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ON THE MODULARITY OF A LATTICE OF 1-CLOSED n-MULTIPLY
®-COMPOSITE FORMATIONS

N. N. Vorob’ev and A. A. Tsarev UDC 512.542

Let n =0, let ® be a nonempty set of prime numbers and let T be a subgroup functor (in Ski-
ba’s sense) such that all subgroups of any finite group G contained in T(G) are subnormal in G.
It is shown that the lattice of all t-closed n-multiply ®-composite formations is algebraic and
modular.

Introduction

In [1], it is shown that the lattice of all (saturated) formations is modular. Later, this result was developed
in various directions. Thus, in [2], Shemetkov and Skiba proved the modularity of the lattice of all n-multiply
saturated formations. In [3], Ballester-Bolinches and Shemetkov proved modularity of the lattice of all ®-satur-
ated formations. The modularity of the lattice of all T-closed n-multiply saturated formations was established by
Skiba in [4]. Later, in [5, 6], Skiba and Shemetkov proved the modularity of the lattices of n-multiply ®-satur-
ated formations and n-multiply ¥-composite formations, respectively. In [7], Shabalina established the modul-
arity of the lattice of all t-closed n-multiply -saturated formations. In [8], Zadorozhnyuk proved the modular-
ity of the lattice of all T-closed ®-composite formations. The modularity of the lattice of all totally saturated

formations and the lattice of all T-closed totally saturated formations was proved by Safonov in [9, 10].

In the present paper, the functor approach is applied to develop the methods of the theory of modular lat-
tices of partially composite formations. It is shown that the lattice of all t-closed n-multiply ®-composite for-
mations is algebraic and modular (Theorem 3.1). Moreover, the inductance of the indicated lattice is established
(Theorem 2.1). Note that all results established for the modular lattices of formations and mentioned above are
special cases of Theorem 3.1 (see Corollaries 3.1-3.4).

We use the standard terminology accepted in [2, 4—6, 11, 12]. All groups studied in the present paper are
finite.

1. Preliminary Data

Recall that a formation is defined as a class of groups closed relative to the homomorphic images and finite
subdirect products.

In what follows, ® denotes a nonempty set of prime numbers and ®” = P\ ®. By ®n(G) we denote the
set of all different prime divisors of the order of the group G. Thus, w(X) is the union of the sets w(G) for all
groups G from X, [K]H is the semidirect product of the group K by a certain group of its operators H, and

A B is the regular interlacing of the group A with the group B. For any class of groups & 2 (1), by G%
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we denote the intersection of all normal subgroups N such that G/N € § and by Gy we denote the product

of all normal ¥-subgroups of the group G. In particular, 0,(G) = Gy and F,(G) = Gg g . By 5.73],,
p “ptp

G, G > and ® op We denote the class of all p-groups, the class of all groups, the class of all p’-groups, and
the class of all groups for which all chief p-factors are central, respectively.
Any function of the form

f: o U{ow} — {formations of groups}

is called an ®-composite satellite [6]. As in [11], by C?(G) we denote the intersection of centralizers of all

chief factors of the group G whose composition factors have a prime order p (CP(G) = G if G does not
contain chief factors with this property). By R, (G) we denote the maximum normal soluble ®-subgroup of the
group G and Com(G) stands for the class of all simple Abelian groups A suchthat A = H/K for a certain

composition factor H/K of the group G. According to [6], any ®-composite satellite f is associated with a
class of groups

CF,(f) = (G|G/R(D(G)e f(@) and G/CP(G) e f(p) forall pewNn(Com(G))).

If a formation ¥ is such that ¥ = CF,(f) for some ®-composite satellite f, then we say that it is ®-

composite and f is an m-composite satellite of this formation [6]. Moreover, if all values of f liein & , then
the satellite f is called internal.
According to the concept of multiple localization proposed by Skiba (see [13, 6]), any formation is regarded

as 0-multiply ®-composite. Moreover, for n > 0, the formation 3 is called n-multiply ®-composite if ¥ =
CF,(f), where all nonempty values of the function f are (n—1)-multiply ®-composite formations.

Let © be a complete lattice of formations. By OformX we denote the intersection of all formations
from © containing a collection of groups X. Thus, in particular, we write ©@formG in the case where X =
{G}. Any formation of this type is called a one-generated formation from ©. The sign © is omitted if © is
the collection of all formations. Recall that a satellite f is called ©-valued if all its values belong to ©. Fol-

lowing [6], we denote the complete lattice of formations with ©-valued ®-composite satellites by O« .
For any collection of groups X, we set (see [6]):

form (G/CP(G)‘ Ge%) for pen(Com(X)),
xX(c?) =
%) for p ¢ n(Com(X)).

Let ¥ = CF,(F), where F(w) =& and F(p) = ETEPC&(C”) forall p e . Then the satellite F is

called a canonical w-composite satellite [6].
Recall several well-known assertions required for the proof of the principal result of the present paper.

Lemma 1.1 ([6], Lemma 8). Let © be a complete lattice of formations such that 0% < © and let
the formation %t ,$ € © for any formation £ €© andany pe .

In this case, if § = CF,(F)e ©% | then the satellite F is ®-valued.
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Lemma 1.2 ([6], Lemma 4). If & = CF,(f) and G/OP(G)ef(p)ﬂg’ for some pew, then
Ge§.

Lemma 1.3 ([6], Remark 1). Any w-composite formation possesses a canonical ®-composite satellite.

In an arbitrary group G, we select a system of subgroups T(G). We say that T is a subgroup functor (in
Skiba’s sense [4]) if the following conditions are satisfied:

@ Get(G);

(i) the inclusions H® € 1(B) and T"’_1 € T(A) hold for any epimorphism ¢ : A — B and all groups
Het(A) and T €1t(B).

If 1©(G)={G}, then the functor T is called trivial. A formation ¥ is called t-closed [4] if T(G) < ¥
for any group G from . In what follows, we consider only subgroup functors T such that, for any group G ,
all its subgroups contained in T(G) are subnormal in G.

The collection of all T-closed n-multiply m-composite formations CZ) is a complete lattice relative to the

n

inclusion c. By c; and ¢ we denote the lattice of all T-closed formations and the lattice of all n-multiply
0

(0]

w-composite formations, respectively. Note that if T is a trivial subgroup functor, then CZ) =c, .

n

Let {f;|iel} be the set of all ®-composite CZ) -valued satellites of the formation . By virtue of

n—1

Lemma 2 in [6],

=0

iel

is an ®-composite c; -valued satellite of the formation . It is called the minimum satellite of the
n—1

formation.

The next statement gives a method for the construction of the minimum c; -valued satellite of the for-

n—1

mation § = cz) form X .
n

Lemma 1.4 ([6], Lemma 5). Let § = CZ) formX and let 1 = o n(Com(X)). Then the minimum

w-composite c; -valued satellite f of the formation % is such that

n—1

(i) f@) = ¢ form (G/R,(G)| G eX):

(i) f(p)

¢! form (G/CP(G)|GeX) forall pem:
-1

n

(iii) f(p) = D forall pew\x;
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(iv) if & = CF,(h) and the satellite h is cZ) -valued, then, forall pem,

-
f(p) = ¢ form (A Aeh(p)NB, 0,(A)=1)
and, in addition,

fl@) = ¢ fom (A] Ach(@)NF, Ry(A)=1).

Lemma 1.5 ([4], Corollary 1.2.24). For any collection of t-closed formations {Wt, |ie I},
T form (U%,} = form (Uimlj
iel iel
Lemma 1.6 ([12], Theorem 2.2). The following equality is true for any class X:
form X = QRyX

Weset f < h if f(a) < h(a) forall aew U {w’}.

Lemma 1.7 ([6], Lemma 6). Let f, and f, be the minimum ®-composite c; -valued satellites

n—1

of the formations §, and 3§, , respectively. Then ¥, C §, ifandonlyif f; < f,.

Lemma 1.8 ([6], Lemma 10). The formation § is n-multiply ®-composite if and only if it has a satel-
lite f all values of which f(a) are (n—1)-multiply w-composite forall a e ®.

Lemma 1.9 ([6], Lemma 2). Letr ¥ = ﬂiel%i’ where %, = CF,(f;). Then § = CF,(f), where
F=i fiv

2. Inductance of the Lattice cz)

n

We now recall the definition of inductive lattice of formations. Let © be a complete lattice of formations.

For any collection of formations {3, | i € I} from ©, we set

Vo(®;liel) = Oform [U&J

iel

Let {f; | i eI} beacollection of O-valued satellites. Then Vg (f; | i €I) denotes a satellite f such that
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f(a) = Oform (Ufi(a)J

iel

forany ae o U {w’}.
As in [4], we say that the complete lattice of formations © is inductive if the following equality holds for
any collection {¥, |i e} of formations &; € ®“ and any collection {f,|iel} of internal ©-valued -

composite satellites f;, where f; is an w-composite satellite of the formation %}i:
VY goe @& liel) = CF,(vo(f;liel)).

In the present section, we prove the property of inductance of the lattice of all T-closed n-multiply ®-com-
posite formations. The proof of the property of modularity of this lattice is based on the property of inductance.

Lemma 2.1. Let § = CF (F) be a t-closed n-multiply w-composite formation and let n>1.

Then the satellite F is c; -valued.
n—1
Proof. According to Lemma 1.1, it suffices to check the fact that, for any p e P and any t-closed n-
multiply ®-composite formation § (n20), M = N ,H isa t-closed n-multiply ©-composite formation.
Note that the formation 9t,$, where § isa t-closed formation, is t-closed for any peP. Thus, the
required assertion is true for n = 0.

Now let n > 0. Assume that the assertion of the lemma holds for n — 1. First, we show that J)¢ is an n-

multiply w-composite formation. Let § = CF,(h), where h is an internal cz) -valued m-composite satel-

n—1

lite. The formation %p possesses an internal ®-composite satellite f such that f(p) = (1), f(®") = (1),

and f(q) =@ forall ge w\{p}. Itis easy to see that the formation I possesses a satellite m such that
m(p) =9, m() =3I, and m(q) = & forall gew\{p} (see [6], Theorem 6). However, according to
the assumption, M =N & isan (n—1)-multiply w-composite formation. Hence, I is an n-multiply -
composite formation.

We now prove that the formation ¥t is t-closed. Assume the contrary. Then there exist a group G € IN

and a subgroup H € T(G) suchthat H ¢ . Since G e ,H =W, we have G® e, and GIG® €.

By the assumption, the formation § is t-closed. Thus, for any group H € 1(G/ G‘{)), we conclude that
He$. However, HG®/G® € 1(G/G®) and, therefore,

HG®/G® = HIHNG® e &.

At the same time, H ) G® <H and H N G® isa p-group. Therefore, H () G® c 0,(H) and, thus,

HY 0,(H), ie., HY € %p. This yields H € ,‘ﬁp{g = I, which is a contradiction. Hence, the formation

M is 1-closed.
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Let F be a canonical ¢, -valued @-composite satellite of a T-closed n-multiply ®-composite formation

%. We show that the formation F(a) is T-closed. If a = {®’}, then the formation F(®’) = & is t-closed
by the assumption.

Assume that @ = pe®. We consider a group G € F(p) and H € 1(G). Let P be a nonidentity group
andlet D = P! G = [K]G, where K is a basis of the regular interlacing of D. Then HK € t(D). Indeed,

let @:D — D/K be acanonical epimorphism of the group D on D/K. Then HK/K = H?. Therefore,

HK/K et(D/K). Since HK = (HK/I()“’f1 is the complete preimage of the subgroups HK/K under
the epimorphism ¢, we conclude that HK € t(D).
Since the satellite F is internal and G = D/K = D/ OP(D) € € F(p), by virtue of Lemma 1.2, we

conclude that D € % . Since the formation §§ is T-closed, we have HKe®. Let M = HK. Then

M/CP(M)e F(p), where pen(Com(M)). Since K is a normal p-subgroup of the group M, we find
KN Op,(M) = 1. Hence, OP,(M) c Cy(K). According to the property of regular interlacings, C;(K)cC K.

Therefore, Op,(M) = 1 and, thus, Op(M) = Fp(M) = CP(M).

In view of the facts that
OP(M) = OP(M) NM = OP(M) NKH = K(Op(M) N H)
and O,(M) NH c 0,(H), we get
0,(M) = K(0,(M) N\ H) < KO,(H) < 0,(M).

Therefore, KO » (H) =0 » (M) . This yields

M/C’(M) = KH/O,(M) = KH/KO,(H) = H/O,(H)(K N H)

H/O,(H) e F(p) = I, F(p),

ie, HeMN,(N,F(p) = (N,N,)F(p) = N, F(p) = F(p). Hence, the formation F(p) is t-closed.

The lemma is proved.

In the case where © = cZ) , We write \/ZJ instead of Voo
n n wn

The following lemma gives the description of a satellite of the lattice union of two t-closed n-multiply ®-
composite formations:

Lemma 2.2. Let §; = CF,(f;), where f; is the internal cz) -valued ®-composite satellite of

n—1

the formation ;. Moreover, let f(®') = §,;, i = 1,2. In this case, if § = %1\/; ¥y, then § =

CF,(f), where f = fl\/z) _1f2'
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Proof. Let h; be the minimum cZ) -valued w-composite satellite of the formation ¥, = CF,(f;),

n—1

i=1,2, andlet p e w. By virtue of Lemmas 2.1 and 3.1, the following inclusion is true:

(p) < fip) € N,h(p) = Fi(p) € ¢ .

where F; is the canonical c; -valued mw-composite satellite of the formation %i, i=1,2.

n—1

Let ¥ = CF,(F), where F is the canonical cZ) -valued w-composite satellite of the formation ¥ and

n—1

let 4 be the minimum CZ) -composite satellite of the formation . By Lemma 1.4, we have
1

n—

Mp) = ¢ fom (3 UF,)(C) = ¢ fom (3(C7)UR,(C")

n

¢y, form ((PUhy(p)) < f(p) € N ci  form (i (p)Uhy(p)) < N ,h(p) = F(p).

n

Thus, h(p) < f(p) < F(p) forall pew. Itisclear that h(®) c f(®') < F(®w’) and, hence, h(a) C

f(a) € F(a) forall aew U {w’}. Therefore, h < f < F. This means that ¥ = CF_(f).
The lemma is proved.

Theorem 2.1. The lattice of all t-closed n-multiply ®-composite formations is inductive.

Proof. Let {i%;| i€} be an arbitrary collection of 1-closed n-multiply ®-composite formations and let

f; be an internal c:) -valued w-composite satellite of the formation ¥;. By induction on i, we now prove

n—1

the equality
vz)n & liel) = CFw(\/fonil (f;]iel)).

If i = 2, then the theorem is true by virtue of Lemma 2.2.
Assume that i > 2 and that the theorem is true for i = r —1. Then

FvEoVvE g = CF,(f,vs .. V' :
—(51 0‘)71 (071 %r_l 0)(](:1 wnfl mnfl fr_l)

At the same time, by Lemma 2.2,

T =& Ve \/fJJ 8, = c;nform (%, \/;n ...V""n B, DUB,) = CF,(f),

()

where
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f@ = ¢ form (Ve .vE  f @)U, @)

n

fi(a) v;n_] VT - f(a) = (f vz)n_] v‘n_1 f)(a)

() ()

forany a € U {w’}. Therefore, f = f v; vz) f,. In view of the arbitrariness of the choice of r,
n—1 n—1

the theorem is proved.

3. Main Result

To prove our main result, we need two auxiliary assertions establishing the fact that any formation with in-

ternal c; -valued m-composite satellite is T-closed and the fact that the lattice cz) is a complete sublattice

n—1 n

of the lattice ¢, .

Lemma 3.1. Let § be an n-multiply w-composite formation. If § has an internal c; -valued
n—1
w-composite satellite, then § is a T-closed formation.

Proof. Let ¥ be an n-multiply ®-composite formation with internal ¢° -valued ®-composite satellite

T
W,y
f. We now show that ¥ is T-closed.

Let Ge® andlet H € 1(G). Since, forany a € ® U {®’}, the formation f(a) is T-closed, we have

H/R,(H) = H/(Ry(G)NH) = HR,(G)/R,(G) € t(G/R,(G)).

Further, since G €%, we get G/R,(G) € f(®’). Therefore, H/R,(H) € f(®).
Now let p e wn(Com(H)). Then C?(G) = G . By virtue of the restriction imposed on the sub-
cp

group functor T, we conclude that H << G. Then Hy = G [()VH . Therefore,
cp cp
H/Hg = H/(Gy NH) = HGy /Gy €1(G/Gg ) = 1(G/CP(G)).

Since G €%, we get G/CP(G) e f(p).Hence, H/CP(H) = H/Hg € f(p). This yields H/Ry,(H)
cp

€ f(w) and, forany p e ®(n(Com(H)), we find H/CP(H) € f(p). Thus, H €, i.e., the formation
% is t-closed.
The lemma is proved.

Lemma 3.2. The lattice c; is a complete sublattice of the lattice c,’ .

n

Proof. We prove the lemma by induction on n. According to Lemma 1.5, we have
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cz)oform(UleéiJ = ‘cform(UiIRiJ = form(UémiJ = cg’form[UiUEi).

iel iel iel iel

Hence, for n = 0, the lemma is true.

Assume that n >0 and that the assertion of the lemma is true for n—1. Let {Jt,|iel} be an arbit-

rary collection of T-closed n-multiply ®-composite formations and let m; be the minimum c; -valued -

n—1
composite satellite of the formation 2)¢;. In Theorem 2.1, the role of T is now played by a trivial subgroup
functor . Then

VOR, |iel) = CF (v ((m;|iel)).

However, by the assumption, for any p e o) n( Com ( Ul,e / N, )), the formations

Ve (m;liel(p) and (VO (m;|iel))(®)

are T-closed. Hence, by virtue Lemma 3.1, the formation V@ (¢, |iel) is t-closed.
The lemma is thus proved.

The following theorem is the main result of the present paper:

Theorem 3.1. The lattice of all t-closed n-multiply w-composite formations is algebraic and mod-
ular.

Proof. First, we prove that the lattice CZ) is algebraic. Note that any T-closed n-multiply m-composite

n

formation is a union of its one-generated T-closed n-multiply ®-composite subformations in the lattice c; .

n

By induction on n, we show that each one-generated T-closed n-multiply ®-composite formation F 1is a

compact element in the lattice c:) . Let

n

n

F=c' form G < M = cz)nform(U%,-J,

[0
iel

where @, is a t-closed n-multiply ®-composite formation. Further, let n=0. Then, by virtue of Lemmas
1.5 and 1.6,

Gec;Oform(UE}i) = form[U%l.) = QRO[U%Z.),

iel iel iel
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Hence, G=T/N foracertain group T € Ry(U,.; ;). Thus, there exist subscripts i,...,i, €I such
that T €R, (%il U...U %}ik) . Therefore, G € form (%il U...U %ik) . Finally, by virtue of Lemma 1.5, we get

& < form (%’il U...U%ik) = tform (84[-1 U...U%ik).

Now let n > 0. Assume that the one-generated formations from c; are compact elements in the lattice

n—1

c; . Further, let f; be the minimum c; -valued w-composite satellite of the formation ¥;, let f be the

n—1 n—1

minimum cz) -valued ®-composite satellite of the formation ¥, and let m be the minimum cz) -valued

n-1 n—1

w-composite satellite of the formation J¢. By virtue of Lemma 1.4,

ct __, form (G/C“G)) for a=m,

fla) = 19 for aew\m,

cg,  form (G/Ry(G)) for a= {0},

where m = 0 N 7(Com(G)).

It follows from Lemma 1.7 that f < m. In view of Theorem 2.1, we have m = \/Z) (f;|iel). Thus,
-1

n

forany pe o n(Com(G)), there exist subscripts ij,...,i, €I such that

GICP @ e fi(pVg Vg ().

»,

Since m(Com(G)) is a finite set, one can find subscripts jj,..., j, € I such that G € i \/fon VZJ,, &,

and, hence, § < &; V' ...Vv' &.. This means that the lattice c¢' is algebraic and, therefore, the one-
: i, o, ©J o

n n

generated T-closed n-multiply m-composite formations are compact elements of this lattice.
We now prove the second assertion of the theorem. By induction on n, we show that the following iden-
tity is true for any T-closed n-multiply ®-composite formations X, £, and ¥ such that X < 9:

PNEVE H) = Vi (ONF).

In view of the modularity of the lattice of all formations (see [1]), for n =0, the assertion of the theorem
is true for the trivial subgroup functor T. Therefore, the lattice ¢y = ¢, is modular. According to Lemma 3.2,

the lattice cz) is a sublattice of c(()‘). Hence, the lattice cz) is modular.
0 0

Assume that n >0 and that the second assertion of the theorem is true for n—1. Further, let §;, =

CF,(F,), i=1,2,3, bea t-closed n-multiply ®w-composite formation and let 3’2 c 81 It is necessary to
show that
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®

8’10(%2\/1’”%3) = lzvz)n (%1ﬂ%3)

Let f; be an w-composite c; -valued satellite of the formation 3¥; such that f(®") = ¥, = F(®)

n—1

and fi(p) = cfo form (%;(C")) forall p e w. By virtue of Lemma 1.8, we have §;, = CF,(f;). Further,
-1

n

let = f, Van-l f53. Theorem 2.1 implies that

BVy By = CE(f VG f) = CE().

7

According to Lemma 1.9, h; = f, (1 isan internal ®-composite cz) -valued satellite of the formation
n-1
&1 N @ vy 33)-
Itis clear that f,(a) < fi(a) forall a € wU{w’}. Therefore, by the assumption, for all a € wU{w’},
we have

f@N(A@VE  A@) = H@VE (f@N (@),

-1

Hence, h, = f, VZ) (f, N f3). However, f, (1 f; is the internal w-composite cZ) -valued satellite of the
n-1

n-1

formation ¥, (17%5. Therefore, by virtue of Theorem 2.1, ¥, \/z)n (&, NE3) = CF,(hy). Thus, for any non-

negative integers n, the lattice CZ) 1s modular.

n

The theorem is proved.
In the case n = 1, we arrive at the following corollary:
Corollary 3.1 [8]. The lattice of all t-closed mw-composite formations is algebraic and modular.

If 7 is a trivial subgroup functor, then, by using Corollary 1 and Remark 3 in [6], we obtain the following
statement:

Corollary 3.2 [6]. The lattice of all n-multiply &-composite formations is algebraic and modular.
If o = P, then the following assertion is true for the trivial subgroup functor 71:

Corollary 3.3. The lattice of all n-multiply composite formations is algebraic and modular.

If n =1 and ® = P, then the following corollary is true for the trivial subgroup functor 7:

Corollary 3.4. The lattice of all composite formations is algebraic and modular.

The present work was supported by the Belorussian Republican Foundation for Fundamental Research
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