MATO3MATbLIKA

VAK 517.983

3A0AYA TUMA KOLWW ANA YPABHEHUA
C APOBHON MPOWM3BOAHON AJAMAPA
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JlpobHoe uc4ucneHue — 3mo Yacme cospemMeHHO020 MamemMamu4ecKko20 aHasAU3a, Komopas 8 Hacmosuwee 8pemMs UHMEeHCUBHO
paszsusaemcs. BaxtHocmoe usyyeHus ouggepeHyuanbHoix ypasHeHuli 0pobHo20 NopAaoKa 0byca08seHa UX WUPOKUM NpuMeHeHUem
8 3a0a4ax buosnozuu, Xumuu, pu3UKU, MEXAHUKU U, cobcmeeHHO, 8 camoli meopuu 0pobHo20 ucyucaeHus. B 3a0ayax npuxknadHo20
Xapakmepa HepedKo 803HUKAGem Heobxo0umMocme paccmampusame aHanozu 3adavyu Kowu 011 ouggepeHyuanbHbIX ypasHeHUl
0pobHo20 nopadka. B pabome uccnedyemca Kpaeeas 3a0a4a 045 OughghepeHyuanbHo20 ypasHeHUs OpobHOo20 nopsAoKa.

Lleab cmamobu — MOKA3ams pasHoCUAbHOCMb 3a0a4u muna Kowu u UHmezpasnbHo20 ypasHeHuUsa Boasmeppa emopozo poda.

Mamepuan u memodel. Paccmampusaemcs 3a0aya muna Kowu 08 dudpepeHyuanbHo20 ypasHeHUs 0pobHo20 nopsaoKka
obwezo suda. lpu amom ucnone3yromcs MemoOdsl PyHKYUOHANbHO20 AHAAU3A U OpOOHO20 UCHUCAEHUS.

Pe3ynabmameol u ux obcyxcdeHue. B pabome uccnedyemca 3ada4ya muna Kowu 045 ypasHeHusa ¢ 0pobHoli npou3eodHol Ada-
mMapa, MOKA3aHa ee 3K8UBASIEHMHOCMb UHMe2pasnbHOMY ypasHeHUro Boasmeppa 8mopozo podd, a makxice 00Ka3aHsl Cyujecmeoea-
Hue U e0UHCMBEHHOCMb peweHUA 3a0a4u 8 MPOCMpPAaHCMae UHmezpupyemeolx QyHKYuUd.

3aknruyeHue. [lony4yeHHble pe3yabmamel 0606warom makossie 044 06bIKHOBEHHbIX OupdepeHyuanbHbix ypasHeHul
n-20 nopsoka.

Knrouessle cnoea: OpobHoe uHmezpuposaHue u dugpepeHyuposaHue Adamapa, 3a0a4a muna Kowu 015 dugpgpepeHyuanbHO20
ypasHeHuUs 0pobHo20 NopsaO0Ka, UHMe2passHoe ypasHeHue Boabmeppa mopozo poda, npocmpaHcmeo uHmezpupyemoix pyHKyu.

THE CAUCHY TYPE PROBLEM FOR THE EQUATION
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Fractional calculation is a part of modern mathematical analysis which is rapidly developing at present. The significance of the
study of fractional oder differential equations is due to their wide application in Biology, Chemistry, Physics, Mechanics problems as
well as in the theory of fractional calculation itself. In applied character problems it is often necessary to consider Cauchy problem
analogues for differential equations of fractional order. We consider a boundary value problem of Cauchy type for a differential
equation of fractional order.

The purpose of the article is to demonstrate the equality of the Cauchy type problem and the second order Volterra integral
equation.

Material and methods. The Cauchy type problem for the general type differential equation of fractional order is considered.
Methods of functional analysis and fractional calculation are used.

Findings and their discussion. The Cauchy type problem for the equation with fractional Hadamard derivative is studied in the
paper. Its equivalence to the second order Volterra integral equation is demonstrated. The existence and the only possible solution
of the problem in the space of integrated functions are proved.

Conclusion. The obtained findings generalize those for convetional differential n-order equations.

Key words: fractional Hadamard integration and differentiation, Cauchy type problem for a differential equation of fractional
order, the second order Volterra integral equation, space of integrated functions.
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B HacToAwen paboTe nccaeayeTca 3agada Tmna Kowu, noctaHoBKa KOTopoi npounssoauTcs ana audoe-
peHLUMaibHOro ypaBHeHUA obLero Bnaa ApobHoro nopaaka ¢ ApobHoi nponssoaHoi Agamapa [1; 2].
EcTtecTBeHHO, BO3HMKaeT npobsema MHTErpMpoBaHMA TAaKOro YPaBHEHMA C YY4ETOM HaudasibHbIX YCNOBUMNA.
PaboTa nocesALEeHa STOMY acnekKTy.

Lenb ctaTb — NoKasaTb PaBHOCU/IbLHOCTb 3a4aun TMNa Kolwu 1 MHTerpanbHOro ypasHeHua BonbTeppa
BTOPOro poaa.

Marepuan n metogbl. Matepranom nccnefoBaHUA SBAAKOTCA onepauym 4pobHOro MHTErpupoBaHUA U
anddepeHumpoBaHna Agamapa, UCNoNb3yemble MpPU UHTErpupoBaHumn anddepeHumanbHbiX yYpaBHEHUNM
ApobHoro nopaaka. B pabote ucnosb3yerca annapaT pyHKLMOHAIBHOIO aHa/In3a B COYETAHUM C MeToAaMM
ApobHoro nHTerpoanddepeHumpoBaHmA.

Pe3ynbTatbl U UX obcyxaeHue. B [1] paccmaTpuBanach 3afava tvna Kowwn ans anddepeHuUmanbHOro
ypaBHeHWs ApobHOro nopsaka BMaa

(Dgiy)(x):f(x,y(x)),n—1<a£n,neN,n:—[—a] (1)
NpPW HayanbHbIX YCAOBUAX
(Dg;ky)(o+) =b,,k=1,2,...,n, (2)
rae Dy, — ppobHas npoussoaHas Pumana—/lnysunnsa [1]:
1 d '} 7
(Dﬁy)(X)=—(—) I(x—t)"_“"ly(t)dt,n—1<aSn,neN,a>O , F(,B)zj.xﬂ’le’xdx -
In—a)\dx) ? 0

ramma-dyHKumMA, f(x,y) — 3amaHHasa QyHKUMA B HEKOTOPOW obnacth DcR’; a,b,,b,,..., b, — NOCTOAHHbIE

Sa},
(3)

BeLeCTBeHHbIe Y1c/a. BBeem B pacCMOTPEHME MHOXECTBO R — D'

b

n

o y(x)_F(a—n+1)

an{(x,y)eD:0<xSh,

rae a,h, b, eR.

Nesble vactn B (2) npeactasnaioT coboit npegenbl B NPaBOCTOPOHHEN OKPECTHOCTU (0,0+¢), >0,
Touku O:
(D5 *y)(0+)= XIi_)n&(ngky)(x),k:l,Z,...,n.
Teopema 1. [Tfycms f(x,y) Asnsemca sewjecmeeHHO3HAYHOU U HerpepbisHol 8 obaacmu D ¢pyHKyued,

npu4yem oHa yoosaemeopsem rno emopol nepemeHHol ycaosuro Jlunwuya
|f(X,y1)—f(X,y2)| SL|y1 _yz ’ L >0/

U 02PAHUYEHUIO
Sup |f(x,y)|=b, <+

(x,y)eD
To20a peweHue 3ada4u (1)—(2) 0na 3Havyeruli N=1,2,... 8 (3) cywiecmsyem, sensemcs Hernpepoi8HbIM
U e0UHCMEBEeHHbIM.
B xo4e AOKasaTenbCTBa 3TOr0O yTBepXAeHMA 6blo NoKasaHo, YTo 3adada Tvna Koww (1)—(2) skeusa-
NNeHTHa YpaBHEHUIO

C bk a—k 1 h _ a-1
=2 e +r(a)£(x £ f(t,y(t))dt -
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[aHHbI GaKT cornacyetcs ¢ Tem, uyto anddepeHumanbHoe ypaBHeHMEe

du, +a,(x )dn1 +a,(x )‘J’n2 +ota (X)u=F(x), x>0

C Haya/IbHbIMW YCNOBUAMM NPU 3HaUYEHUU X = 0
u(0)=c,,u'(0)=c,,u"(0)=c,,...,u"0)=c, ,
3KBMBANIEHTHO MHTErpasibHOMY YpaBHeHMUo BonbTeppa [3]

#)+ [K(x, s)gs)dls =
roe
(x—s)*
e S)_za AT
f(x)=F(X)_Cnlal(X)—(Cn1X+an)az(X)""_(Cn1—XH1 +...---+c1x+Co]0n(x).
(h—1)

[pobHoe uHTerpuposaHue n andpdepeHumposaHme no Agamapy nopsaka « >0 onpegensercsa cneayto-
Wwmm obpasom:

o e 2 TV (X)) eyt
(\Sa+l”h)(x)—r(a)a(xj [m(tjj hit) t ,a>0,x>a>0, ueR, (4)
(D;iﬂ )(x) x”ﬁ"x”(’gfﬂh)(x) §=xi, a>0, n=[a]+1, ueR. (5)
dx

B cnyyae 1 =0 dopmynbl (4) n (5) npuHMMatOT cooTBETCTBEHHO BUA, [4]:

( )(x) ( Sa+,0 )(x) r(la)xﬁ%' a>0, x>a>0, )
t
(Dsh) )= (D2 oh) ) =" (30,h) (x), 5=x%, a>0, n=[a]+1 (7)

3apaya Tvna Kowu ana anddepeHumanbHOro ypasHeHus ¢ ApobHol npom3BoaHo Agamapa cTaBuTtca
cnepyowmm obpasom:

(Dzy)x)=fx,y(x),n-1<a<n,neN,a>0 (8)

NPN Ha4vaIbHbIX YCNOBUAX
(D;fky)(a+)=bk,k=1,z,...,n=—[—a]. (9)

3apauy (8)—(9) byaem paccmaTpmBaTb B MPOCTPAHCTBE pPerynspHbIX GyHKUUA
1%(a,b) = {yeL(a b)| DLy lla, b)} 0<a<b<+m. (10)

B (9) neBble YacTi, aHaNOrMUHO (2), 03HaualOT Npeae/bl B NPaBOCTOPOHHEl OKPECTHOCTY (a,a+ &), £ >0
TOYKM a:
(D )(a+)— I|m (D“ « )(x),k:1,2,...,n—1,

a+,u
(Da+ y)(a+) = XILn: (ngy)(x), a+n,

(D2, ,v)a+) = lim y(x), @ =n.

a+y

12



BecHik BAY. — 2023. — Ne 3(120)

CnepyeT OTMETUTb, YTO MPW HaATypanbHOM 3HadeHUn o =ne<N 3agada (8)—(9) npeacrasnaer coboli
3aga4dy Kowwu ana obbikHoBeHHOTO anddepeHLmManbHOro ypaBHeEHMA N-ro NopaaKa:

(Dy) 0=y = Fix,yx), S =x -2,
dx

lim (6" *y)(x)=b,, b, €R,k=1,2,...,n

Mpeanonoxum, uto GpyHKuMA y(x) aBnaetca abCoNOTHO MHTerpvpyemoi no Jlebery Ha npomexyTke
(a, b), o ectb y(x) € L(a, b) , npuyem oHa yaosneTsopaeT 3agaqe (8)—(9). Ho cornacHo cooTHoweHuam (6) u (7)

(Dzy)x)=5"(35y)(x) n=--al, () =y(x),
npuuem (’" “y)(x) eACM[a b] [4]. NpumeHum onepatop APOGHOTO UHTErpupoBaHua Agamapa 37, ,
onpeaeneHHbil B (6), K 06enm Yactam ypaBHeHUs (8). UHTerpupys no Agamapy NeBYO YacTb ypaBHeHuUA (8)
C YYETOM CBOMCTB OMEpaTopoB APOOHOro HTErpupoBaHua n aupdepeHumpoBaHusa no Agamapy [4], byaem
NMeTb

» (5n « @n+ay))( ) (Da k )( 4
(307 )0 =y(x)- > —— (Ina) =y(x)~ Z _k+1)(na] :

k=1

a c yueTom ycnosuit (9)

(32.0% y)x) = y(x) - zb—k(m ij B

iz l(a—k+1)\ a
Ecam Tenepb ||f(x,y)||L1 =M<, 10 ‘(Sif(t,y(t)) (X)HL S

L rae nocroaHHaa K npumueeaeHa

B8 [2]. MpumeHMM onepaTop APOBHOro NHTErpupoBaHMUA No Agamapy K npaBoin yacTtu (8):
X

x “ dt
( f(ty(t))(X) F() (In?j f(t,y(t))T.

Takum obpaszom,

4 b X\ X dt
=N __ "% [In2 - Z = . 11
y(x) 2 F(a—k+1)(lntj +F(a)a[|ntj f(t,y(t) L X>a (11)

KoHcTpyKumsa (11) aBnaeTca MHTerpanabHbiM ypaBHeHMEM BonbTeppa BTOPOro poaa.
MycTtb Tenepb y(x) e L(a, b) v aBnaetca peweHnem ypasHeHua (11). MpumeHas onepaTtop aApobHoro gnod-

depeHuMpoBaHuA No Agamapy D, onpegenieHHblii B (7), K 06emMm yactam ypaBHeHus (11), nonyynm ypas-

a+’

HeHue (8), NoCKoNbKY
p-1 p-a-1
t r
D;’:(In—j (x):i(lni) =0 (f—a=0,-1,-2,...,1+[-]).
a Np—-a)\ a
MopeiicTeyem onepatopom D% Ha obe yacTu ypasHeHua (11). Ecim 1<k<n-—1, 10

(2:y)en = an—’nn[” [ws) J‘XH(%k33+f<t'v<t»><x>=

x )~ ¢ b, x 1 3 x\" dt
(mg) (s =2 )(m;j +M£('n?j BTES

ZF(k j+1)
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Ecnu xe k = n, To umeem

(D;i"y)(x)=iL(lnfjn ﬁ#](lnfjn feven®
‘Zh=N1 a (n=1)1-\ t t

Mepexoas B NocnegHUX ABYX PaBEHCTBaX K NPaBOCTOPOHHEMY Npeaeny X — d +, noaydyaem ycnosus (9).
Taknum obpasom, cnpaseanea

Teopema 2. lycmb o >0,n=—{—a],0<a<b<oou ¢yHkyua f(x,y)el(a,b) npu awbom delicmsu-
mesnsHoM y. BewjecmseHHas ¢yHkyusa y(x)el(a, b) Aasasemca noumu ecody peweHuem 3a0a4yu muna

Kowu (8)—(9) moada u moasko mozoa, Ko20a oHa noymu ectody yoossnemeaopsaem UHmMezpansHoOMy ypasHe-
Huto (11).

3aKkntoueHue. B npmnoxkeHMAxX 4acTo BO3HMKaeT He0bX0AMMOCTb peLlaTb aHanorv 3agaym Kowwm gns aud-
depeHuManbHbIX ypaBHeHU ApobHoro nopagKa. K Tomy e npy MHTErpMpoBaHUM HEKOTOPbIX KNAcCcoB And-
depeHUManbHbIX YpaBHEHWI Lenoro nopsagKka npuxoantca obpawatbes K Teopum gpobHoro anddepeHum-
poBaHuA 1 Teopun anddepeHumanbHbIX YpaBHEHUN ApPOOHOro nopsaka. B paboTte nonyyeHo UHTerpasbHoe
ypaBHeHWe BonbTeppa 2-ro poaa v AoKasaHa ero sKBMBAJIEHTHOCTb 3aAa4ye Tuna Kowwu ana andpodepeHum-
aNbHOro ypaBHeHUs ApobHoro nopaaKka c ApobHon nponssoaHon Agamapa.
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