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MHoroMepHbIN aHaJIOT 3aJ1a4u ATIOJJIOHUS

10.B. TpyonukoB, U.A. Opexosa, Cyns Baiitoi
Yupeoicoenue obpazosanus « Bumebckuti cocyoapcmeennwiii yuueepcumem um. 11.M. Maweposay

B pabome knaccuueckas 3a0ava Anonnonus o kpamuavuem pacCmosnuy on mo4Ku 00 dNIUNCA Peulaemcs MenoooM paziodiceHus no Mano-
My napamempy. Kpome mozo, paccmompen  mno2omephwlii ananoe oannou 3adayu. Ilonyyeno ancebpauyeckoe ypagneuue, peuieHue Komopozo
onpedensem mpedyemylo moyKky Ha MHO2OMEPHOM DIauncoude. 3amemum, 4mo onepayus npoeKmuposanus Ha GbINYKI0e MHOICECNEO 8 CUllb-
bepmosom npocmpancmee A61aemcs MOHOMOHHbIM onepamopom [1]. Unmepecuvim sgnaemes mom gaxm, 4mo 6 OaHHOl 3a0aye 3HaAYeHUs. ma-
K020 0nepamopa Haxo0samcs no KOpHAM ancebpauiecko2o ypashenus. Takoe ypasnenue seniemcs yOOOHbIM Ol HUCTeHHOU peanusayuu. Pas-
JI0JICEeHUe KOPHA NO CMEneHAM MAno2o napamempa no3e0Jaem AHATUMUYeCKU UCCIe008amb 3a6UCUMOCHb KOPHS OM KOOPOUHAM MOYKU, OMm
KOMOPOil 00 SNAUNCA HAXOOUMCS Kpamuatiuee paccmosnue. B ciyuae MHO20MepHO20 I1IUNcouda gvloeneHie Maio2o napamempa 603MON*CHO He
6ce20a, noIMoOMy noaydaioujeecs 8 npoyecce UCcIe008ans 3a0aqu aneedbpauieckoe ypasHeHue ecmecmeeHno peuansb Kakum-1mbo YucieHnbim
Menmooom. A6mopbl OaHHOU cmambvl NpUMeHAI areopumm Beliepuimpacca 00Ho8pemMeHH020 HAX0JICOeHUs 6ceX KOPHell aneebpauyeckozo ypas-
HeHus. Ycmanoenena 8bicoKas 2¢h@exmusHocmy maxko2o umepayuoHHo20 npoyecca.

Kniouegvie cnoga: snnunc, paccmosnie om mouku 00 J1MUNCA, MHO20MEPHbLU INIUNCOUO.

Multidimensional analog of Apollonius problem

Y.V. Trubnikov, I.A. Orehova, Syn Baiyi
Educational establishment «Vitebsk State University named after P.M. Masherov»

The classical Apollonius problem on the shortest distance from a point to an ellipse is solved in the article by the method of decomposition
according to small parameter. Besides, a multidimensional analog of the problem is considered. An algebraic equation is obtained the solution of
which defines the required point on a multidimensional ellipsoid. It should be pointed out that the operation of the projection on convex multitude
in Gilbert space is a monotone operator [1]. It is interesting that in the problem the indications of such operator are in the radicals of an alge-
braic equation. Such equation is convenient for numerical implementation. Decomposition of the radical according to the degrees of small para-
meter makes it possible to analytically study the dependence of the radical on the point coordinates, from which it is the shortest to the ellipse. In
case of multidimensional ellipsoid the identification of a small parameter is not always possible, that is why the algebraic equation, which is ob-
tained as a result of study process, can be naturally solved by some numerical method. The authors used Weierstrass algorithm of simultaneous
finding all radicals of the algebraic equations. High efficiency of such iteration process was found out.

Key words: ellipse, distance from point to the ellipse, multidimensional ellipsoid.
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a touka (X,,Y,) JIGKHT BHE COOTBETCTBYIOLIETO

B pabote kiaccudeckas 3aaadya ATOJITIOHUS
0 KpaTdalIleM pPacCTOSHUM OT TOYKH [0
IUIMIICA PEIIaeTCs METOAOM Pa3IOKEHHUs MO Ma-
oMy napamerpy. Kpome toro, paccMoTpeH MHO-

o . SIUIUIITUYECKOTO IUCKA, T.€.
TOMEpHBIN aHanmor JaHHOW 3amaud. [lomydeHo ani- A >

reOpanyeckoe ypaBHEHHE, PEIIeHue KOTOPOTro OIl- X_g + y_é ~1>0.

penensier TpeOyeMyr0 TOUKY Ha MHOTOMEPHOM 3JI- 2 b

JuTicouzie. 3aMeTUM, OIlepanus MPOEKTHPOBAHUS TpeOyercs HaiiTH TOYKY HA DIUIAICE, MUHUMU-

Ha BBIIYKJIOE MHOXKECTBO B TWibOepTOBOM Tmpo-  3HPYIOULYIO ynxmro

CTPAHCTBE SIBJISIETCSI MOHOTOHHBIM orepaTtopoM [1]. f(Xy)= x—X, ‘4 Y=Y . (2)

WuTepecHbIM sIBISIETCS TOT (DaKkT, YTO 3HAYCHHS

TAKOTO OIEepaTopa HAXOMATCS MO KOPHSM ajreo- Taxast Touka JJOJDKHA ObITh PEILICHUEM CHUCTEMbI

pauvecKoro ypaBHeHus. JTO ypaBHCHUE SIBISICTCS  ypaBHEHMit

YA0OHBIM JUIS YUCIICHHOM peanu3aiuu. Paszioxe-

HHE KOPHsI 10 CTENEHM Majoro rnapamerpa mo3Bo- x> y° 1-0 31

JSeT aHAIWTHYECKH UCCIEN0BaTh 3aBUCHUMOCTD a2 + P2 (3.2)

KOPHSI OT KOOPJMHAT TOYKH, OT KOTOPOH J0 3JUTHII- ox

ca HaXOIUTCs KpaT4yaiiiee pacCTOsIHUE. — =t X -x, (3.2)
Paccmotpum 3amady Anomnonus ([2], c. 96) a

0 KpaTdaillieM paccTOSHUU OT TOYKH 0 3JUIHIICA. ﬂ —ty,—y (3.3)

[TycTh ypaBHEHUE DIUTUIICA UIMEET BHI: b 0 ' '
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MATOMATBIKA

VYpasuenus (3.2) u (3.3) BBIP2KAIOT TOT ¢axr,
yro rpaauent pynxuun ¢ €, Y B 9KCTpEMAaJIbHOM
TOYKE JOJKEH OBITh KOJUTMHEAPEH BEKTOPY

5 3
Yo Y .

Hdus  ompenenenuss  Oynmem
X, >0,y,>0.

PazngenuB paBenctso (3.2) Ha paBeHCTBO (3.3),
MOJTy4aeM

CYHUTATh, 4qTO

b> x X, —X
e @
a 'y Y,y

U3 ypaBuenwus (4)

b%xy, —[az X, — X +b2x]- y=0. (5
Torma, yMHOXUB 00¢ yacTu ypaBHeHus (5) Ha
BBIpaKEHHE

b?xy, +[a2 X, — X +b2x]- Y, (6)
moJry4aeM
b*x’y¢ = [a X, — X +b2x] v (D)
H, CJICTIaB MOJICTAHOBKY
2
y2 = b2 (1_ %j )

npuBeneM ypaBHeHue (7) K BHILY

b?x?2 2_[b2_ 2 2 :|2 ( _ij
Yo = a® x+ax | |1l-—= |,

a
T.C.
a?-b? . x*—2a’ x, a—b* -x*+
+[a2b2y§+a“x§—a2 a’ b’ J X2+
+2a*x, a®—b* -x—-a’x¢ =0. (8)

PasgenuB 0be uacTé ypaBHeHmst (8) Ha a°,

MIPUBEIEM €0 K BUILY

Xt —2x,8°%° +
+[ 1-g® -yi+x; —azg“]-x2 +

+2a’x,e°x—a’x; =0, 9)
2 2
Va?-b
rue € = — <1 — sKkcueHTpHUCHUTET IIHIICA.
Ilpu & =0 ypasuenune (9) umeer Buj
X2 +y, -x*—a’x =0. (10)
Ero pemenne
. P
X" = 7 7 = 5 R (11)
Xx+Y X *Yo

rae I — paguyc okpyxkuoctd (mpu € =0 smunc
MpeBpaIIaeTcs: B OKpykHOCTh). [Ipu sTom

r-X

NG+,

Ja€T 3HA4YCHHC a6cunccm TO‘lKI/I Ha OKPYKHOCTH,

OmmKkalmell K TOYke ((0, Yo » a 3HadeHue X,,

paBHOE
r-X,

PE+yE

— 370 abcuucca Haubojee YAAJICHHOH Ha OKpYIK-

X, =—

HOCTH TOYKH OT TOYKH ((0, Yo -

IloncranoBka K = g? MIPUBOIUT ypaBHeHHE (9)
K BUAY
X = 2% 1 X +
+[ 1-p -y +x —az;ﬁ]-xz +
+2a°X - X —a’x; =0. (12)
Teopema. PasnooiceHue no maiomy napamempy
L UHmMepecyrouje2o Hac KOpHs. X(l/ umeem 6u0:

X

X U =——et
V% + Yo
ax,ye X2 +y: -2a

+ > U+
2 %+ Yo
ax, 2 1/2
+ OyOZ 712 [8a Xg - yg XO + yg -
8 X+
—12a%xZ +3x2yZ +

+8a’y, +3y,]- 1 +0 (13)

HokazarenbcTBo. g HaxoxaeHus mep-
BOI IPOU3BOAHON x® ()’ npoauddepeHpyem
00e yacTu paBeHCTBa (12) o mapamerpy £ :

2u- X+ 447 - XPXD 2% %% —
—6x, 0 XX + —yZ-2a%u X+
+2[ 1—p Y2 +x —az,uzj-x-x‘l) +
(14)
Ipu p =0 pasencrtro (14) OymeT UMEThH BUJT

+2a°X X +2a%x - X = 0.

2%, X% — X2 +
+2 Yo+ X -x-x®P +2a%x,x=0.  (15)
Bripaszum u3 paBenctna (15) x® ():

2 X2 +yZ x-xX® = 2% %% + yZx® — 2a° XX
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U, TAKUM 00pa3oM, T.€.
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= . 16 2
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:ﬁ(Za XO —2a XO -
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a2y D7 _ 0 [ 4
2y, 1,2 2 [2 2 4aXOX]_X2—|-2~aX[X+
—2a°%, Yo +@% Yo% +Yo) = 0o+ Yo 0
2,1 2,2 24y
ax, y? W—Za +6X,X° X +a x2 + 2y5 XX
= A : (17) - X +Ye -[x(l)] —2a%x,x"] =
2 X5+ Y, V2
12
=00 fga -y - KHyE -
Ananormuno  X? 0/ MOXHO Haith, mudde- 4 X +Yo
1282 + 322 +8a%y2 +3y(]- 4P (19)

pEHLMPYS 110 44 paBeHCTBO (14):

2 +241-4x3XD 4811 x3xW + TeopeMma fOKa3aHa.
3ameTuM, 4TOo ypaBHeHHe (12) MOXHO mOITy-

2

2 ay2[ O 243,(2)
+4p” - 3X [X :I +ApTXX YUTh CJIELYIOMMM OO0pa3oM: IO OTHOILIEHHIO K
BEPXHEMY TOIYIIUIMIICY TpeOyeTcss MUHUMH3HPO-

—2%,3x°X® — 6%, x*x® —
) BaTh (PyHKIHIO
—6x0-y-2x[x(l)] -
2,,(2) 2 2 2\/2 ?
—6X, - p- XX+ —2a° X"+
0% -1 2 f x = x=X g b(l——zj —Yo |- (20)
+ —y2-2a’u -2xx® + a
+2 —y;—2a’u -xx®+ Tae xarc
f"x =2 x 20X ! X
2 = - -
+2[ 1-u y§+x§—a2,u2]-[x‘l)] + o T ] X2
+2[ 1-u %+x§—azﬂ2]-xx(2)+ a’
2 @ 2 @ 2\V2
+2a°x,x® +2a%x x® + y b,(l_x_zj v |,
+2a’X,ux? =0, (18) a
Ipu w =0 pasencrso (18) OymeT MMETh BUI: TO, IPUPABHHUBAS f'((:KHyn}o, HoJIy4aeM
2x* —2x, - 3x% - x® —6x x*xY — Yo
—2a%x? = 2y2xx® —2y?xx® + ts: a X,
Yo Yo —:{ t2-1 -s+—}, (21)
J1-¢? a

2
2 X5 +ys [ X0 +2 x+ys @+ .
X ~
+2a%x,xY +2a’x,x® =0, e s=—, t=— Q<b<a.
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DOyHKIUA

{ t2 -1 -s+ﬁ} 0<s<1 (22

a

HUMECT OAH MOJOXXUTEIbHBIN KOpPCHb S., TaK KaK

¢ 0 ——E<O (mpu X, >0)

t-Y, t'3/0'SZ
al-52 al-g 32

(-2

B touke S. QyHkuus ¢(S) MEHsET 3HAK «—» Ha

¢ s = +1-t?

«t+», T.e. B 3TOM (YHKIUH IOCTUTAETCI MUHUMYM

gynkuun f ((/.
[Io OTHOmIEHHWIO K HIDKHEMY IOJYIJUIHIICY
KBaJpaT pPACCTOSIHUS BBIPAXKACTCS  CIICTYIOLIHM
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5 \1/2
X
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a

B aTOM cityuae

2

f x =

. 2b°x
f x=2x—x0—612 -
_2b>§y0' 1 23)
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\
Vpasuenne '€ =0 sammwem B creyiomenm
BUJIE:

t.s.(yoj
—a+[t2—1 -s+(%ﬂ=0. (24)

\J1-¢?

YMHOXUB BbIpakeHue (22) Ha JIEBYIO YacThb pa-
BEHCTBa (24), mony4YnM ypaBHEHHE

t?.s? [yo) 2
—a_[tz_l.s{%ﬂ ~0. (25)

1-¢?
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2
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Ecmu paszgenuts 00e wactu ypaBHeHUs (26) Ha

a’, MbI mony4uM ypasHenue (26).

Hamnee paccmorpum 0000meHre 3amaun Anod-
JOHMS: MYCTh YpaBHEHHWE MHOTOMEPHOTO HJUTHII-
coujia UMeeT BUJL

n_x
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a ToykKa X JIC)KUT BHE COOT-

0~ ((101X20’---’Xno,

BETCTBYIOILLEH AUIUIITUYECKOM IOBEPXHOCTH, T.€.
2
n
X io
S Kooy,
" a2
=1 9
TpeOyercss HaliTH TOYKY Ha moBepxHOCTH (27),
MUHHMHU3UPYIONIYIO QYHKIIHIO

n
fx =2 %-%;
=1

Taxast TOUKa JIOJKHA OBITH PEIICHHEM CUCTEMBI
ypaBHEHUI

(28)

2

(29)

n x2

Z_JZ: , (30.2)
=1 j

2X; .

?:t Xjo = X (j=12,...,n).(30.2)

j
VYpaBuenus (30.2) BbIpaxaroT TOT (akT, YTO
rpaguernt ¢GyHKIuH (27) KOJTHHEApEH BEKTOPY

Xig = Xy Xp0 — (31)

PaznenuB meproe u3 ypasHenwuit (30.2) Ha Kax-
JIO€ U3 OCTAJIHHBIX, TOTydaeM

2

X _ X%
2
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T.C.
ajgxl Xjo — X :aij X — X% (32)
(j=2,3,...,n).

Bripasum u3 paseHcTs (32) X; 2n
X Xjo ~A7XX; =8 X=X, -X;,
XX = & X% +ax |-,

a’x. X.
K= @)
& X=X +ajX
j=23..,n.

Janee nmoactaBuM TpaBble YyacTu paBeHCTB (33)
B ypaBHenue (30.1)

2 n1 as X, X.
%+Z¥ - X0 - =
& =) [af x,-x +alx |
2
_Xf_l_ C aj XX, _1
T g2 4 2 2, 12 7 X
7 (a7 %% +apx ] 1
T.€. Xj
2 a XX,
Ay L Y
a7 A+ af-af x|

YmHOXkast 00e yactu ypasHeHus (34) Ha Belpa- 2.
XKEHUE

2

T J[aix+ a-al 1],

noxydaeM anreOpandeckoe ypaBHEHHE CTEIEeHH

OTHOCHUTEJILHO IEPEMEHHON X

N 2
X[ a0%+ & -a7 x| +
j=2
n 2
+al Y axX, x
j=2
n J 2
<[ I[afxe+ & -a7 x| =
k=2

k+# j
2

=]+ af - x]. @9
j=2

PemmuB ypaBuenue (35) U moJCTaBUB 3HaYCHHE

B paBeHCTBO (33), mojdyd4aeM OCTaJbHBIC

¢G=23...,n.
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