na LR(V ), uto aY'b<>a,be LR (V) u
Y¥= 2, na LR(V), wm aeLR(V), arankb<k,
prbc pra, praccokerb, wm ranka>0, a
a=Ab,rme 1eP s =P

anka rankb *

O603HauUNM uepes Zik(ls k<n) rakoe orHo-
merme na LR(V ), uro aY, b abelR (V) u
Sr=2"ma LR(V), wm aelLR(V), a
rankb<k, prackerb, prbcpra,
ranka>0,aa=Ab,tne 1P

ranka

NI

rankb*
O603HaYUM uepes ka(ls k<n) rtakoe orHo-
merme ma LR(V), uto ay.'b<>a,belR(V) u

Y=y na LR,(V), mm ranka>0,a a=Ab,

rie A€ I:)ranka = IDrankb-

O6o3HaunM yepes Zﬁk(lﬁ k<n) rakoe orHo-
menne va LR(V), uro aZEkb <abelR(V) u

EEk=ﬂ/§1Ha LR,(V )umranka >0, a a=A4b,
rne AeP

ranka

rankb *
O603HauNM uepes Z[k(ls k<n) rakoe orHo-
wenne Ha LR(V), uro azzkb <abelR(V) u

Y“=A,na LR,(V), mm ranka>0,a a=Ab,
rne AeP =P

ranka rankb *
O6o3HaYUM yepes3 ZBLk(ls k<n) rakoe orno-
mwenne va LR(V), uro aZ?_kb <abelR(V) u

Zik=/ﬂlHa LR(V)umranka >0, a a=1b,
rne AeP

ranka

rankb *
OGo3HauMM Yepes Zik(lﬁ k<n) takoe orHo-
menne va LR(V), uro azik boabelR(V) u

YU=Jgma LR(V), mm ranka>0,a a=Ab,
-P

rankb *

rne AeP

ranka
10k
O6o03uaunm depes 2, (LXK <N) Takoe orHo-

wenne Ha LR(V), uro aZtOkb <abelR(V) u

10Kk _
L=
rne A e P,

glﬂaLRl(\/)I/eranka>O, aa=Ab,
=P

anka rankb*

11K
O6o3HaYnM depes ZL (k=1) rakoe ornomre-

uue Ha LR(V), uro azllebQ ranka = rankb,

ranka>0,a a=Ab, rne le I:)ranka = I:)rankb-

O0603HauuM yepes ZlLZk TaKoe OTHOIICHHE Ha
LR(V), uro ayi b abelR(V)ua=bh.

tk
Teopema 2. Omnowenue ), A6IAemca cma-

ounvHbiM  keasunopsiokom Ha noayepynne LR(V).
Obpamno, Kaxicowlii KEA3UNOPSAOOK HA NOJIYSpynne

LR(V) eouncmeennvim o6pazom npeocmasum 6 euoe

tf unu _1Zt¢< ons nooxodsuux L, t, K.

st qokazarenbCcTBa TEOPEMbl HaM TOHAI00UTCS
JIeMMa, TJIe CTaOWIbHBIC KBa3UIOPSIIKK pacCMaTpH-
Barorcs Ha LR(V). Ecnu sicHo, 0 KakoM cTaOHIEHOM

tk tk

MOpAZKE WIET ), pedb, TO YaCTO BMECTO ay, D
Oynem mucath ay.b.

Jlemma 1. Ecau Y, — cmabunbHblll K8A3UNOPsAO0OK
u ay.b, ranka >0, mo a=Ab ona nexomopozo
AYFE

HJoxaszatensbcrtBo. llycte a).b u
gyto pra=prb,
cokera=cokerb.

ranka>0. Dro o3Hauaer,
pra=prb, kera=kerb,
a,a, € F\{0}{0}
(x1,y;)€a u (X2,Y,)€a, rie X1,X2 € prya\kera,

Haiinyres TaKue, 4TO

a (xu,ay,)eb, (X2,0,Y,)eb nns mexoropsix
Yi:Y,. llokaxeM, 4TO0 @=@,. JIeWCTBUTENLHO,

nMeeM (Xt X2,0y,+a,Y,)€D u

(Xi+X2,a(y,+Y,))€b. Orcioma  nonyuaem

05(?/1 +§/2) - a1)_/1 +a2§/2 Ycokerb.
(A=4)Y,+(A=24)y,=0.
(A-4)=(A-4)=0, re.
a=/b.

CaencrBue 1. Ecmu ranka >0,

ranka =rankb.
IIepeﬁﬂeNIK HeHOCpeHCTBeHHOMy,HOKaSaTCHBCT—

ITonydyaem

Orcrona

A=4 =A,. Wrax,

cienyer

ay.b, mo

By TeopeMbl. [lokaxeM, 9To th (t=1,2, ..., 11) sB-
JISIETCS CTA0MILHBIM KBa3HUIIOPSIIKOM.

Pe¢nekcuBHOCT BBITEKAaET HEMOCPEACTBEHHO M3
Toro, uro 1€ P, .
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tk tk
TIpoBEpHM TPAH3UTMBHOCTB ), . IlycTs aZLb u
tk . o
b, c. Ecim XOTs1 GBI OTHO M3 JIMHEHHBIX OTHOIICHHH

t
SBIICTCA HYJIEBBIM, TO SICHO, 4YTO aZLc. ITycte

rank a > 0. Beuxy nemmsr 1 a=Abu b=, c m
=P Ucxonsa

rankc *

a TaK Kak

HEKOTOpBIX A, 11 € P, =

anka rankb

W3 CBOMCTB P; (i:172:~--~:n) A, € Panka s

t
a=Auc,10 ay, b.
" tk
[okaxem, uto Y, crabuwisHo. Ilycts 8), Du
tk
¢, d. Ecoim ranka=0, to rankb <k, a 3na-
qut, 1 rank bd < k. Caenosarensno, rankac =0

17§ aczt[‘bd Ha LRy(V). Ilyets ranka>0 wu

rankc>0. Torma a=Ab u ¢ = xd, a cnenosa-
ac = pibd.
rank ac < min(rank a, rank c), To B cuiry CBOHCTB

TEJIBHO, u Tak KakK

Pi, A, 11 € Propac» @ 30aunT, 1 AL € Py Takum

obpazom, acZ‘,_kbd , TO eCTb th — CTaOUIBHBIH
KBa3HMIIOPSAIOK.

Jokaxxem BTOpYyrO 4acTb TeopeMsbl. Ilycts th -
MPOM3BOJIbHBIN CTAOMIIBHBINA KBasunopsinok Ha LR(V).
OG603HaunM uepe3 K HAMOONBIIMIA M3 PAHIOB BCEX Ta-
KHX JIMHEHHBIX OTHOIIEHUH b, ut0 Wy @ 'Y'b. Torna
U1 MO0O0ro JIMHEHHOr0 OTHOMIEHHS C, Ui KOTOPOTO
rankc <K maiimyrcst Taxme U u U, yro C=UDL n

-1
BBHJLy CTAOMIILHOCTH Oy &7 ).C .

ITokaxxem, 4TO Pn - Pn—l cC..C Pl ITycth Le PI
Torna g€, a
A8 =86_12.€6 =6 .
Pi C Pi_l (i=1, 2,..., n).

Takum 00pa3oM, OTHOIIEHUIO Y. COOTBETCTBYIOT
HaTypaJbHOE YnCIIOo K, J; ¥ memoyKa moamoIyrpyII

3HAYMUT, "

CruenoBaTenabHO,

Pn C Pn—l c..C P1 nona F, ynosnerBopsromue
BBIIIENIEPEYUCICHHBIM yCclIoBHsAM. IlokaxeMm, d4roO

tk
2 = ZL .

Eciu a)Aa)El b,
prbc A, pr,b € C, To, OUEBUIHO, YTO ) =¢; Ha HO-

ayrpymmie LRy(V) u @y (()T_lztt(b [Tycts aZb u
rank a > 0. Torzma B cuny nemmsr 1, & = AD . Haii-

rankb=0 u

myTcs Takue U,V € LR(V), 4to e, = ubv. Bumy

CTaOWJILHOCTH 3HAYNT

Y. aiaXCakas
A € Pryryea 1, cHIETOBATENBHO, A%, D . Hrax, Y.< Yo .

[IpoBeprm oOparHOoe BKmoueHwe. Ilycts aztfb .
Scno, wro ecm A€LR(V), 10 aZthb. Iycts
agLR (V).

A € Pranka - Hocnennee o3nagaer, uto ﬂerankazeranka )
v.B

Torma a=Ab, gama HekoToporo

Bribepem takue U,v e LR(V), uto b =ue

ranka

cuny crabmwibHocTH Y, A= AU 40 VD U oV =D
1K 1
Wrak, ), €, . PaBenctBo ), =), 0Ka3aHo. Ml

NOMy4 Iy, uto ecm A € LRl(V) SIBIIAICTCS T Y.
MEHBIIIE JIFOOOr0 JIMHEHHOIO OTHOIICHUS PaHra OOJIbIIe
4YeM HOJb, TO ., €IWHCTBEHHBIM OOpa3oM TPEACTaBIIs-

tk
etcs B Buze Y, . Ecmoke @ € LRl(V) SIBJISIETCSL IS
> Oomplie JFOOOTO0 JIMHEHMHOTO OTHOIICHHUS paHTa
OOJIBIIIETO HYIIS, TO SICHO, YTO Y, €MHCTBEHHBIM O0Opa-

B gl
30M MPEACTABIICTCA B BUIC Z L - TeopeMa JOKa3aHa.
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