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[IpeoOpa3zoBanue Jlammaca P-aaiu4ecKux QyHKIUN

M.A. 3apenok
Benopycckuii cocyoapcmeennwiii yrugepcumem

B oannou cmamve paccmampusaemcs npeobpasosanue Jlannaca P -aduueckoii yukyuu. Ilpeobpazosanue Jlannaca
p -aduueckou ynkyuu onpedeneno npu nomowu unmezpaia Boaikenbopra. [lpogedeno uccredosanue ceoticme npeodpasoeaHus
Jlannaca p -aduueckux @yuxyui. Ilonyuena ghopmyna npeobpaszosanus Jlannaca om m-ou ¢ynxkyuu Manepa. [Joxasano, umo

obpasz Jlannaca m -oil ¢pynxkyuu Manepa umeem ycmpanumyro mouxy paspvléa a = 1 u s615emcs HenpepvieHoU (QYHKyuel Ha
Bi(1). Hanee ookazanvt cywecmeosanue npeobpaszosanus Jlaniaca nenpepvino-ouggepenyupyemvlx Qynkyuii u Henpepwie-
Hocmb obpaza Jlannaca nenpepvisno-ouppepenyupyemvix Gyrryuti ¢ wape Bi(1). Ilocneonuti pesynivmam noayuunocs 3Hauu-
MeNbHO YCUIUMb, NOKA3ae, umo obpaz Jlannaca nenpepwvieHo-oug@epenyupyemoii yHKkyuu A61Aemcs AHATUMUYecKoll Ha wape
Bi(1) ¢pynxyueii. Yemanosnena ceaze medxcoy npeobpasosanuem Jlaniaca u pasHoCmHuiM onepamopom A, 3ameHarouwum npous-
B0OHYI0 80 MHO2UX 3a0auax p-adudeckoeo anaiuza. Ilonyuena ¢popmyna obpawenus (o6pamnoeo npeobpazoeanus Jlannaca) u
ONUCAH KNACC AHATUMUYECKUX QYHKYULl, 015 KOmopbix oHa npumenuma. [Joxkasano, umo npeobpasosanue Jlannaca nenpepwigHo-
oughpepenyupyemoii ynkyuu oonyckaem oupghepenyuposanue no napamempy.
Knrueswie cnosa: npeobpazosanue Jlannaca, p-aouueckas yHKyus..

Laplass transformation of p-adic functions

M.A. Zarenok
Belarusian State Medical University

The article considers Laplass transformation of p -adic function. Laplass transformation of p -adic function is defined with the
help of the Volkenborn integral. Study of the properties of Laplass transformation of p -ardic functions is conducted. Laplass
transformation formula from m -Maler function is obtained. It is proven that Laplass image of m -Maler function has removable
point of distortion a=1 and is a continuous function on B;(1). Further, the existence of Laplass transformation of continuously
differentiated functions as well as continuity of Laplass image of continuously differentiated functions in sphere B;(1) is proven.
We managed to considerably increase the last result by showing that Laplass image of continuously differentiated function is an
analytical on sphere By(1) function. Connection is found out between Laplass transformation and difference operator A, which
substitutes the initial in many tasks of p-adic analysis. Transformation formula (reverse Laplass transformation) is obtained and
analytical function class, for which it is applicable, is described. It is proven that Laplass transformation of continuously
differentiated function lets parameter differentiation.

Key words: Laplass transformation, p-adic function.

Jlanmaca  cymiectBoBaHue npeoOpa3zoBanus Jlaruaca Herpe-

poiBHO-IU( GepeHnpyeMbIX (YHKIUH U ero aHa-

JJAaCCHUYECCKOEC HpeO6p330BaHI/Ie

(Lf)(s) = r f(t)as% , Tne seC, or pyHk-

UUMA JEUCTBUTENIBHON TMEPEMEHHOM IIMPOKO HC-
MOJIb3YETCs] B HAYYHBIX M HMH)XXEHEPHBIX pacyeTax
Oyraromapsi TOMy, 9TO MHOTUM COOTHOIICHHUSM H
oTiepanusM HaJ OPUTHHAJIAMHU COOTBETCTBYIOT 00-
Jie€ TIPOCTHIE COOTHOIICHUS HAJl NX U300pakeHUsI-
Mmu. Tak, cBepTka AByX (QYHKIHUI CBOJUTCS B MPO-
CTPaHCTBE M300paKEHUI K ONeparui yMHOXEHHS,
a JTuHeWHble TUQQepeHITualbHbIC YPAaBHEHHS CTa-
HOBSITCS anreOpandecKuMH.

B nmaHHO# cTathe paccMaTpuBaeTCs mMpeodpaso-
Banue Jlammaca p -aanmueckux ¢pynkumid. [lano on-
penencHue npeodpaszoBanus Jlamnaca. IlpoBeneno
HCCTIEIOBAaHNE CBOWCTB TIpeoOpazoBanmus Jlarmraca

p -annueckux QyHknmid. B wactHOCTH, MOKa3aHBI

auTHyHOCTh B 1mape B, (1), a Taxke ycraHOBIeHa

CBsI3b MEXy TpeoOpa3oBanuem Jlamaca u pasHo-
CTHBIM OIEpaToOpoM A, 3aMEHSIOIIUM HPOU3BOJI-
HYI0 BO MHOTHX 3aJadax [)-aJu4ecKoro aHajiu3a.
bruta nonydena gopmyna oOparieHus st Ipeoo-
paszoBanusi Jlarulaca M ommcaH KJlacC aHaTMTHYe-
CKUX (pyHKIMH, I KOTOPBIX OHA IPUMEHHMA.
Hycts B (D) ={xeC,[x-1[,<L} - oTkpsI-

Tl B [| | IIap ¢ HEHTPOM B TOUKe X, =1panmyca
1. p-Amudgeckmii norapudm ompenenseTcss Ha

B,(1) ¢ momomsio psima Tetinopa [1]:

n

o9 =3 (-2 = o
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Omnpenenenne 1. I/lpeobpazosanuem Jlannaca
yHryuu
(Lf)(a) maxyro, umo

(Lf)a)=V J'Z f (x)a*dx,

fe Cl(Zp —>Q,) nasosem  gynryuio

20e aeB @), aV j — unmeepan Bonxenbopna

Zy

[1, c. 167].
3ameuanue 1. OrpaHuueHue raaakoctu (yHK-
mii  f  TpOOMKTOBaHO CBOMCTBAMU HMHTErpalia

Bonkenbopna.
3ameuanue 2. HecnoxHO BUAETH, YTO IMPeOO-
pasoBanue Jlammaca (Lf)(a) sBasercs nuHeHHBIM

¢ynxrmonanom va C'(Z o)

Ilockonbky ¢yHkuunm Masepa B P -aId4ecKoOM

aHa/lM3e HUCIMOJb3YIOTCA B KadecTBe Oas3uca, TO B
HEepBYIO Ouepe/ib BBIUUCIMM IpeoOpasoBaHue Jla-

X
mwiaca ot pyukiuu Manepa f (x) :[ j .
m
HamomuanMm HekoTopsie cBoiicTBa (pyHKINiT Ma-

Jepa u uHTerpayia BosikeHOOpHA, KOTOpBIE MOHA-
TOOSATCS B NATBHEUIINX PACCyKICHHSIX

\ Lp[:]jdx :ﬂ'

m+1’

Ay
|:{mj:|ng B m ’ (3)
(o)l @
m m m-1
\Y Lp(éjaxdx:v Lpaxdx :ai_llog a; (5)

vjz f(x+1)dx=vj'Z f (x)dx + f'(0),

)

(6)
vE(x)eCYZ, > Q,).

BrlmenepeuncienHple  CBOMCTBA € IOJIHBIMH
JI0Ka3aTebCTBAMHU MOYKHO HalTH B [1].

X
Teopema 1. 1. Ilycmy f(X):(mJ - m-as

@yuxyus Manepa, moeda npeobpaszosanue Jlanna-
ca pynxkyuu t eviuucnsemces no popmyne

(L@ = [ [ 1 o

_1\M4m m (_q\m+l m—k
_(=D"a Ioga+z( 1) al_k
(@-1)" igk@-)"

(")

2. Obpas Jlannaca (T) umeem ycmpanumyio
mouky paspviéa a=1 u s615emcs HenpepwvleHOll
@yuxyueti na B (1) .

JoxkazaTtenscTBo. 1l Beruuciaerus mpo-
BEJIEM METOIOM Mpou3Bo et Gpynkuun. Ha mep-
BOM JTalle J[0Ka3aTeabCTBA PACCMOTPUM HHTErpas

X+1

X+1
Bonken6opna ot ¢ynkuuu g(X+1) :[ . ja

Tormaa ¢ yuerom cBoiicts (3) u (6) moygaem

x+1 X X |
VL ( ja“ldx:vj'Z ( Jaﬂx{[ jax} =
Pl M P\ M m 40
X _1\n-1
=VL ( ja*dx+( Y .
Pl M n
C nmpyroii CTOpOHBI, ¢ yuyeToM cBoiicTBa (4)

\Y; Lp(xnj:lja“ldx =
=aV L (:Jaxdx +aV L [mx_ljaxdx.

IIpupaBHseM JeBble YaCTH NPEABIYIINX PABEHCTB

V_[ X a*dx+£:
Zo\ M n

Otkyna ciemxyer, 94To

(@a-1Vv Lp[;jade=

X
ITycts 1, (@) :VJ‘Z ( jaxdx. Torma ¢ yuerom
pl M

cBoicTBa (5) momyvaem

Im(a):i[—alm_l(a)Jr(_l—r?;H], m>1

1
I,(a)=——loga, m=0,
o(a)=—=log
Beenem psin
F(a;z):Zlm(a)zm, F(a,O)zailIoga,
m=0 -
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KOTOpBI npu (ukcupoBanHoM a € B, (1) cBogures
K (hopMaIbHOMY CTETIEHHOMY ALY IO IEpEeMEHHON
Z. HecnoxxHo BuaETh, 9YTO M -bIif KO3 ULIMEeHT B
paznoxennn Teitopa ¢yukiuun F(a,z) Oyaer
paBeH npeobOpas3oBanuio Jlammaca or m-oii (yHK-
nmu Manepa. Haiinem ¢hopManbpHyIO TPOU3BOIHYIO
BBEJICHHOW (D)YHKLIMH 10 IEPEMEHHON Z

%F(a,z) =3, @mz™ = Z | @)(m+D)z".

[IpuBeneM BbIpaxkeHuE (a)(m+1) x Ooiuee

yAOOHOMY BHUIY AJIS AATbHEHIINX BHIYHCIICHHN:

1,2 @)(m+1) :ai_l ()" —al, (@)m+1) =

m +1

ZL (-)" -al,(@m-al,(a) .
a-1

d
IToacraBuM pe3ysbTaT B (HOPMYITY IS @ F(a,z)
z
U peoOpasyeM MOTy4eHHOE BBIPOKEHHE:

(a—l)% F2)=@-)3 1, @)m+1)z" =

=S (D" —al, (@m-al, (a)2" -

= i(—l)m " — azi I (a)mz"* - ai I (a)z" =
m=0 m=0 m=0
1

d
=——-az—F(a,z)-aF(a,z
1 ™ (a,z) -aF(a,2).

Takum 00pa3zoM, JUIsI HAXOKIACHUS (QYHKIIMH
F(a,z) mocrarouno permuth audepeHmranbHoe

yYpaBHEHHUE

(a—l)i F(a,z) :i—aziF(a, z)-aF(a,2).
dz 1+z dz

[TpuBenem mogo0HbBIE CllaraeéMble W BBLISIUM HOJ-
HBIU b depeHtman:

((a—1)+az)% F(a,z) +aF(a,z) :ﬁ ,

9 (a-1+a)Faz) -
dz

Pemennem nanHoro auddepeHIHaIbLHOTO ypaBHe-
HUS ABJISIETCS. (PYHKIMS

F(a,z)= log(l+z) +C(a)
(a-1+az
rac C(a) — HEKOTOpad KOHCTAaHTa, 3aBUCAIAs OT

a . Beruncnus 3Hauenue pyukin F(a,z) B Touke
loga. Takum 006-
paszom, uroroBas popmyia ¢pyukuuun F(a,z) nme-

F(a,z), momydaem, uro C(a)=

€T CIEAYIONIUN BU:

log(1+z) +loga

Flaz)= (a-1)+az

IMocnenoBarenbuo nuddepeHnUpys QYHKIIUIO
F(a,z) mo z, nomyyaem ¢opMyay M -oil mpous-

sonmoit F™ (a,z)

(-D"a"(loga+log@+ z))m!
)= +
(a-1+az)™*

m ( 1)m+l m— kml
kzk(a 1+az)™ ™1+ 2)*

F™(a,z

U3 4ero BBITEKAET J0Ka3aTebCTBO (hopmyibl (7):

(m)
( [ B(a)_. @=F"00
m!

B (_1)mam |Oga Z ( 1)m+1 m-k
(a_l)m+l k(a 1)m+l k*
2. Jlna Bcex aeBj(a) Takmx, uro a=l, He-

IPEpBIBHOCTH NMpeobpa3oBanus Jlamnaca BeITekaeT
u3 popmyusi (7).

PaccMoTpuM HenpephIBHOCTH HPeoOpa3oBaHUs
Jlammaca B Touke a =1.
OLeHuUM pa3HOCTh

|(Lf(a)-(LTQ)I,=
:‘VL ax[:]jdx—VL [:de
X X
:VLp(a —1)[mjdxp

N3BectHa Qopmyra oleHkH WHTErpajga BonkeH-
6opra ot dpymxumn f e CH(Z)[1, c. 168]

Mz f (x)dx = p| -

‘v J'Z @ —1)[:de < | —1)[:;j

B cBoto ouepep,
@ —1)[ j

ool

+sup |®(x,y)|,= A+B.

><,yeZp

Torna

Cl

=sup

XeZ,

p

TlocneoBaTENbHO OLEHMM ciaraemMpie A u B
d(x—

¢ yuerom Toro, uro |a*—a’ | <7™ () la-1],,

roe z=max(ja-1|,,p™) 1, c. 101]. Crexyer 06-

paTuTh BHUMaHHE Ha TO, 4TO 7 <1, a TaKkke
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s mobeix aeB(1) u xeZ,

[1, c. 101].
(@ —1)( J

<a-1,—0, mpu a—1.
B=sup |®(x,y)],=

><,yeZp

(ax+y _1)(X+ yJ_(ax _1)[Xj‘
m m
= sup
X,yeZ, y
(@ _1){(“ YJ_(XHJF
m m

X X+Yy X
+[mj[(a ~1)-(a -]
= sup

><,yeZp y

BepHo a" € B (D)

A=sup

XeZ,

<sup‘(a —1)‘

XeZ,

IA

)

@ -1) - (a* -1)|
y .,

< sup max
X,yeZ,

IA

a*(a’ -1

< sup max{|(aX+y l)| ax._ fmi ;

X,yeZ, | |
1

|7m||

)

(9)

sup |(a"* 1)| max
X,yeZ,
< max

sup
><,yeZp

a*(a’ -1
y

p

i—>0

OueBHIHO, YTO |(ax+y —1)| max —Tml i,
p

npu a—>1 i mobeix X,yeZ . C apyroit cro-

POHBI, JUIS TFOOBIX X, Y € Zp

|aX(ay _1)| |a* l,la-1], oY
v, Iyl

a1, 7
p—ordy

ordpy

sla*|,la-1], (p7)

<a*|la-1|, (max{L pla-1|,})"*" -0,
mpu a—1.

(10)

'vjza[ jdx VL( ]dx

Teopema 2. ITycms f(x)eC'(Z,). Tozoa npe-

—0, mpu a—>1
p

<

obpasosanue Jlannaca (Lf)(@) @yuxyuu f ne-
npepuvigro na B, (1) .

JMokazatenscTBo. Tak xak f(x)eCH(Z)),
TO MMEET MecTo pasnokenne pyukmuu f mo Ga-

& (X
3ucy Manepa f(x)= Z fn( J, npuveM psili CXO-
n

n=0
nures abcomotHo. Torma

(LF)(@) = L(Zf [ D(a) Zf [ [ j](a)- (11)

B rteopeme 1 momydeHa cremyromias OIEHKA

(o

XeZp 1|D ,
X
L[ J (a)] <max{ sup [a** 1| ax, ;- L
n ] X,yeZ, =1 | | |p
X y _
sup a‘(a’ -1
X.yeZ, Yy .

Paccmorpum mpomsonmsHOe O<r <1 W 3aMK-

uyreiid map B [1]eC) c nenrpom B Touke 1 u pa-
muyca . Torma mns moboro ae B.[l] umeem

OLIEHKY |a—1| <rul|a"-1llda-1|<r mus mobo-

ro xeZ,. —Z( )" ‘1(a 2 3agaercs

PSIIOM, KOTOpBI paBHOMEpHO cxoxutcst Ha B (1) .
W3 storo cnemyer, 9To OH OrpaHUYEH Ha JIFOOOM
mape B, [1] . 3naunr,
1
—— rCr}.
1= n | |

(o)),

< max{r, rmax.




Becuix BAY. 2012. Ne 4(70)

Tak xak f eCl(Zp), TO UMEET MECTO PaBEHCTBO

limn|f | =0. Torma ¢ OLICHKH
N—+w

o)),

(11) cTtpeMuTcs K HYITHO

(e -

OT0 ¥ ecTh HEOOXOJMMOE B JOCTAaTOYHOE YCIOBHE
cxogumoctu psna (11) B Touke a. Pan (11) cxo-
mutest i moboro ae B [1]. C yderom omenkun

Y4eTOM

MoJTydaeM, 4TO OOIIWi 4WIeH psana

lim

nN—>+x

npeobpazoBanus Jlamaca ot ¢yHkumu Manepa
HECJIOKHO YBUACTH, UTO PAd CXOAUTCSA paBHOMEP-
HO Ha B,[1], ciemoBarensHO, OH 3amaeT Hempe-
poiBHY!0 Ha B [1] ¢ynxuuto ana moboro 0<r<1.
U3 sToro (hakTa BEITEKaeT HEMPEPHIBHOCTH MPE0O-
pasoBanus Jlarumaca Ha B, (1) . <

Ilocnenuuii pe3ynbTaT MOXKHO 3HAUYUTEIBHO
YCHIIUTB, YCIIO)KHUB J0KA3aTeIhCTRO.

f(x)e Cl(Zp) . Tozoa
npeobpaszosanue Jlannaca (Lf)(@) @ynxyuu f

Teopema 3. Ilycmo

AGNAEMCS  AHATUMUYECKOU  (DYHKYuel Ha wape
B,1) u mpeocmasnsemca 6 eude psaoa

(L)@ =3 f,(a-1)", 20e

m l Cm+n+1—
. (_1)m+ Z( ) k +
k=n+1
f“:mzo croo
erJrlJFZ

0
m?

( 1)n ka
m+1+n-k

a f. — m-wvui koaghpuyuenm Manepa 6 pasnooice-

nuu gpynxyuu T (X) .

HdoxaszaTenbcTB o. PaccmoTpum npeob-
pasoBanue Jlamnaca ot ¢yHkunun Manepa u npen-
CTaBUM €ro B BHUJE Pa3JIOKEHUS IO CTENEHAM
a—1. Torna ¢ yueToMm pasiioKeHUN

loga = Z( D* l(a 1) :zm:Cl (a-1)’
oJryyaeM o
(Lf)@) = jz [ jade:
B (_1)mam |0ga m ( 1)m+1 m-k B
- (a_l)m+1 +Zl k(a 1)m+l k
( 1)m m M( 1)k—1(a_1) m (_1)m+1am—k .
(a 1)m+lé k +§k(a_l)m+l—k -

_i (_1)m+k—1am +§: (_1)m+1am—k B
- k(a_l)m—k+l k(a_l)m+l—k -

k=1 k=1

3 m ( 1)m+k—1 ( 1)m+1 m—k
_kzk a 1)m+1 Kk Zk(a 1)m+l k

2m om
L()"a
m+1

+o0 (_1)m+k—l am (a _l)k—(m+1)

k=m+2 k

. (_1)k+m—1ic (a_l)i
:z k(a_l)m—k+1 +

. (_1)m+1ic (a_l)i

+ i=0  m-k
é k (a _ 1)m—k+l

(—1)2miC (a-'
m+1
o (—1)m_1+kZm:C (a—1)'(a—1)< ™D

m

+ ) =0 =

+

k=m+2 k
_ii(_1)k+m—1Crin(a_1)k+i—(m+1) .
k=1 i=0 k
m m-k (_1\m+l i _ 1\k+i—=(m+1)
(YD, @y
k=1 i=0 k
(-D*"Y.C (a-1)
i=0 m
m+1 (12)
40 m (_1)m—1+kCrin(a_l)k+i—(m+l)
+ Z ” .
k=m+2 i=0

C ydgerom Toro, 4To mpeobOpa3oBanue Jlammaca
or ¢yskumn Manepa HenpepsiBHas Ha B, (1)

¢yHKLuMs, To KO3(QPUIUEHTH TPU OTPULATEIBHBIX
crenieHsx a—1 OyayT paBHBI HYJIIO.

Hdus moboit gynkmum T (X) e Cl(Zp) uMeer

MECTO MNpCACTaBJICHUC B BUAC pPAdaa Maﬂepa

f(x)= Zw: f (:J . Tornma
m=0

(Lf)(a) = E(Lmj(a) =3 f,a-)" (13)

Hcronb3yst MONyuyeHHOE pas3lioKeHHue Mpeodpaso-
Banus Jlammaca ¢yukiun Manepa (12), cobepem
KO3 GHUIUEHTBI MPH COOTBETCTBYIOIIUX CTEMEHSX
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—1 B npexacrasnennn (13). Kosdpdumment f

npu (a—1)° pasen

Z(( 1) —12( 1) Er:'*— N Cm ]fm,

o m+1

ko>dduument f, mpu (a—1)" pasen

i[(_l)m—lzm: (_1) ErrnT1+ ] +

m=0

(1)c°jf

m+1 m+2

Hns mpousBoiabHOr0o N>0 moiydaeMm, 4TO KO-

umment f  npu (a—1)" pasen

m _ 1\k o m+n+l-k n
(_1)m—1 Z ( 1) Cm + Cm +
Z k=n+1 k m+1 f
n-1 _ n-k ~k
LS e

om+1l+n-Kk

(14)

m*

Takum obpaszom, f  npencrapisroTcs B BUIE psia

+0
= Z L, fn,rae f — xoadbdunuentsr Manepa

m=0
¢bynakoun f , a
k C m+n+1-k

L = (—1 m-1 i (_1) m +

k=n+1 k
Cn n-1 _1 n-k Ck
+ m_ Z ( ) m_
m+1 fm+l+n-KkK
Crour OTMCTUTD, YTO I_n m HE 3aBUCHUT OT prHK]_II/II/I

(15)

f . Torma ams K03 HUIMEHTOB pPa3IOKEHHs TIpe-
obpasoBanus Jlamnaca mo creneHsM a—1 MOXKHO
3anucath GopMyIy

fO Lo,o LO,l I-o,m
f, Lo Ly - L

—_—  =—h
- o

rae L, Beipaxarorcs dopmyiioii (15).
N3 dopmyssr (15) HemocpeCTBEHHO BBITEKAET,

uro | L, |,<max TOT/a

k=n,m+n+1 | k | ?

| fn |pSSUp{| fm |p maxk n+1,m+n+1 k }
m=0

m=0

1
cof e

m=0

o 1
<sup{|f| flog, nl maxkzmﬂm}g
p

< pf ™ supd| £, |, max _1m+1i
Ik,

m=0

Tak KaK feCi(z,),

1

kzl,TJrllkl

CJICOIOBATCIIBHO,

lim | f |, max =0. D10 03HaYaeT, 4TO
m—+w

1
C,,, =sups]| f, |, max i
p mzo{ p k=1, 1|k|p

cyliecTByeT W He 3aBHcuT oT N. Ilomywaem, uto

[ 1
|f.]< pl*e e < pnC,,, . U3 aroro cruexyer,

sup =

4yTo HOpMa Kodbduimentos | f | B pasmoxenun

p
(13) orpanuveHa cBepXy JMHEHHOW 1O N (YHKIHUEH.
Paccmorpum npomsBonbHOEe O0<r <1 W 3aMk-
uyreiid map B [1]eC) c uenrpom B Touke 1 u pa-
Torma mns moboro ac B,[1] umeem
la-1]|,<r<1. psin

muyca I .
OIICHKY

LH@= f,a-D".

Paccmorpum

Jns moboro ae B, [1]

nonydaem, uro |f (a-1)"[,<nr" -0
N — +o0. M3 3TOro BBITEKAET PAaBHOMEPHAS CXO-

JUMOCTh psina Ha mobom mape B, [1]. Cremosa-

npu

TeNbHO, npeobOpa3oBanue Jlamaca sBisiercss aHa-
auTHdeckoi ¢pynkiuei Ha mape B, [1] mns mroGoro

0<r <1, a3nauur u Ha mape B, (1) .

<

3amevyanue 3. YCTaHOBUM CBsI3b MEXIY Ipe-
oOpazoBanueM Jlammaca U pa3sHOCTHBIM OIEPaToO-
poM A, 3aMEHSIOIUM MPOU3BOJHYI0 BO MHOTHX
3aa4ax p -ammueckoro  aHanmmsza.  llycTs

f(x)= [:J , TOT/1a

x+1 X X
-t (5 ()

I Jiroboro m>1. 3HayurT,

(oo

C yuyerom hopmysl (7) momydaem, 4To 1Jist Jito0o-
ro m>1

oo (o

10
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X
Ilpu m=0 wumeem (LA[OD(a)zo. C npyroii

CTOPOHBI,

st

1 +00 X
Pacemorpum  f(x)eC(Z,), f(x)= z f. .
m=0

Torma momydaem, 9To sl MPOU3BOIBHON (DYHKITHH
f(x)eC'(Z,) Bepua popmyna

Laf (a)‘_aTl Lff (a)+
Jrfo—k)gaJr1 f V"
as m

3ameuanue 4. U3pectHo, uTo mHTerpan Boi-
KeHOOpHa OT mM-oii QyHkumu Manepa paBeH

A=

CTBCHHO BBITCKACT PAaBECHCTBO

AR

D"
m+1’

C yuerom Toro, 4to Uit M -oi ¢pyHKuun Maine-
pa f =1,a f, =0 musaBcex i #m, u popmyn (14)
u (15) momyvaem, 4to

[1, c. 168]. U3 (13) Hemocpen-

[Moxaxewm, uro f, =

B m _1)ka+1k CO
— — _1m 1 ( m
Lom =(=1) ; ot s
_N\em _1N2/m-1
ey, ey )
=(-)™* L 2 + G =
LEDTC (e | mel
m-1 m

Ca(m+1) Cp(m+1) .
D" 1 2

 m+1 m-1
+ +(_1)m-1w + (_1)"1(;;1
m

_(-pm (1~ Cha+C2i+...
m+1 (+(-D)"Cr, +(-p)™Crl —l

m+1

( 1)m+1 (1 1)m+l 1 _( 1)m+1.
m+1 m

Dto 03Hayaer, uro ¢popmyna (14) cormacyercs ¢
MOJIyYeHHOH paHee (HOPMYJIOH BBIYUCIICHUS MHTE-
rpana BonkenOopHa or m -oii ¢pyHkunu Manepa.

[epeiinem k oOcyxneHuto (GopmMmyiibl oOpare-
HUs TipeoOpaszoBanus Jlarmmaca. [[s aToro HaM mo-
HaJ00sITCs CBOHCTBA KOpHEH 13 eAnHHLEI B C .

Kopenp u3 egmannbl mopsimka N Oymem o0o-
3Ha4aTh 4Yepe3 &, , T.C. g{,’N =1. IIpuMHUTHBHBIM
KOPHEM M3 CIMHUIBI OyJeM Ha3bIBaTh TaKOH KO-
PEHb U3 EOUHHIBI &, , YTO g,ﬁN =1, HO aﬁNfl #1.

[Mokaxkem, uto s moOoro HaTypamsHOoro N Bce
KOpHU U3 eIuHUILI mopsaka N Jexar B Iiape

B,(1). Mna sroro mposenem ouenky |y —1f,.
Paccmorpum mHorounien f (X) criemyromiero Buaa:
N
Xp —1 N_ N-1 N_ o N-1 N-1
f(X)=——=x""" +x" 2" 4. . +x" +1.
xP -1

HecioxHO BHIETh, YTO KOPHSIMH JaHHOTO MHOTO-
4jaeHa OyIyT MPUMUTHUBHBIC KOPHH W3 CAMHHIIBI
nopsiaka N . Begem muorowren g(x)= f(x+1),

KOPHSIMH KOTOpOoro Oynyt uucna &, —1, rue g, —

NPUMHUTHBHBIE KOPDHU W3 €AMHUIBI cTerneHu N .
[locne packpeiTHs CKOOOK M TPUBEACHHS MOA00-
HBIX CJIaraeMbIX MOJTy4aeM, 4To

" y
g(x):%:(x.ﬂ_)p -P
(x+n* -
HX+D)" 2 4+ (x+D)" +1=
=x" " 44 p.

Koaddummentsl 1aHHOTO MHOTOUJIEHA YIOBIETBO-
pSIOT TpU3HAKY Dii3eHInTelHa [2], U, KaK CIeACT-
BH€, MHOTOWIEH SBIISAETCS HEMPUBOIUMBIM HAaJI
Qp. Ortcroa ¢ y4eToM TEOPEMBI O MPOIODKCHUH

HOpMHpoBaHus [1, c. 98] BeITeKaeT, 4TO MpPOU3BE-
JIeHHe KOpHe MHOTO4JIeHa paBHO P, T.€.
H v -D=p
AN L]
W takum o0Opa3oM, Tak Kak KOJIMYECTBO HPUMH-
TUBHBIX KOpHEW W3 eAuHHIBl nopsaka N paBHO

p" — p"™, monyuaem, uto

B 1
_ p pN_prl <1
-1],=1

N_ N-1
|8N _:I'lp:p P |p|p

st mio6oro HarypansHoro N u  lim | g,

N =+
Taxkmm ob6pazom, mist moboro HatypamsHoro N Bce
KOpHU U3 emHuLpI opsimka N siexxar B mape B, (1) .
1

Teopema 4. Ilycms feC(Z,—>Q,). Obo-
3Hayum uepe3 A MHOdICECBO 6cex ananumuye-
ckux 6 kpyee B, (1) ynxyuil, sersiowuxcs obpa-

30m npeobpaszosanus Jlaniaca om HenpepwigHO-
oughghepernyupyemoii pynxyuu, m.e.

11



MATOMATBIKA

A = F(a)e A(B,(D)):3f eCl(Zp),(Lf )@)=F(a) .

Tocoa ons nobou F(a)e A umeem mecmo ¢hop-

myna obpawjerus (obpamuoe npeobpazosarue Jla-
naaca)

)= lim > F(z)a = (L'F)(X). (16)

ef =1

P50 cxooumcs pasnomepno, Ho, 8006ue 2060psi, He
1
cxooumcsi no Hopme C-.

JlokaszaTenbcTso. [IycTs ;(p(x):ez”i{X}"

— QJUTMTHBHBII XapakTep Ha Z, CO 3HAYCHUSAMH B
C,. Torna y,(kK)=gy,, tre &,

a keQ,/Z,
|k|,< p" . Hokaxem sro. Tak kax |k | < p",
|kp" [,<1 u {kp"}, =0. Torma c
y4EeTOM IIPEbIAYIIEro paBeHCTBA IIONYYaeM, YTO
.
2K " =y k" =e

eT, uto y,(K) sBIsETCS KOPHEM W3 €MHMIbI 0~

— KOpEHb U3
eanHANBI TIopsiaka N, Takoe, 4YTO
cle-

JIOBATEJIBHO,

270 —1 | "3 ar0ro BbITEKA-

panka N.
B [3] moxazano, uto psig @ypbe HEnmpepbIBHO-
mudpepennupyemoit pynkuun f cxomurcst pas-

HOMEpHO Ha Z,,

Sy =3 furke, 1,

Iklp <N

,r.e. SyfT f nmpu N — -+, re

— KO3 PUIHEHTHI

®ypsbe. 3anumieM yacTHUHbIE cyMMBI psna Dypee
B HECKOJIbKO HHOM BUJIE:

Sy H)(¥) =D fxykx=

Ikl <N

= Z fkglj,N = Z (Lf)(ey)en,
[k, <N g,ﬂ =1

rIe

f, =ij f (X) 7, (kx)dx =

=V [ £ 0088, dx=(LF)(Ey ).
Tormauz S fIT' f nmpu N —+oo BBITEKAET, YTO
f(x)= NII—HL ZN: F(ey)ey-
e =1

<

3ameuanue 5. Boobuie rosopsi, npeaen (16) B
BUJIC HENPEPBIBHON (PYHKIMHU CyLIecTBYeT HE IS
BCeX aHanuTH4YecKuX B Kpyre B (1) ¢ynkuwmii. Pac-

cmorpuM Qyskuuio F(a) = Z F.(@-1)" anamu-

THueckyto B kpyre B, (1) u mpuMeHum k Hell dop-
Mmyity oOpareHus (16).
HsBecTHO, uTO Mg m00oro me N

, ecmu mmod p" =0, 17)

Y- -7

a TaKk KaK MHOXKECTBO HATYPAIbHBIX YHCEI IIOTHO
B Z , TO IIPHBE/ICHHAs BbIle (hopMyria BepHa JUls

JIr000ro X e Zp .

0, ecrm mmod p" #0,

Torna

lim ZF(SN)EN =
_nILTTZ(ZF (gy D" jz

I|m F Z(g,\, D" |=

N—+ N

- Jim S°F, ;(g(—l)m'ic;eh}; -

+20

= lim Y F, zm: D (D)™ Crey”
N>+ im0 i=0 SrSN

O6o3naunm gepes E,  (X)= Z Z( H"™Cle
i=0 SISN

(I)YHK]_II/IX SBIIACTCSA JIOKAJIbHO-

EN,m(X)

MOCTOSIHHON (DYHKIIMEH C PajlycoM IOCTOSHCTBA

N i+x i+x+kpN

P, Tak KaK &, =& s moboro ke N .
Paccmorpum X =0, Toraa ¢ yuerom dopmysst (17)

MOJIy4aeM, 4To IpeAbI YN Ipeaes paBeH

NII_T,ZF ; §(_1)micrin5iN =

ZF[( "Copt + (D)™ Cl p ﬂ

= lim

N>+ H=D)™ T CR N 4
pN -1
D (-)"F,p" +

. m=0
=NI|m\ B .
+> Fm( > (-pmeeE p“]
m=pN k,m>kp"

Torma HEOOXOTUMBIM YCIOBHEM CYIIECTBOBAHUS

MPEIBIIYIIETO Hpeuena SIBJIIETCS. CYIIECTBOBAHUE
-1

npenena I|m Z( H"F, p", a TIpesieNn CyIIecT-

BYCT TOTrJa n

pF

TOJIBKO TOTr a4, Koraa

lim mF | =0

=0, gro paBHOCHIBHO liMm
N—+x

m—+on

Y O3HAYaeT, 4TO KOI(D(UIIMCHTH aHATUTHYCCKOU
(YHKIIH BO3pAcTarOT TI0 MOIYIIO MEJJICHHEE, YeM

12
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nmUHeHHas (GYHKIUSA. OTO YCIOBHE BEPHO HE IS
BCEX aHATUTHYECKHX B Kpyre B, (1) ¢ynxumii.

Teopema 5. ITycms f(x)eC(Z,). Toz0a ona

npeotpaszosanus Jlaniaca (Lf)(@) umeem mecmo
credyowasn popmyna:

—(Lf)(a)— (vj f(x)a* dx)
(18)
=vJ’Z f(x)aaxdx.

HdokaszaTenscTB o. HecnoxHo BUIETS,

uro npousBonHas pyukuun f(a)=a* mo a pasna
f/(@Q)=xa*" ms moGoro Xe Z,. DTO BBITEKAET

!

-1
u3 toro, yuto a" =na"
a

st mo0oro neN u

MHOJKECTBO HAaTypailbHbIX 4ucen N IIOTHO B Z .

JlokaxxeM yTBEp>KACHHE TEOpPEeMbl sl Ciydas,
korma f sBmsercs ¢yukumedn Manepa. Ilycts

f(x)= [ ] Hcnomw3yst popmyay (7), momydaem, 94to

—(Lf)(a)— [ jz( }dej:
_d (—1)mamloga (-)™tam*
- da( (a_l)m+1 Zk(a 1)m+1 kj

(ma™*loga+a™t)(a-1)"™" -

-a"(m+)(a-1)"loga
(a_1)2m+2

= ("

(m _ k)am—k—l (a _ 1)m+1—k _

a1 @™ (m-k+1)(a-1)" " loga
H-DMY = -
( ) s k (a_l)Z(m+1—k)

m-1

ma™"loga a
+ —
(a_l)m+l (a_l)m+l
~a"(m+1)loga
(a _1)m+2

- ("

(a-D"*a™**(m-k)(a-1) -
—(m+1-k)a)

+(=1)"" (a—1)&mD

=

Ma
x| =
|

=1

— (D" Ioga[( @

(l)a‘l ot a™**(-m+k—a)
( )m+1 ( ) ;k{ (a 1)m k+2 j

= ( 1)m+ (:_g.?thm) log a + (_1)m X

N a"™**a+m-k) (-)"a™*
— k(a_l)m—k+2 (a_l)m+1 )

ma™- _a’“(m+1)}

(19)

C npyroii croponsl, ¢ yaerom dopmyi (3), (4),
(6) mostyuaem ciaemyrorye paBeHCTBRA!

1
\Y, L X (x+Da*dx =
Pl M

S

:avj X xaxdx+aV_|; * ldx +
Zo\ M pl M

+aV L [mx 1jxaxdx+ aVv L [mx 1jaxdx,

1
Y, L X (x+Da*dx =
Pl M

[IpupaBHAB npaBble YaCTH NPEABIAYIINX PAaBEHCTB,
HECJIOKHO TOJIyYUTb PEKYPCUBHYIO (GOpPMYIy ISt

VL X xa*dx . Tormoa

pl M

VL X iaxdx:lvjZ X xa dx =
»{m/da a pl M

\Y Lp (;jaxdx +V _[Zp (mx_ljaxdx +

+VL X xadx
pim=1

[Ipu ynporieHrrn CyMMBbI TIEPBOTO M BTOPOTO Ciia-
raeMbIX IMOJYYEHHOTO BBIPAXKECHUS C Y4eToM (op-
mysibl (7) mosydaem:

v L(:;jadx Y J’Zp(mx_ljade -

13



MATOMATBIKA

B (_1)mam |Oga ( 1)m -1 m k
- (a_l)m+1 Zk(a l)m+1—

(—1)m_1am_1|0ga ( 1)m 2 m-1-k B
T ay” Z k@™~

_(=)™a""log a( —a 1) .
@a-ypm a-1

_1( 1)m 2 m-1-k —a
2 k@ (a—1+1j+
( 1)m1
m(a 1)

_(-D"a""loga
- (a _1)m+l

_1( 1) m-1 m—l k
— k(a—l)m k+1

(_1 m-1
m(a—1)

Tornma

V[ 0] L

ml( 1) a.mlk
klk(a 1)mk+2

X
—LV xadx.
a-1 slm=1

st m=0 umeem

( 1)m+1 mlloga
(a 1)m+2
0"
m(a—l)2

(20)

1  loga
a(a-1) (a-17?

iv Lp xa*dx =

Jlanee myTeM HECIOXKHBIX TOKAECTBEHHBIX IPEOO-
paszoBanuii, ucroan3ys (opmyny (20), momydaem,
yTO pyu M=1

EVJ‘ [ijaxd
a Z,\ 1

I[Ipu m=2
a(a+2)|oga+

EVJ'Z (ijaxdx:— -
a p\ 2 (a—l)

2 a>*(a+2-k) a
+ + :
; k(a _1)2—k+2 (a _1)3

_(@a+lloga 2
@) @

[lycTh ny1s npou3BoIBHOTO M BepHa hopmyna

1V [ ( X Jxaxdx =

_ H™ramt(a+ m)Ioga

5 (21)
(a 1)m+
ama" ta+m-k) (-)"a™*
+(_1) é k(a_l)m—k+2 (a_l)m+l '

Hecnoxxno BumeTh, 4ro GopMmyibl ais M=1 u
M=2 yIOBIETBOPSIOT MPHBEIECHHON (opmyie.
Hoxkaxem ee s m+1. Mcrmomns3yst Gpopmyity (20),

nonyqaeM
X
1V L ( Jxaxdx =
a plm+1

B (_1)m+2am |Oga ( 1)m+1 m-k
- (a_l)m+3 Z k(a 1)m 3 T
,_ (D™
(m+1)(a-1)°
(-)™'a"(a+m)loga
1 (a_l)m+2

a-1 m
k

anea"f(@+rm-k) (-)"a”
+( 1) Z]_ k(a_l)m—k+2 + (a_l)m+l
- (_1)m+2 m Ioga ( 1)m+l m—k
- (a_l)m+3 Z k(a 1)m k+3

. (-)™a (-D™*a"(a+ m)Ioga+
(m +1)(a—1)2 (a-pm
- ma™*(@a+m-k) (-)"a"
; 1)m k+3 (a_l)m+1 -

_(-)™*a"(a+m+1)loga

(a _1)m+3
el (a +m+1-k)
+( 1) kZ; 1)m k+3
(_1)m+1 (_1)m+1am

m+D@-12 (@-n™2
_(-)™*a"(a+m+1)loga
(a_l)m+3
wa™*(a+m+1-k) . (-n™a"

+(_1)m+ ; k(a_l)m—k+3 (a_l)m+2

YTO U TpeOOBaJIOCh MOKa3aTh. Ternepb, cpaBHUB (op-
myabl (19) u (21), nomydaem, 4To yTBEpIKICHUE TEO-
PEMBI BEPHO IS IIPOM3BOJIBHOM (QyHKIMH Maepa.
Paccmorpum  mpomsBonmsHOEe O<Fr <1 w mmap
samkHyTeill B[] € C, ¢ uentpom B Touke 1 u pamy-
ca r.Tak kak X€Z, U C y4ETOM OLIEHKH, NOJTY4EH-

HOI1 B TeopeMe 2, NMeeM CIIEAyIOIee HePaBEeHCTBO:

VL [Xjaax X —V_[Z [ jxaxdx

1 1
< —max<r,rmax. fn_—,rCr .
a M,

<

"2

14
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U3 Toro, uro f(X) eCl(Zp), CIIEIyeT, YTO UMEET

MecTo pasnoxkenue ¢pyHkimuu f mo 6azucy Maie-
s X

pa f(x)= Z f. , IpU4eM psiji CXOauTcst abco-
n=0 n

moTHO. Tornma

d +00 d X
E(Lf)(a)zznzo h o L(nj @)=
—+20 X i
:nE:o f V'[Zp(n]xa dx |.

Hcnonw3ys cBoiicTBo kodddunmuenToB Manepa
HeMnpeprIBHO-TUD hepeHITHpYyeMOi (bhyHKIIIH
nILernl f.1,=0 wu monyuennyro omenky (22),

MOJIy9YaeM, uTO MPEABIAYIIUI P CXOIUTCS Ha Ia-
pe B.[1], a cinemoBarenbHO, ompemenseT Hempe-

peiBHYt0o Ha mape B [1] ¢ynkouro mis mrobo-

ro0<r<l1, a 3HAYUT W HENPEPBHIBHYI0 Ha IIape
B,(1) . YTBepikaeHue TeopeMsl HOKa3aHO AL MPO-

n3BONbHON QyHKIMK f € Cl(Zp) .
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