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CxomumocTs psaaoB Oypre
HEMPEePBIBHO-TUPPepeHIIMPYEMBIX (PYHKITUIA
P -aIMYECKOTO apryMeEHTa

ML.A. 3apeHok
Benopycckuii 2ocyoapcmeennwiil ynusepcumem

B cmamve paccmampusaemcs onpoc cxooumocmu wacmuyunslx cymm psoa Qypve Q| -snaunvix nenpepwisno-ouggepenyupyemolx gynx-

. . N 1
yuil, sadannolx na Z,. Jlas gymxyu, npunadnexcawux npocmpancmey C(Z, —Q,) npu nomowu unmezpana Boixenbopha, onpedenerivl

Ko3hpuyuenmor Pypve u yacmuunvie cymmul paoa Pypve. /s esedennvix yacmuunvix cymm psaoa Dypve nonyueHo npedcmasieHue uyepes
CBEPMKY (QYHKYUU ¢ UHOUKAMOPOM 3AMKHYMO20 WAPA U NOKA3AHO, YMO YacmuuHwle cymmyl paoa Dypee AGIAIOMCs IOKAILHO NOCMOAHHbIMU
@ynrkyusmu. OCHOBHLIM Pe3yIbMamom, npeocmasieHHbIM 8 Cmamye, A6IAemcs 00OKA3amenscmeo meopemvl 0 mom, 4mo psad @ypee Gyuxyuii

1

feC(Z, >Q,) cxooumcs pasnomepno na Q. Takoce dana oyenka ckopocmu cXOOUMOCHIL YACTUYHBIX CyMM pada Pypbe HenpepbleHO-
ougpepenyupyemvix u aHanUmu4ecKux QyHKyul.

Kniouesvie cnosa: nenpepuigro-ouddepenyupyemvie gyrkyuu p-aduueckozo apeymernma, Q , -3naunvle GyHKyul, Yacmuunble cymmvl paoa

Dypue, pso Pypwve, cxooumocmsv psidos Pypue.

The convergence of the Fourier series for continuously
differentiable functions of p-adic argument

M.A. Zarenok
Belarusian State University

This article discusses the convergence of the partial sum of Fourier series for Q, -valued continuously differentiable functions on Z . The

definitions of the partial sums of Fourier series and the Fourier coefficients for functions, which belong to the space C'(Z, —Q,) , are defined

with the help of the Volkenborn integral. We derived formula for the representation of the partial sums of Fourier series by convolution of the
function with the indicator of the closed ball and showed that the partial sums of the Fourier series are locally constant function. For continuously

differentiable functions on Z_ it is shown that the Fourier series converges uniformly on Z, . The article also assesses the speed of conver-
gence of partial sums of Fourier series continuously differentiable and analytic functions.

Key words: continuously differentiable functions of p-adic argument, Q, -valued functions, the partial sums of Fourier series, the Fourier
series, convergence of the Fourier series.
O)lHoﬁ U3 HEHTPAJIbHBIX 33/1a4 FAPMOHUYECKOr0  HO-Iu(epeHINpyeMbIX (QYHKIHMHA, 3aJaHHBIX Ha

aHalIn3a SABJISICTCA HCCICAOBAHUC CBA3U MCK-

Ay TJIaJKOCTBRO (1)YHKLII/II/I h CXOOAUMOCTHU €€ psAda
@ypre. M3BecTeH psaa pe3yJsbTaToB, MOJIYYEHHBIX

Z,. Jlns GyHKUuMi, TPUHAIEKAIHMX TPOCTPAHCT-

BY Cl(Zp —Q,), xoddpPuumnenter Oypre u uac-

mns C-3maunbix gynkuuit. Ecmn f e CY(T), To ee

psan @ypbe cxonuTcs paBHOMEpHO Ha T . B ciyuae
eciu T eC(T), 10 psax Dypre Takodl (GyHKIUH

CXOIUTCS TIOYTH BCioAy Ha T . CXOomMMOCTH psma
®ypbe HenpepbIBHbIX Ha Z, (QyHKumii Obuia pac-
cmoTtpena M. Teiibneconom [1]. beiio mokasano,
yro psag Oypbe Takux QYHKIMA CXOIUTCS PaBHO-
MepHO Ha Z.

B naHHOIl cTaThe paccMaTpUBaeTCs BOIPOC
cxoaumoct psiga dypbe Q, -3HaA4YHBIX HENPEPHIB-

TUYHBIE CyMMBI psga Dypbe BBOAATCS MPHU MOMO-

mu uHTerpaia BomkenOopHa. OCHOBHBIM TONY-

YEHHBIM PE3YJIbTAaTOM SBIIETCS JOKa3aTeJIbCTBO

TeopeMbl O TOM, uro psag Dypee DyHKIUI
1

feC(Z, >Q,) cxomurcs paBHOMEepHO Ha Z.

Taxke naHa OLIEHKA CKOPOCTH CXOAMMOCTH dYac-
THYHBIX cymMM psaga @Dypee  HempepbIBHO-
TG PepeHIINPYEMBIX ¥ aHATUTUIECKUX (DYHKIIH.

Hanee Oymem  cumrath, YTO  (PyHKOHA

fe Cl(Zp —Q,), eCiH He OTOBOPEHO MHOE.
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Omnpenenenue 1.
Pymyuu £:Z,—>Q,

Heonpeoenennoii  cymmot
nazvisaemes gynxyusi SF

x=1
3adannas ghopmynou (Sf)(x) = Z f(j) onga xeN, u
j=0
npodoavicaemcs. no nenpepuvignocmu Ha éce X € Z,, [2].
Omnpenenenne 2. Humezparom Boaxenbopra

dyHryuu feC Z,—>Q,) Hazvleaemcs

p'-1
VL fO)dx=limp™ > f(j)=(Sf)'(0) [2].
p * j=0
Onpenenenue 3. Yacmuuuoii cymmou psaoa
Dypve pynryuu f(t):Z, —Q 6yoem naszvieamo
@yuryuro (Sy f)(X)= Z fr,(kx), 20e keQ, 1Z,,

ki<p"
Z,(X) =exp(271{x},)
epynnot Q. a f, =V J; f (1) x, (kt)dt.

OCHOBHBIC OIpPEACICHHUST TCOPEMBI HeapxXuMe-
JOBOTO aHaIN3a MOKHO HAWTH B [3—4].

— AOOUMUBHBILL Xapaxkmep

Teopema 1. Yacmuunyro cymmy psoa @ypve
¢dynxyuu f eCl(Zp) MOJCHO NPedCmasumo 6 Gu-

oe (S, F)(X)=p"V J’Z HOLIRGL S

IB[X p,N](x) — UHOUKAMOp 3AMKHYMO20 wapa ¢

20e

-N
yenmpom 6 mouxe X paouyca P
HokxazatenbcTBoO.

Sy ¥ = D fx(Ex)=

&
) ["m St (k)x(fk)}((gx) ]
% [I'm p_nzf(k)z(f(x ) |=

= lim p‘”% (Zf(k)l(g(x ) | =

R p_nz[”k)Z 2Ex-K)) |=

lel<p™
p"-1

= lim p" Y. f(k)p" I

k=0

=p"V L F )15, o, (D,

CaencrBue 1. Yacmuunvie cymmol psoa Pypve
yHryuu

NOCMOSIHHBIMU U, KAK Cle0Cm8Ue, PA8HOMEPHO He-
npepvIBHbIMU.

f eCH(Z, —>Q,)asnmomes  noxanvho

MoxaszatenbcTBo. Ilycth X,y €Z, Takue,
o |x—yl<p". 10
Loy oy (O =15, vy () . Torma

| (Sy £)X) = (Sy P |, =

3HAYUT, 9TO

p'-1
limp™ > f (k) o0y (0 -
_ k=0

p"-1
_Ml P~ Z f (k)IB[y,p’N](t)
k=0

p

p"-1
H -n
=|limp kZ(; F(k) Tgp g O = gy oy (D) p

W3BecTHO, uTO N100YI0 HEMPEPBIBHYIO (YHK-
LHI0 MOXHO NMpEACTaBUTh B Bue psaga Manepa. B
[2, c. 149] nmokaspiBaeTcs TeopemMa O TOM, HUTO
¢ynkuun Masepa o0pa3yroT OpTOHOPMHUPOBAHHBIN
0a3uc mpocTpaHCTBa HENMPEPHIBHBIX QyHKIMHA. s
HCCIIEAOBAHUSI CBOMCTB CXOAUMOCTH psina Dypwe
MPOM3BOJIBHON HenpepbIBHO-AUDDEepeHITupyeMoit
(GYHKIMM paccMOTPUM 4YacTUYHBIE CYMMBI psaa

X
Oypbe pynkuun Manepa f(X) = (mj .

Brerancnum wHTerpan BonkernOopHa oT ¢yHK-
uuu Manepa.
Jlemma 1. Umeem mecmo cnedyrowasn popmyna

AR e

m+l
HoxazartenbcTtBoO. [lycts f(* Zak(]

TOT/Ia JJIsi HEONPEACIEHHOW CyMMBI BEPHO paBEH-

» *
crBo (Sf )(*):Zakl[k] [2, c. 155]. B uacTHO-
k=1

k %
ctu, S = . OTcrona
k k+1

p"x
v [pnxj:Ixing(Sf)(an)_(Sf)(O) :”m(mﬂj _

m X x—0 X

lim L P [PX=1)_ p" L (Px=1) p(=D)"
Txmral m ) Tmeleo| mo )T mel

X
Teopema 2. Ilycmo f:Z e XI—)( Jer.
m

Tozoa
a) uacmuunas cymma psoa Pypve ¢ HOMePOM
N @yuxyuu f(X) onpedensemces gpopmynoii
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(5. 100 :(XO +ot lelej+
m

+”‘i(xo Fot -lep'“j (—1)’"’_" p" ;

j=0 J m-j+1
b) uwacmuunvie cymmor psioa Pypve cxoosmes k
f(X) pasnomepno na Z .

(2)

HJoxazaTtenscTBo. a. M3BectHo, 94To
s moboro KeN BepHa crneayromas ¢dopmyia
[2, c. 138]

D) e

B oOmiem Bujae wactuuHas cymma psga dypbe

X
¢yakun f(x) = [ } onpeaensercs GopMyIIon
m

(Su D))= PV [} F(D)1y, (Dt =

=limp™™" Z{ J ape 1 (K):

nN—w

Boeruncnum HyneByro © N -I0 9aCTUYHBIE CyM-
Mol psina @ypbe dynkunn Manepa. [lycts XeZ ),

Toraa X = in p'. O6o3HauMM "epes XNy OCTATOK
i=0

JeneHuss 4yucia X Ha pN, T.C. X{N}:ZXipi,

NeN:

1k
(S D)0 = limp™ > [mj =

o[ P o im| P
m+1) =l m
(Sy 1)) =p"V Ipm'a{

H —n+N = k
=limp Z[m] oot (€)=

n—w k=0

X Xena + PV
oy | [ X TP
m m

-n+N

=limp y y =
" +[X{N}+p (p™ _1)j

m

o pani[x{N}]( Ip" J
=0 j=0 J m-—j
p"”

(0l

=limp” )
P m+1

nN—w

Lyt =

G5
) U—[J

m-—j+1 m
;“Z[ X" 1)( )" 'p

—j+1

b. Ouenum pazunocts | f(X)—(Sy f)(X) [, c yue-
X
[mj <1 mns mo6oro me N [2].

p

TOM TOTO, 4TO

0 . N-1 .
X p' X p'
20| 2P
m m
F- (S O0L= :
+m—1 XI p ( 1)m J
“ i=0 J . J +1
p
N-1 0 N-1
. m-1 X; pI zxi pl m-1 XI ( 1)m j
= i-0 i-N + 2| i=0 ~ +1 <
j=0 j m_j j=0 J J .
N-1 . 0 .
XI pl in pI
i=0 i=N ’
] m—j )|,
SMAX oo <
2%P ()" p"
= m-j+1
J p
%P " p"
<max, 1| & ]
m-—j
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;;Xip inpi“l

_1\m-Jj [N
Smaszm m_ i=N ,(n']l)——-—‘,-pl
J m-j-1 : P

p

-N -N
Smaszm p - ) p- =
’ |m_J|p |m_J+1|p
:p_N 1

ot m— 1],
[ony4aem, uro s n0boro X e Z, uMeer me-
cro npezen | f(X)—(Syf)(X)[,—0 mpu N —co.

W3 3T0r0 BBHITEKAET paBHOMEpHAsI CXOIUMOCTh Yac-
X

TUYHBIX cyMM psga Oypee dynkmmn f (X) =( j
m

Ha Z,.

Teopema 3. ITycms feC'(Z)). Toeoa psad
Dypve pynkyuu T (X) cxooumcs pasnomepno na
Z,.
Joxazatenbcrtso. llyers feC(Z,),
TOr1a UMEET MeCTO paznoxenue GpyHkuuu f(X) B
psn Manepa f(x)= 2) f, (:J Tak kak psg Ma-

Jiepa CXOAWUTCSI PaBHOMEPHO Ha Z , TO TO QopMy-

p b
ne (2) yactuyHas cymma psga Oypbe MpOU3BOJIb-
HOH HemnpepbIBHO-IH(PepeHIpyeMoil  QyHKINH
uMeeT BUJI

= X
(&ﬁ)u)=g;n§N[mj=

rae
ot X N (=)™ pN
er(X):Z X0+ +-N—1p ( 1) i p ]
' j=0 J m-— J +1
O‘ICBI/I,Z[HO, qTO OJId Jr00oro X € Zp

© N-1 )
Iimem(XO+"'+XN“1p ]:me(szf(x).
N_)wm:O m=0 m

m

C YUE€TOM 3TOT'O Q)aKTa A0CTAaTOYHO OLCHUTH CyM-
My Z fmrN,m (X)
m=0

4K TEOPEMBI 2 4TO
[y (], < man:O,T—l{piN [Im—j +l|;1} I JTHO-

BBITCKACT,

6oro meN u s moboro XeZ,. A ¢ ydyerom

TOro, 4T0 hyHKIMH Masepa OpTOroHaibHbl Ha Z

MOKHO YTBEPKAATh, YTO

N 1
—>. (4
P |m—j+1|p} )

UzBecTHO, uTo f € Cl(Zp) TOT/Ia ¥ TOJBKO TO-

|vam (X)|C(Zp) - maxj=0,T—1

raa, korna limm|f | =0 [2]. C yuerom mpempi-
m—o

JIyIIero cpoiictBa koddduimienToB Manepa Herpe-

peIBHO-TH(PepeHnmpyeMoit GyHKIMH MOTydaeM

IRN(X)Ip:‘meFN,m(X)‘ <
m=0 p

<p™ =Cp ™",

p
W3 npenpiayiero HepaBeHCTBAa BBITEKAET, YTO

D famax, o {Im—j+1['}
m=0

Ry(X) >0 mpu N —>c0, u3 4ero ciemyer qokasa-

TEIbCTBO YTBEPKICHHS TEOPEMBI.

Jlanee paccMOTpUM CBOMCTBA CXOJIHUMOCTH Psi-
noB Dypbe ananmuTHueckux QyHKImiA. Tak kak
aHaMUTHYEeCKHE (DYHKIMU MPUHAAJIEkKAT POCTPaH-

crBy C*(Z,)c Cl(Zp) , TO JJIs JIAaHHOTO KJacca

(GyHKIMIT BEpHBI MOJIYYCHHBIC BBIIIC PE3YJIbTATHI.
C apyro#t CTOpOHBI, YaCTHYHBIC CyMMBI psiga Dy-
pbe aHAJIUTHYECKOH (GYHKIUH OONamaroT PsaIoM
MHTEPECHBIX CBOWCTB.

JIrobast aHanuthueckas QyHkuus g(X) mpen-

craBuMa B Buie psga g(x) = z g, X", mosTomy
i=0
IPEXK/IC BCETO BBIYUCIMM YaCTUYHBIC CYMMBI psiia
_ym
®ypre pynkuun f(X)=x", xeZ .

Teopema 4. I[lycms f:Z e x—>Xx"€Q,, mo-

ns
204 UMelom Mecmo ciedyouue YmeepiIcoeHus:
a) wacmuunas cymma psoa Pypve ¢ HOMEpPOM
N @yuxyuu f(X) onpedensemcs ghopmynoi
(S F)(X) = (X + X P+t Xy, PV )"+
m-1 _ ) (5)
+>.C (X +.t X, PV (PN IB,

i
b) wacmuunvie cymmor psoa @ypve @ynkyuu
cxooames k f(X) pasrnomepno na Z .

JokxaszartenscTBoO. a. B obmem Buge
yacTUuHas cymma psga Pypbe paccmarpuBaeMoin
(GYHKIIMH UMEET CIICAYIOIINI BHI:

(84 1)) =p"V [, F(O1g 0, Ot =

nN—x0

p"-1
=lim p—™" kZ:(; K™ g oy (K)-
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Brruncnum nocnenoBaTenbHo HyaeByto U N -to
JacTUuHbIe CyMMBI psiga Dypbe QyHknm Manepa.

Ilyete xeZ,, Torma X = Z x p'. O603HAYNM Ue-
i=0

pe3 X{N} OCTATOK AOCJICHUA 4YHCiIa X Ha pN , T.C.
N-1
1
Xy = 2 %P
i=0

p"-1
000V | o=t S,
. ” k=0

rae B, — M-e uucno bepuymmu [2]. dnst aro6oro
me NU{0} 3namenarens B, cBoOomen oT xBanu-

paroB, T.e. yncna bepHyIIH yZOBIECTBOPSIOT Cie-
IyIOIIeMy HEPaBEHCTBY [2]

1By [,< P (6)

(S, F)(x) =V jz F ()15 v (D=

=limp™" K™ g oy (K) =

nN—x k=0

—n+N

Xg’]\‘} +(X{N} + pN)m +(X{N} +2pN)m +]

:!@p N n-N m -
) +(X{N}+ p (p" -1)
m )
i (m-j)
m j N
x{N}+Z(;C Xy P
- _ J= m
:Ilm n+N —
n—)vzp m J
. N
+ZC Xy (p" = pT)™
=0 m
p"'N—l m-1 j .
i (m-j)
m j N
Z x{N}+ZC Xy P +...
=limp™| " = m -
n—w m-1 J
j n Nym-—j
+ZC X (p" = p7)™
=0 m
m-1 ] .
i (m-j)
j N
Z(;C Xy P +...
- _ J=
= Xy + lim p™™**" " =

i

Xy (" = pM)™!

nN—o0 m-1
+>.C
=0 m
) (m-j)
j N -
Xy (P +...

m

m-1
=Xy +limp™t Y C
nN—w .
j=0
n N ym-j
+Hp"'-p)" )=
v e
_ym H -n+ j m—j
=Xpq Tlimp 2.C Xyp X

=0 m

X(U™D 4 (pN =D D) =

m-1 | p"N -1
_ym S ICE TS R S
=Xy + 2.C X\, P [Ilmp DI J_

=0, n=>x i=0

m-1 i
um i ANm-)) _
=Xy + 2.C Xy P B, =
=0

=(Xg + X P+t Xy, PN )"+
+m§CJ X+ Xy PV (PY)IB,
=
b. OLIJCHI/IM pasnocte | f(X)—(Sy f)(X)|, ¢ yue-
|B.l,<p, [Chl,<1
meN, j=0,m [2]:

TOM TUTSE JIF000r0

RIGEICIPICVIN

IA

< man:O—’m_1

p
| £() =Sy )X, —0
npu N —>co. M3 3TOro BBITEKAaET paBHOMEpPHAs
CXOJMMOCTh YaCTHYHBIX CyMM psina Dypbe (GyHK-
mn f(x)=x"na Z .

[Tomyuaewm, 4TO

3ameuanue 1. Yactuuneie cymmsl pajga Oypoe
CTETeHHBIX (QYHKIUI CXOAATCS OBICTpee, YeM Yac-
THYHBIE CyMMBI psna Dypwe ¢yHkumii Manepa.
CKOpOCTh CXOOUMOCTM YAaCTUYHBIX CYMM psja
Oypbe creneHHbIX (YHKINN HE 3aBUCUT OT 3HaYe-
HUS TIOKa3aTels CTENEHH, B TO BpeMs Kak CKOPOCTb
CXOJMMOCTH YaCTUYHBIX CyMM psina Dypbe QyHK-
it Masepa 3aBUCUT OT HoMepa (HYHKITHH.
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CaencrBue 2. [Tycmp :Zp —)Qp — ananumu-
yeckas Qyuxyus, mozoa psao Pypve pyuxyuu f
cxooumcs pagnomepho na Z, .

3ameuanue 2. Kak mokasano Beimie, psg Oypoe
¢ynkmmn T e Cl(Zp) CXOIUTCS PAaBHOMEPHO Ha

Z,, OIHAKO CXOAMMOCTH 10 HOPME Cl(Zp) MOXKET
1 He ObITh. Ha MHOXECTBE Cl(Zp) 3aJlaHa HopMa
| £O)- (V) |,

| X—y |p
ITycts f(X)=x. U3 nemmsl 1 ciemyer, 4to mwis

sup

x,yeZp,x::y

Iﬁ(mmlzﬂylfWHp+

mo6oil  pyHKUUHU feCl(Zp) U Uil JTH00BIX

Ix=yl<p™,
(Sy F)(x) =(S, F)(y) . C yuerom sroro daxra ore-
anm | ()= (S, f)(x)||Cl .

X,yelz, TaKHX, 49TO

[0 =(Sw )N =
| FC) -G D) - F W+ S I, _

= sup
X,yeZy Xy | X—=Yy |p
f(0)— f(p" -N
oy FOFE, e

|p" |, p
13 uero crenyer, ato | f(x)—(Sy f)(X)||. S O,

npu N —oo. DTO 03Ha4aeT, YTO B MPOCTPAHCTBE

Cl(Zp) cymectByeT QyHKuus, pag dypse korto-
poit He cxomuTes o Hopme C'(Z,) .
Takum obpazom, mist Q, -3Ha4HBIX HEMPEPbIB-

HO-nu(depeHIrpyeMbIX (QYHKIUHA, 3aJaHHBIX Ha

Zp, BBEJICHBI INPH IOMOINM WHTETpasia BoykeH-

oopHa ko3¢ ¢uiueHTel Oypbe U YACTHUYHBIC CyM-
MblI pana @ypee. JlokazaHa TeopeMa 0 TOM, UTO P

Oypoe Qynknuii f e Cl(Zp —>Q,) cxoxutcs pas-
HOMepHO Ha Z . Ha mpumepe nokasaHo, uto, He-

cMoTpss Ha TO, uro piax Dypee yHKIHA

f eC'(Z,) cxomutcs paBHOMepHO Ha Z,, CXO-

JUMOCTH TI0O HOpME Cl(Zp) MOXET U He OBITb.

Takke maHa OIEHKAa CKOPOCTH CXOAWMOCTH dHac-
THYHBIX cymMM paga @Dypee HempepbIBHO-
TG PepeHINPYEMbIX 1 aHATUTUYECKUX (DYHKIINH.
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