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Summary. A «V » subgroup of a « G » group is called an F -injector of « G s:if V ™' N isan F -maximal subgroup of « N »« for every

subnormal « N » subgroup of « G ». In this paper a formula of F -injector of a 7z -soluble group is found for voluntary local Fitting « F » class.
This yields a new method of definition of soluble groups for finite injectors for local Fitting classes.

1. Introduction. In the theory of classes of finite
soluble groups the basic result which generalizes
fundamental theorems of Sylow and Hall is the theo-
rem of Gaschiitz [1] on existence and conjugacy of
F -projectors in groups G for every soluble local
formation F. Recall that a subgroup F is'called [2] an
F -projector of G if FN/N is an F-maximal sub-
group in G/N for all normal subgroups N of G.

In the sequel many researchers were interested
in finding a formula for an F-projector. This task
was solved by Doerk [3], D'Arcy [4] and
N.T. Vorob'ev [5].

In 1967 an importat bright result in the theory of
finite soluble groups was established by Gaschiitz,
Fischer and Hartley in their paper [6], where another
generalization of the theorems of Sylow and Hall
was presented. It was proved [6] that in every group
GeS a unique conjugacy class F-injectors exist
for all soluble Fitting classes. Recall that a subgroup
V of agroup G is called [2] an F-injector of G if
VAN is an F-maximal subgroup of N for every
subnormal subgroup N of G.

In 1975 L.A. Shemetkov [7] extended the Gas-
chiitz-Fischer-Hartley's result on the case of
z-soluble groups for all Fitting classes F where
7 =n(F)={z(G)|G e F}. In this connection in the
theory of Fitting classes the task of finding an for-

mula for an F-injector of a finite z-soluble group
for an arbitrary local Fitting class F is not complet-
ed. In the class S it was solved by Hartley [8],
N.T. Vorob'ev and 1.V. Dudkin [9] only for some
special cases of a local class F.

The main result of this paper is a full solution of
the task specified above in the class of z(F) -soluble
groups for a local Fitting class F . We refer to [2] for
the notation and basic results on classes of groups.

2. Preliminaries. All groups considered in this
paper are finite.

For the first time a local method of studying of finite
soluble groups by means of radicals and Fitting classes
was introduced by Hartley [8]. Every map

f : P —>{ Fitting classes } is called a Hartley function or
an H -function [10] where P designate the set of primes.

Let LR(f)=E,("p, F(PNLE,), Where
7 =nr(F). A Fitting class F is called local [10], if
F=LR(f) for some H -function f .

A Hartley function f of a Fitting class F is

called full integrated, if f(p)N,=f(p) and

f(p) < F for all prime numbers p. Such a Hartley
function exist for every local Fitting class [11].

Let = be a set of primes. A finite group G is
said to be z-soluble if every chief factor of G is ei-
ther an abelian z -group or a ='-group.
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A set ¥ of pairwise permutable Sylow
p -subgroups of G, exactly one for each pez(G),
together with the identity subgroup, is called a
Sylow basis of G.

If T is a set of subgroups of a group G and if
R<G, we denote by ~R the following set of
subgroups of G T~R={SNR|SeZ}

In general, *~R is not a Sylow basis of R.
However, when it happens that =R is a Sylow ba-
sis of R, we say that = reduces into R and write
TyR.If T isa Sylow basis of G, then T reduces
into RY for some geG. In particular, ifR <G, then
TyR.If = isa Sylow basis of a group G, the sub-
group  Ng(Z)={geG|H=HY forallHeX} s
called the normalizer of = . A system normalizer of
G is a subgroup of the form Ng(Z) for some Sylow
basis of a group G.

Recall that if H /K is a section of a group G, then
the group Ng(H/K)={geG|(hK)? e H/K forallhe H}
is called the normalizer of a section H/K inagroup G.
Let A beasubgroup of a normalizer N (H /K) of asec-
tion H/K of agroup G. Then the group C,(H/K) is

defined asC,(H /K) ={a e A|h®K =hK for all he H}.
If K<H itiseasy toseethat AMK <C,(H/K).

Lemma 2.1 (see Theorem 2.2 in [7]). If F isa
Fitting class and G isa x -soluble group (7 = z(F))
then G possesses exactly one conjugacy class of
F -injectors.

Lemma 2.2 (see Theorem 2.3 in [7])..Let F be
a Fitting class and V an F-injectorof a z-soluble
group G, where z=nx(F). If V<A<G,then V is
an F-injector of A.

Lemma 2.3. Let F be a Fitting class and
FcE,.If vV isan F-injector ofa Hall r -subgroup
G, of a r-soluble group G, then V is also an
F-injector of G. If V is an F-injector of a
x-soluble group G, then V is an F-injector of
some Hall = -subgroup G, of G.

Proof. The result follows from lemma 2.1 and
lemma 2.2.

Lemma 2.4 (see Theorem 7 in [12]). Let F be
a full integrated H -function of a local Fitting class
F and V an F-subgroup of a finite group G. If S
iS a p-subgroup of G for some pex(F), then

V-Cs(V/Vgpy)eF. In the case V<G, V<H<G,
H eF we have Cg(H/Hg(,)) <Cs(V /Vi(p).

3. The results. For an arbitrary local Fitting
class F the formula of an F-injector of a soluble

group is described by the following theorem.

Theorem 3.1. Let F be a full integrated H -
function of a Fitting class F, = is a Sylow basis of a
soluble group G, D=Ng(E) and GyeZ,

D,=G,nD, where pez(F). If W
F-injector of a group N, G/NeN, and ZyWw,
then Z=W-Cp (W /We(p)) =W Cq W/We(,) is an

is an

F-injectorof G and Ty Z.
Proof. We show that W is pronormal a G,
shortly W prG. Let geG. Then by lem-

ma 1X.1.3.(b) [2] we have W? elInj-(N). Conse-
quently, <W,W9%><N. Hence by theo-
rem 1.5.(c) [2] W,W? elnj-(<W,W? >) and by the-
orem 8.2.9 [2] W, WS _are conjugated in <W,W?9 >.
Then W prG.

Since TwyW tand W prG, by proposition
1.6.8 [2] it<follows that D< Ng(W). Then from
D < Ng(We () it follows that D < Ng(W/We ().
Denote Y =Cp, W /We(p) - By lemma 2.4 we have
Z=WYeF.

Let V be an F-maximal subgroup of G such
that ' ZcV. Because pex(F) and W<V, lem-

ma 1X.1.6 [2] yields V eInj-(G). Let TwyVv? for
some geG.

Next we show W <V 9. By lemma 1X.1.3.(a) [2]
we have VANelnj-(N) and W elnjz(N). The

choice of vV implies W =V AN <V . From w9 <V 9

and = yV?9 it follows that *yww?. Because = yW
and W prG, by the theorem 1.6.6 [2] we have
W =W?¢ and therefore w < 9.

We show ch(vglv,:g(p))svg. By lem-
ma 1X.1.3.(b) [2] we have V¢ elInj-(G). Then by

lemma 2.4 V9.Cp (V9/V¢,)eF. Because VO is

an F -injector of a group G,
g g g —\v 9 9 9 g
\Y; .(:Dp(\/ INEp) =V and CDp(V INEpy) <V 0.

Next we prove that CDP(\/g/VFg(p))gY. By
lemma 2.4 W <V ¢ implies
Cmevg(Vg/V,é’(p))SCmeVg(\Ng/W,E(p)).

From Cop, (VIIVE ) <V O we have
Cp, (v SIVE ) = Cmevg (VOIVE,). Then from
Co, s W /W) <Y it

Co, VIIVE )<Y .

follows that
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We show V¢ D, =Cp, (V9 1VE,,) - Notice that
(VENDVEG Ve i
(VEND,)IVIND, NV, -

Set a={VenD, Vg, ND, H VI ND V) Vi |- It
is clear that a is a p-number. Besides it is true that
a|VeD, :VZ D, HV :VE,, |. From V9 eF=LR(F)
we conclude that |V ¢ :VF@’(p) | isa p'-number. There-

isomorphic to

fore a is a p'-number. Notice that a is also a p-

number and thus a=1. Hence,
9 —v9 9 g

VInD, =VE, NnD, and from VZ , <V9 we have

9/y9 g g9 9
)mDpsch(\/ IVEp)- Then v ND, <Cp (V*/VE(p)

conclude

VFg( P

and from CDp(vg/vg(p))svg we

VIND, =Cp (VOIVE).
By lemma 2 [13] a local Fitting class F is a

Fischer class. Then by theorem 1X.3.4 [2] we deduce
that F is a permutable Fitting class.

Hence for the F-injector vV all conditions of
the theorem IX.3.19 [2] are true and therefore
VI<DVINN). From W=V N and W=W? we
obtain W =V? AN . Thus V¢ <WD.

We show V¢ <WD,. Having W <V % <Ng W),
W <NgW), D<NgW), DeN we conclude
VI/W <WD/W eN. Consequently, WD, /W e Syl ,(WDIW).
Now from W=V?~N it follows V®/WeN, and
V9/W <WD, /W . Then V¢ <WD,.

From V¢ <WD, and V¢ nDy=Cp (V*IV,),
by lemma A.1.3 [2] we obtain
VO <VINWD, =W(V® aD,)=W:Cp (VI/VEy,) .

Then from Cp (VE/VE,

V9 <WY. The choice of V implies V9 <wy<V.
Thus V=V9=WY and ZyV .

y) <Y it follows that

by lemma 2.4. He fact that Z is an F-injector im-
plies Z =W -Co, W/We(p)) - The theorem is proved.

Let F be an arbitrary local Fitting class of finite
groups. The formula for an F-injector of a =(F) -
soluble group is described in the following theorem.

Theorem 3.2. Let = be a set of primes and let
F be a local Fitting class with z(F)c . Let F be
a full integrated H -function of F. Let G be a
r-soluble group, ¥ is a Sylow basis of a Hall

z-subgroup H of G, D=N,(), G,€Z, D,=G,nD
for pex. If W is an F-injector of OP(H) and
Z\VW, then Z:WCDP(VV/WF(p)):WCGp(VV/WF(p))

is an F-injector of G if pex(F); if pex(F), then
W isan F-injector of G.

Proof. If pex(F), then clearly W is an
F-injector of G. If pex(F) then Z is an
F-injector of H by theorem 3.1. Since F -injector
of H are F-injector of G by lemma 2.3, the asses-
tion follows. The theorem is proved.

Remark. Theorem 3.2 yields an algorithm for
constructing F-injectors in = -soluble groups for lo-
cal Fitting classes whose characteristic is containing
in z if we consider a series
1=Ny <N; <...<<N, =H of a Hall = -subgroup H

of G since that N; =OP(N;,;)<N;,; for snitesle
primes p;, i=0,...;r—1.

Example. Theorem 3.1 can be applied to obtain
explicit descriptions of injectors for cestain Fitting
classes“F . We demonstrate this for F=N, the class
of nilpotent groups. We show how to obtain quickly
the well-know description of N -injectors in finite
soluble groups (see Theorem 1X.4.12 [2].

More preciocly, we show that if GeS, T a
Sylow basis of G, the X =x{Cq, (04 (F(G)) |G, X}
is an N -injector of G. Let X, =Cg, (Og(F(G)) . Itis
easy W the that [X,, X ]=1 forall p=q,so X is
in fact nilpotent (see Theorem 1X.4.12.(a) [2]).

We prove that X is a N-injector of G by in-
duction on |G . This is clearly true if G is nilpotent.

So we may assume that G is not nilpotent and
choose a maximal normal subgroup N of G and
that F(G)<N. Let |G/N|=p. By induction, the
correspond holds for N . Since F(G)=F(N), we ob-
tain that W =x,.,Cs_(Og(F(G))) xCy, (O (F(G))) is
an N-injector of N, where N,=NNnG,, G,eX.
By theorem 3.1, Z=W-Cg W/O,(W))
N-injector of G (note that the full integrated
H -function N is gist F(p)=N,). Since W is
Z=W-Cg, (0,(W)).
Ce, (0, W) <Cq (F(G)), thus Z < X . Since X is nilpo-
tent and Z is a
N -injector of G, Z = X follows.

is an

nilpotent, Clearly
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