KREATIVITAT IM NORMALEN MATHEMATIKUNTERRICHT

Zimmermann Bernd
Friedrich-Schiller-Universitdt Jena

Kreativ zu sein ist eines der wichtigsten aber auch mit am schwersten zu erreichenden Ziele
fiir jeden Unterricht. Anliegen dieses Artikels ist es aufzuzeigen, dass dieses Ziel auch schon in ganz
normalem Mathematikunterricht erreichbar ist. Hierfiir sind entsprechend qualifizierte Lehrer
erforderlich. Man kann versuchen, wie in Finnland diese durch entsprechende Auswahlverfahren zu
gewinnen.

Material und Methoden. Zunichst wird versucht, den Begriff ,Kreativitdt“ unter
Heranziehung vor allem psychologischer Literatur zu kldren. Hermeneutische Analysen der
Geschichte der Mathematik haben acht kreative Tatigkeiten ergeben, die im Laufe von iiber 5000
Jahren immer wieder neue mathematische Erkenntnisse hervorgebracht haben. Fallstudien aus der
Bruchrechnung sollen verdeutlichen helfen, wie auf solchem Hintergrund die Fo6rderung
mathematischer Kreativitit im ganz normalen Unterricht moglich sein kann.

Ergebnisse und Diskussion. Historische Analysen ergaben ein ,,Oktagon® von acht
miteinander zusammenhingenden produktiven Tétigkeiten, die auch fiir den heutigen Unterricht
niitzlich sind.

Fallstudien machen deutlich, dass nicht nur begabte Schiiler unter entsprechender Anleitung
mathematisch kreativ sein konnen.

Auswahlverfahren konnen helfen, kreative Lehramtskandidaten zu bestimmen.

Schlussfolgerung. Kreative Lehrer sind unverzichtbar fiir einen kreativen Unterricht.

Schliisselworte. Kreativitit, Mathematikunterricht, Geschichte mathematischer Kreativitat,
Test fiir kreative Lehrer
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KPEATHUBHOCTD B IIOBCEJHEBHBIX YPOKAX MATEMATHUKHA

Zimmermann Bernd
Friedrich-Schiller-Universitdt Jena

KpeatuBHblil oaxoA SBISETCS OJAHOW W3 BaXKHEHIIEHIINX, & OJHOBPEMEHHO U TPYAHO OC-
THXKUMBIX TEJIeH CTOSIIMX Mepe] MPernoaBaTeN MU CPEIHUX KON, B HacTosiel crarbe Oyaer mo-
Ka3aHo, YTO Ha3BaHHAs IIeJb MOXKET ObITh JOCTUTHYTa YK€ B paMKax YpOKOB MareMaTwku. HeoOxo-
JTUMBIM YCJIOBHEM JIJISl 3TOTO SIBISIETCS HATMYHE COOTBETCTBEHHOHN KBAM()HKAIMHK Y MPENOJaBaTeNb-
CKOT'O COCTaBa. JTO CBOMCTBO MOXKET OBITh BHIPAOOTAHHO - KaK, K MpuMepy, B OUHISHANN - TYTEM
nogoopa OyaylMX YUYUTEeH,TO €CTh CTYICHTOB.

Martepuana u Metoauka. B cratee OyneT mpeanpuHsATa MOMBITKA, ONepasich Ha HaAyJHbIE ITy0-
JUKAIUN U3 00JIaCTH TICUXOJIOTHH, JIaTh OMpEeNIeHNe MOHATHIO "KpeaTuBHOCTR'. B pesynpraTe aHa-
JIN3a UCTOPUU MAaTEMATHKHU OBLJIO YCTAaHOBJICHO BOCEMb KPEATUBHBIX METOJIOB, KOTOPBIC HA MIPOTSIKE-
HUW OoJiee YeM IISATH THICSY JIET HEOMHOKPATHO COOCOOCTBOANN COBEPIIICHUIO HOBBIX OTKPHITHH B 00-
JacTH MaTteMaTHKH. McciemoBaHus IpoOeil Ciry’kaT MOSCHEHHEM TOMY,-KaK MOXHO CIIOCOOCTBOBAaTh
Pa3BUTUIO KPCATUBHOBCTHU B ITOBCCIHCBHBIX YPOKAaX MaTCMAaTUKU.

O0cy:knenne pe3yabTaToB. B pe3ynbrare aHanm3a ¢ ICTOPUIECKOM MEPCHEKTHBEI HA CETOHSIII-
HUI JIeHb N3BECTHBI BOCEMb B3aHMOCBS3aHHBIX 00JIacTel NesTEFHOCTH, KOTOPbIE MOTYT OBITh ITPUMEHe-
HBI B COBPECMCHHBIX YPOKaX MAaTCMAaTHKHU. HCCHC}IOB&HI/ISI TMOKa3bIBAKOT, YTO IIPHU COOTBETCTBCHHOM IIPEIIO-
JaBaHUHU HE TOJIBKO CHOCO6HI)I€ YYCHHUKHU OTKPLIBAIOT KpCaTHBHBIﬁ IoAX0a K MaTeMaTHUKeE.

BeiBoabl. MeTouka noadopa CTYISHTOB B BBIIINE TIEAArOTHIECKHE WHCTHTYTHI TIO3BOJISIET
BEISIBUTH KPEATUBHBIC KAAPHI IS IITKOIIBI.

KuaroueBbie cioBa. KpeaTnBHOCTH, NMpenojaBaHUE MaTeMaTUKHU, MUCTOPUS KPEaTUBHOCTH B
MaTeMaTHKe, T0A00p KpeaTHBHBIX MPETo1aBaTeIICH.

After Hilbert was told that a student in.his class had dropped mathematics in order to
become a poet, he is reported to have said "Good - he did not have enough imagination to
become a mathematician”

Quoted from Hoffman 1998, p. 95.

Introduction. As | have been a mathematics school-teacher and a mathematics
educator at university for many years, | will concentrate on mathematical creativity of pupils
and teachers in mathematics instruction.

The quotation above should help to highlight that creativity in mathematics can be
seen as not less important than in the art of poetry. David Hilbert (1862 - 1943) was one of the
most famous mathematicians of the last century. One might be surprised by this statement,
because mathematics seems to be a fixed body of eternal truth where it is not to possible to
discover (or to invent) something new.

This impression is delusive. Such opinion might be generated rather often by own
experience from school, in which a specific form of teaching of formulae, rules concepts and
procedures is dominating.

What is creativity? Many useful hints can be found in the psychological literature
which could help to answer this question (cf. list of references). Kaufman/Sternberg 2010, p.
467, present the following useful characterisation:

Typical for creative work is originality and quality.

If there was a creative act, some (relative) new and original object (concrete or
abstract) should have been created. It should be new, at least, relative to the previous
knowledge of the creative person (e. g., a pupil or student). A creative scientist, of course,
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should have invented or discovered some absolute new object, which nobody has invented or
discovered before.

Writing a paper by always changing characters’ colour from red to green
consecutively may be original, but is obviously not very useful or relevant. Thus, the creative
product should have also sufficient quality! But, what “quality” means is always determined
by the judgment of distinguished experts in the respective domain.

Furthermore, creative behavior is related very often to specific properties of the
personality as persistence, insistence, interest and curiosity.

Thus, creativity is related to a least three aspects: a specific domain (e. g.
mathematics), personality and a specific social environment, which constitutes the judgment
“creative”.

How mathematics has been (and still is) invented? The conceptions about
mathematics changed a lot in the course of its history. E. g., in ancient Greek (some 2000
years ago) ,,mathesis® was the subject-matter to be learned and someone was called
,mathematikos* who was very ambitious to learn something. This ways of understanding
illustrate the origin of today’s denominations as well as the strong reduction of the original
meanings of these concepts. One has to take this into account when studying the history of
creativity in mathematics.

A long-term study of history of mathematics revealed eight main motives and
activities, which proved to lead frequently to new mathematical results at different times and
in different cultures for more than 5000 years (Fig. 1, ¢f. Zimmermann 2003):

oe
argue find
gametheory,
evaluate play stochastic
calculate construct
c- OO

= a%Ly

Fig. 1. Eight sustainable activities which created again and again new
mathematical content

architecture,
geometry

Some explanation is given to Fig. 1. There are three major groups of activities.

Calculating is at the beginning of nearly all mathematical actions. Problems, e. g.,
from astronomy and agriculture are until our days (cf. space industry and ecology) very
important domains to apply mathematics or to develop new mathematical models,
respectively. Constructing is the most important activity, not only in geometry but also in
architecture — the latter one has been taken as a part of mathematics for a long time. These
three activities are at the beginning of nearly all mathematical creations. We come now to a
group of more sophisticated and challenging activities.
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Arguing, esp. proving is at the core of modern mathematics and belongs to the more
challenging mathematical actions. Of course, this activity is also related to finding methods
(heuristics in the sense of the well known mathematician Pélya), which lead to conjectures
first. Without inventions there are no proofs! The tension to bring new knowledge, a set of
new theorems or clusters of solved problems in a systematic order, might lead in the upper
grades to first approaches to axiomatisation. This might help older and more mature students
— practiced in appropriate situations and at appropriate time — to get a deeper understanding
and more insight into theoretical connections.

The following two activities seem to be neglected rather often until now but proved to
be of major importance for mathematical inventions, too. The striving for religious cognition
and related systems of values generated frequently new problems and their solutions and
produced in this way also new mathematical knowledge during history of mathematics.
Systems of values are often related also to aesthetics, which may be sometimes still driving
forces for mathematical inventions.

The same holds for an approach to mathematics by playing and the development of
recreational mathematics. New branches of mathematics were a‘good many times created in
this way like stochastic and game-theory.

These different activities - which are important, not.only in mathematics - are
connected and interrelated in many ways, which are represented in the figure by “diagonals”.

One can take this network of activities as an element of a framework for the
structuring of learning environments (e. g., for a textbook, ¢f. Cukrowicz/Zimmermann 2000-
2006) and for analyzing students’ cognitive ‘and  affective variables (cf. e. g.
Eronen/Haapasalo 2010).

Creativity in the classroom. Many children normally start their school career full of
curiosity, fantasy and creative potential. But many people complain of the fact, that these
properties unfortunately very often are expelled - because of too many rigid constraints (cf. e.
g. Bohm/Nichol 1998).

| want to demonstrate by examples from real classroom teaching (classical content
“fractions”), that there are possibilitieSto preserve and foster these good properties.

Example 1: Comparing fractions

We are in a class of sixth-graders in a Hamburg comprehensive school of a workers-
district with some 80% of migrants. Many of them are not capable to speak German fluently -
so, obviously, it was no elitist situation. In the previous lessons fractions were treated, the
pupils had learned already how to expand and reduce fractions.

The followinglesson was the first one about ordering of fractions.

The teacher wrote at the blackboard and asked the pupils:

Problem 1:
How would you arrange the following fractions according to their size:

o | v
N w

527
3

We invite the reader to stop reading here and solving this little problem her- or
himself.

Now please think a little bit about your strategies you applied!

Perhaps you remember the following strategy, which can be found often in
schoolbooks:

"Compare fractions in the following way:

1. Determine their common denominator.
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2. Multiply the respective nominator of each fraction by the same factor by which you
have to multiply its denominator to get the common denominator.

3. Order now the size of the new nominators.

4. The order of these fractions yields the order of the corresponding equivalent original
fractions."

Your own experience and that one of several teachers may be often quite different
from the following procedure, which was suggested by pupils of our class:

. 3. 1 .2, 1 3 2
The fraction s smaller than > the fraction 318 larger than o therefore - < 3
5 . 2 2 5
Furthermore, oIS closer to 1 than 3 , therefore 3<%

. .3 2 _5 . _ :
Therefore, the final order is - < 3 < c (without referring to a common denominator).

Example 2: Dividing fractions

We are still in the same class some time later. The pupils just learned the rule how to
multiply fractions:

Two fractions are to be multiplied by multiplying the corresponding nominators and
denominators.

The teacher asked now the pupils:

Problem 2:
Could you conjecture a rule how to divide two fractions?

A pupil answered:

“To divide two fractions, I have to divide the nominator of the first fraction by the
nominator of the second fraction and the‘denominator of the first fraction by the denominator
of the second fraction.”

How would you react if you would be the teacher?
Stop reading for a while and try to think about some possible reactions.

The teacher never heard about a rule like this one! Of course he intended to come to
the well known rule:

“You have to divide'two fractions by multiplying the first one by the reciprocal of the
second one.”

| (the author of this contribution) presented this scene to my student teachers and
asked them: How would you react if you would have been the teacher of this class?

Answers came as “I would try to help the pupils to understand, why this conjecture is
wrong.”

The teacher of this class wasn’t sure about this conjecture either, but he was a very
experienced and sensitive teacher with sufficient self-confidence. So he said: ,,Let’s check this
conjecture by simple examples”.

42
So let us start W|th5:§.

: 42 2 .
The pupils calculated 33 Of course one has to check the result by reversing the

4

2 2 . 4.2 2. . . .
process: as 2 - = = ¢, therefore the equation 5 :5 = 3Is true. So the conjecture is true, if the

nominator and denominator of the second fraction divide the nominator and the denominator
of the first fraction, respectively.
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What can we do, if the situation is not that easy? Let us continue carefully! E. g., what

: 5.2 . :
happens in case of 5:5 ? When the door squeaks, you have to lubricate the hinges, to make

them work smoothly again!

As 5:2 ,,squeaks®, perhaps we can make the division by 2/3 work by ,,lubricating® the

?
.5 . : 52 2 (52):2 5 _ . :
fraction 5 by appropriate expansion (by 2): —: 3= E9-2;'3 =< This equation holds, as the

9-2
. 5 2 5 ) i .
test yields c 37y Therefore the conjecture is true also in this case.

5.2 ) . .
What to do now with a : 5?? We apply again the expanding-strategy, as it proved
already to be successful in the previous case:

N
5.2_ (62)3) 2_ (52)3)2 53 _ 5 3
1173 ((112)3)'3  (A1-2)3)3 112 11 2° )

The first term equating the last term represents also the well known rule: To divide
two fractions, the first fraction is to be multiplied with the reciprocal of the second. The rule

. _ . . 2
IS correct as it is demonstrated by the last check: If we multiply-the last term in (*) by 3 we

5 3 2 5 _ . . .
get T3 3°3 And indeed: The conjecture is always true, as the whole calculation in (*)

is completely independent from the type of natural.numbers we use in nominators and
denominators. So it would not make a structural difference if we would use letters (names for
variables) instead of concrete numbers. This would not change the mathematical outcome, but
probably the learning outcome (esp. the understanding!) of the pupils!

Résumé:

* Pupils (and not only the gifted ones!) are able - even under difficult social
conditions - to be creative in normal classroom instruction. They can reinvent standard-rules
themselves - given appropriate guidance by a sensitive teacher.

* To increase the possibility for developments like the aforementioned ones, a
talented and well educated teacher is essential, who is sensitive towards the pupils as well as
towards the subject. Such teacher -has to be sufficient curious, courageous and creative him- or
herself.

* To put it together: Pupils are in need of creative teachers to become or to stay
creative themselves.

Creative learning needs creative teachers. The foregoing examples may help to
highlight the following consequence: The prevalent experience of a monotone, routine-
oriented learning, we mentioned at the beginning, can only be reduced or moved in another
direction by a different way of teaching. There is no lack of good suggestions and advice for
formation of creativity-oriented instruction (cf. e. g. Kiewetter 1977).

The crucial point is: You need teachers who are able to implement such advice!

To reach this goal, there is for example the possibility, to use appropriate methods
(tests) to select the right student teacher candidates, as it is practiced in Finland already for a
long time. During the last years, only some 5 % out of all applicants are admitted for
elementary teacher studies (grade 1 - 6).

The selection procedures are different depending on the university. In addition to
educational conceptions and ability, cooperation skills in group discussions and reading
comprehension of foreign-language scientific reading, the subject-matter related creativity is
tested.
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We present an example by which such creativity is tested:
Given the following cube with a uniform square-grid on all its faces:
Create as many as possible reasonable mathematical questions fitting to this situation.

[ 7 7 E
AL _JZ [/
o /
Some possibilities: /
e Let us imagine that the cube is
made of wax. The cube is cut along the //
grid lines in such a way that 3x3x3 small
single cubes are created. After each cut /
you may rearrange the resulting cuboids. /
Is it possible to produce these 27 little

cubes by less than 6 cuts?

e Now the cube is painted red. How many small cubes are there with 3, 2, 1 or no red
faces?

e One out of these 27 small cubes is removed from one corner / edge of the large
cube. How does its volume and its surface change, respectively?

e What happens to the volume and the surface of the remaining solid when | remove
.. 2, 3t0 26 small cubes?

e A Deetle sits in the corner A of the cube and will migrate to the corner E. If the
edge of a small cube has the length 1, how long_is the shortest path from A to E? Are there
several ways?

e Is it possible to distribute numbers1-6.on the faces of the large cube so that - when
rolling the dice - the probabilities for all numbers are different and not always 1/6?

What are the options if applicable and how do they look like?

e How could a three-dimensional tic-tac-toe game look like?

e Do you find more reasonable possibilities?
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