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1. Introduction

All groups considered are finite.

In the book [4] and in the recent books [9], [10] it was demonstrated that con-

structions and results of lattice theory are very useful tools to study groups and
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group classes. In particular, it was proved that the lattice of all saturated formations

is modular [4]. Further this result was developed in different ways. In the book [1]

modularity of the lattice of all τ -closed n-multiply saturated formations was estab-

lished, for every subgroup functor τ ; in [5] it was shown by A. Ballester-Bolinches

and L.A. Shemetkov that the lattice of all p-saturated formations is modular; A.

N. Skiba and L. A. Shemetkov proved [2], [6] modularity of the lattice of all n-

multiply ω-saturated formations and the lattice of all n-multiply L-composition

formations, respectively; I.P. Shabalina proved [7] modularity of the lattice of all

τ -closed n-multiply ω-saturated formations.

Since the lattice of all formations is modular [3], all the above-mentioned results

are special cases of our first theorem.

Theorem 1. Let n > 0. Then every law of the lattice of all τ -closed formations

is fulfilled in the lattice of all τ -closed n-multiply ω-saturated formations.

The second theorem give a further information about the lattice of all τ -closed

n-multiply ω-saturated formations.

Theorem 2. Let n > 0. If ω is an infinite set, then the law system of the lattice

of all τ -closed formations coincides with the law system of the lattice of all τ -closed

n-multiply ω-saturated formations.

All unexplained notations and terminologies are standard. The reader is referred

to [8], [9] and [10] if necessary.

2. Proof of Theorem 1

Recall that a group class closed under taking homomorphic images and finite sub-

direct products is called a formation.

In each group G we select a system of subgroups τ(G). It is said that τ is a

subgroup functor if the following conditions hold:

1) G ∈ τ(G) for every group G;

2) for every epimorphism ϕ : A → B and all groups H ∈ τ(A) and T ∈ τ(B) we

have Hϕ ∈ τ(B) and T ϕ−1

∈ τ(A).

A formation F is called τ -closed if τ(G) ⊆ F for every group G of F (see [1]).

Let ω be a nonempty set of primes, ω′ = P\ω. π(G) denotes the set of all prime

divisors of the order of a group G. Recall that a group G is called an ωd-group if

ω ∩ π(G) 6= ∅. The symbols G, Np and Gp′ denote, respectively, the class of all

groups, the class of all p-groups and the class of all p′-groups; Gωd denotes the class

of all groups in which every composition factor is an ωd-group. For every group

class (1) ⊆ F, by GF we denote the product of all normal F-subgroups of group G.

In particular, we write

Gωd = GGωd
, Fp(G) = GGp′Np

.

Functions of the form

f : ω
⋃

{ω′} → {formations of groups}
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are called ω-local satellites (see [2]). For every ω-local satellite f , we define the class

LFω(f) = (G | G/Gωd ∈ f(ω′) and G/Fp(G) ∈ f(p) for all p ∈ ω ∩ π(G)).

If F is a formation such that F = LFω(f) for an ω-local satellite f , then the

formation F is said to be ω-saturated, and f is said to be an ω-local satellite of F.

Every formation is 0-multiply ω-saturated, by definition. For n > 0, a formation

is called n-multiply ω-saturated if F = LFω(f) and all nonempty values of f are

(n − 1)-multiply ω-saturated formations (see [2]). If a formation F is n-multiply

ω-saturated for all natural n, then F is called totally ω-saturated.

By lτωn
we denote the set of all τ -closed n-multiply ω-saturated formations.

With respect to inclusion, an arbitrary nonempty subset {Hi | i ∈ Λ} of lτωn
has

a greatest lower bound, namely ∩i∈ΛHi; besides, {Hi | i ∈ Λ} has a least upper

bound, the intersections of all elements in lτωn
containing ∪i∈ΛHi. Thus, lτωn

is a

complete lattice. In particular, lτω0
is the lattice of all τ -closed formations.

A group class closed under taking homomorphic images is called a semiformation

[4]. The symbol lτωn
form X denotes the intersection of all τ -closed n-multiply ω-

saturated formations containing a collection X of groups.

By [2], Lemma 5, if F = lτωn
form X, then F = LFω(f) where

f(a) =















lτωn−1
form (G/Fp(G) | G ∈ X), if a = p ∈ ω

⋂

π(X),

∅, if a = p ∈ ω \ π(X),

lτωn−1
form (G/Gωd | G ∈ X), if a = ω′.

The satellite f is called the minimal lτωn−1
-valued ω-local satellite of F (see [2]).

First we prove the following lemmas.

Lemma 1. Let A be a monolithic group, R a non-abelian socle of A, M a

semiformation and A ∈ lτωn
form M. Then A ∈ M.

Proof. We proceed by induction on n. Let n = 0. Then

A ∈ lτω0
form M = form M.

Let A /∈ M. Then, by [1], Corollary 1.2.26, there exists a group H in form M

and normal subgroups N, M, N1, . . . , Nt, M1, . . . , Mt (t ≥ 2) of H such that the

following statements hold:

1) A ' H/N and M/N = Soc(H/N);

2) H/Ni is a monolithic M-group and Mi/Ni is the socle of H/Ni which is

H-isomorphic to M/N .

Clearly CH (M/N) = N . Hence Ni ⊆ N . Therefore A ' H/N ∈ M, a contradic-

tion. This completes the proof of the lemma for n = 0.

Let n > 0, and let the lemma holds for n − 1. Suppose f is the minimal lτωn−1
-

valued ω-local satellite of F = lτωn
form M. If ω ∩ π(R) = ∅, then Aωd = 1, and so,

by [2], Lemma 5, we have

A ' A/Aωd ∈ f(ω′) ⊆ lτωn−1
form M.

Consequently, A ∈ M.
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Let ω ∩ π(R) 6= ∅ and p ∈ ω
⋂

π(R). Then Fp(A) = 1, and by [2], Lemma 5, we

have

A ' A/Fp(A) ∈ f(p) ⊆ lτωn−1
form M.

Hence A ∈ M, and the lemma is proved.

Lemma 2 [1], Lemma 4.1.3., Let N1 × . . . × Nt = Soc(G) where t > 1, and G

a group with Op(G) = 1. Let Mi be the largest normal subgroup in G containing

N1 × . . . × Ni−1 × Ni+1 × . . . × Nt but not containing Ni (i = 1, . . . , t). Then

1) for every i ∈ {1, . . . , t}, Op(G/Mi) = 1, G/Mi is monolithic and its socle

NiMi/Mi is G-isomorphic to Ni ;

2) M1

⋂

. . .
⋂

Mt = 1.

Lemma 3. Let M be a semiformation and A ∈ lτωn
form M. Then the following

statements hold:

1) if Op(A) = 1 and p ∈ ω, then A ∈ lτωn
form M1 where M1 = {G/Op(G) | G ∈

M};

2) if Aωd = 1, then A ∈ lτωn
form M2 where M2 = {G/Gωd | G ∈ M}.

Proof. If A ∈ M, the result is clear. Hence we may suppose that A /∈ M.

Suppose that A is a monolithic group and R is the socle of A. Let n = 0. Then

A ∈ lτω0
form M = form M. Hence, by [1], Corollary 1.2.26, there exists a group H in

form M, normal subgroups N, M, N1, . . . , Nt, M1, . . . , Mt(t ≥ 2) in H such that the

following statements hold: 1) H/N ' A, M/N = Soc(H/N); 2) N1

⋂

. . .
⋂

Nt = 1;

3) H/Ni is a monolithic M-group and Mi/Ni is the socle of H/Ni which is H-

isomorphic to M/N . Since Op(A) = 1, we have

A ∈ QR0{H/N1, . . . , H/Nt} ⊆ form M1.

Let n > 0. Suppose that Op(A) = 1. If R is nonabelian, then Lemma 1 implies

A ∈ M. This contradicts the choice of A. Hence R is a q-group where q ∈ ω \ {p}.

Consequently, Fq(A) = Oq(A). Since for every group G we have

G/Gωd ' (G/Op(G))/(Gωd/Op(G))

= (G/Op(G))/(G/Op(G))ωd,

by [2], Lemma 5, it follows that f(ω′) = h(ω′) where f and h are minimal lτωn−1
-

valued ω-local satellites of F = lτωn
form M and H = lτωn

form M1 respectively. If

q /∈ ω, then Aωd = 1 and so

A ' A/Aωd ∈ f(ω′) = h(ω′) ⊆ H.

Let q ∈ ω. Since for every group G we have

G/Fq(G) ' (G/Op(G))/(Fq(G)/Op(G))

= (G/Op(G))/Fq(G/Op(G)),

by [2], Lemma 5, it follows that f(q) = h(q). Hence A/Oq(A) ∈ H and

A/Fr(A) ' (A/Oq(A))/(Fr(A)/Oq(A))
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= (A/Oq(A))/Fr(A/Oq(A)) ∈ h(r),

for all r ∈ ω
⋂

π(A). We deduce, that A ∈ H. Analogously A ∈ lτωn
form M2 where

M2 = {G/Gωd | G ∈ M}.

Now suppose that Soc(A) = N1 × . . . × Nt where t > 1. Let Mi be the largest

normal subgroup of A containing N1×. . .×Ni−1×Ni+1×. . .×Nt but not containing

Ni, i = 1, . . . , t. Using Lemma 2, we have A ∈ R0(A/M1, . . . , A/Mt) where A/Mi

is monolithic, NiMi/Mi is the socle of A/Mi and Op(A/Mi) = 1. Clearly A/Mi ∈

lτωn
form M. As we proved above, A/Mi ∈ lτωn

form M1. Consequently, A ∈ H, as

claimed.

Let {Fi | i ∈ I} be an arbitrary collection of τ -closed n-multiply ω-saturated

formations. We denote

∨τ
ωn

(Fi | i ∈ I) = lτωn
form (

⋃

i∈I

Fi).

In particular,

M ∨τ
ωn

H = lτωn
form (M

⋃

H).

A function f : ω
⋃

{ω′} → {formations of groups} is called lτωn
-valued if all its

values belong to the lattice lτωn
.

Let {fi | i ∈ I} be a collection of lτωn
-valued functions of the form

fi : ω
⋃

{ω′} → {formations of groups}.

In this case, by ∨τ
ωn

(fi | i ∈ I) we denote a function f such that f(ω′) =

lτωn
form (

⋃

i∈I fi(ω
′)). In particular,

(f1 ∨
τ
ωn

f2)(ω
′) = lτωn

form (f1(ω
′)

⋃

f2(ω
′))

and for p ∈ ω we have f(p) = lτωn
form (

⋃

i∈I fi(p)). In particular,

(f1 ∨
τ
ωn

f2)(p) = lτωn
form (f1(p)

⋃

f2(p))

if at least one of the formations fi(p) 6= ∅. If fi(p) = ∅ for all i ∈ I , then we

suppose that f(p) = ∅.

Lemma 4. Let fi be the minimal lτωn−1
-valued ω-local satellite of a τ -closed

n-multiply ω-saturated formation Fi where i ∈ I. Then ∨τ
ωn−1

(fi | i ∈ I) is the

minimal lτωn−1
-valued ω-local satellite of F = ∨τ

ωn
(Fi | i ∈ I).

Proof. Observe that

π(
⋃

i∈I

Fi) =
⋃

i∈I

π(Fi) = π(F).

Let f = ∨τ
ωn−1

(fi | i ∈ I), and let h be the minimal lτωn−1
-valued ω-local satellite

of F. Let p ∈ ω \ π(F). In this case, for every i ∈ I , we have fi(p) = ∅. Hence

f(p) = ∅. Clearly h(p) = ∅.
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Let p ∈ ω ∩ π(F). In this case, there is i ∈ I such that fi(p) 6= ∅. Using [2],

Lemma 5, we have

h(p) = lτωn−1
form (G/Fp(G) | G ∈

⋃

i∈I

Fi) =

lτωn−1
form (

⋃

i∈I

lτωn−1
form (G/Fp(G) | G ∈ Fi)) =

lτωn−1
form (

⋃

i∈I

fi(p)) = (∨τ
ωn−1

(fi | i ∈ I))(p).

Moreover, by [2], Lemma 5, we have

h(ω′) = lτωn−1
form (G/Gωd | G ∈

⋃

i∈I

Fi) =

lτωn−1
form (

⋃

i∈I

lτωn−1
form (G/Gωd | G ∈ Fi)) =

lτωn−1
form (

⋃

i∈I

fi(ω
′)) = (∨τ

ωn−1
(fi | i ∈ I))(ω′).

Thus ∨τ
ωn−1

(fi | i ∈ I) is the minimal lτωn−1
-valued ω-local satellite of F = ∨τ

ωn
(Fi |

i ∈ I), and the lemma is proved.

If F = LFω(f) and f(a) ⊆ F for all a ∈ ω
⋃

{ω′}, then f is called an inner

satellite of F.

Lemma 5. If {Fi = LFω(fi) | i ∈ I} is a set of τ -closed ω-saturated formations

Fi where fi is an inner lτωn−1
-valued satellite of Fi, then

∨τ
ωn

(Fi | i ∈ I) = LFω(∨τ
ωn−1

(fi | i ∈ I)).

Proof. Let {Fi | i ∈ I} be a set of τ -closed n-multiply ω-saturated formations

and fi be an inner lτωn−1
-valued ω-local satellite of Fi. Let F = ∨τ

ωn
(Fi | i ∈ I),

M = LFω(∨τ
ωn−1

(fi | i ∈ I)) and hi be the minimal lτωn−1
-valued ω-local satellite

of Fi. Then by Lemma 4 we have that h = ∨τ
ωn−1

(hi | i ∈ I) is the minimal lτωn−1
-

valued ω-local satellite of τ -closed formation F. Clearly h ≤ f = ∨τ
ωn−1

(fi | i ∈ I).

Hence F ⊆ M. Suppose that the converse inclusion is false. Let G be a group of

minimal order in M \ F. Let R be the socle of G. Then R = GF. Let p ∈ π(R)
⋂

ω.

Suppose that R is nonabelian. Then Fp(G) = 1. Therefore

G ' G/Fp(G) ∈ (∨τ
ωn−1

(fi | i ∈ I))(p) = lτωn−1
form (

⋃

i∈I

fi(p)).

Hence, by Lemma 1, Lemma 5, we have

G ∈
⋃

i∈I

fi(p) ⊆
⋃

i∈I

Fi ⊆ F,
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a contradiction. Consequently, R is a p-group. Then Op(G) = Fp(G). But G ∈

M = LFω(∨τ
ωn−1

(fi | i ∈ I)). Hence G/Op(G) ∈ lτωn−1
form (

⋃

i∈I fi(p)). Since

Op(G/Op(G)) = 1, Lemma 3 and [2], imply

G/Op(G) ∈ lτωn−1
form (A/Op(A) | A ∈

⋃

i∈I

fi(p))

= lτωn−1
form (

⋃

i∈I

lτωn−1
form (A/Op(A) | A ∈ fi(p)))

= lτωn−1
form (

⋃

i∈I

hi(p)) = (∨τ
ωn−1

(hi | i ∈ I))(p) = h(p).

Hence, by [2], Lemma 4, we have G ∈ F, a contradiction. Consequently, ω
⋂

π(R) =

∅. Therefore Gωd = 1. Applying Lemma 3 and [2], Lemma 5, we have

G ' G/Gωd ∈ lτωn−1
form (A/Aωd | A ∈

⋃

i∈I

fi(ω
′))

= lτωn−1
form (

⋃

i∈I

lτωn−1
form (A/Aωd | A ∈ fi(ω

′)))

= lτωn−1
form (

⋃

i∈I

hi(ω
′)) = (∨τ

ωn−1
(hi | i ∈ I))(ω′) = h(ω′).

Consequently, F = M. This proves the lemma.

A subgroup functor τ is said to be closed [1] if H ∈ τ(G) always implies τ(H) ⊆

τ(G). If τ is a subgroup functor, we denote by τ the intersection of all closed functors

τi such that τ ≤ τi.

For every collection of groups X, by SτX we denote the set of all groups H such

that H ∈ τ(G) for a group G ∈ X (see [1]).

Lemma 6 [1] . Let X be a collection of groups. Then

τ form X = QR0S τ (X).

The intersection of all τ -closed semiformations containing X is called the τ -closed

semiformation generated by X [1].

Lemma 7 [1] . Let F be a τ -closed semiformation generated by X. Then

F = QSτ X.

Recall that a set of formations θ is called a complete lattice of formations (see

[1]) if an intersection of every set of formations in θ belongs to θ and there is a

formation F in θ such that M ⊆ F for every formation M of θ. A formation in θ

is called a θ-formation. By θform G we denote the intersection of all θ-formations

containing a group G.

If θ is a complete lattice of formations and M, H ∈ θ, then M
⋂

H is the greatest

lower bound for {M, H} in θ, and M∨θ H is the least upper bound for {M, H} in θ.

A
si

an
-E

ur
op

ea
n 

J.
 M

at
h.

 2
00

9.
02

:1
55

-1
69

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 F
U

D
A

N
 U

N
IV

E
R

SI
T

Y
 o

n 
05

/0
5/

15
. F

or
 p

er
so

na
l u

se
 o

nl
y.



March 19, 2009 14:9 WSPC/INSTRUCTION FILE 12˙Shemetskiba

162 L. A. Shemetkov, A. N. Skiba & N. N. Vorob’ev

A complete lattice of formations θ is called X-separated if for every term

ξ(x1, . . . , xm) of the signature {
⋂

, ∨θ}, every θ-formations F1, . . . , Fm and every

group A ∈ X
⋂

ξ(F1, . . . , Fm) there exist X-groups A1 ∈ F1, . . . , Am ∈ Fm such that

A ∈ ξ(θform A1, . . . , θform Am).

Lemma 8. The lattice lτωn
is G-separated.

Proof. Let ξ(x1, . . . , xm) be a term of the signature {
⋂

,∨τ
ωn

}, F1, . . . , Fm be

formations in lτωn
and A ∈ ξ(F1, . . . , Fm). We proceed by induction on the number

r of occurrences of the symbols in {
⋂

,∨τ
ωn

} into the term ξ. We show that there

exist groups Ai ∈ Fi (i = 1, . . . , m) such that A ∈ ξ(M1, . . . , Mm) where Mi =

lτωn
form Ai. It is obvious for r = 0. We prove the assertion for r = 1 by induction

on n. Let n = 0, i.e., either A ∈ F1

⋂

F2 or

A ∈ F1 ∨
τ
ω0

F2 = lτω0
form (F1

⋃

F2) = form (F1

⋃

F2).

In the first case A ∈ form A
⋂

form A. In the second case, by Lemma 6, we have

A ' H/N where

H ∈ R0(F1

⋃

F2).

Clearly HF1
⋂

HF2 = 1. Hence

A ∈ form (H/HF1 , H/HF2) = form (H/HF1)∨

form (H/HF2) ⊆ F1 ∨
τ
ω0

F2.

Let n > 0, {p1, . . . , pt} = π(A) and A ∈ F1 ∨τ
ωn

F2. Then using [2], Lemma 5,

and Lemma 4 we have

A/Fpi
(A) ∈ f1(pi) ∨

τ
ωn−1

f2(pi), A/Aωd ∈ f1(ω
′) ∨τ

ωn−1
f2(ω

′),

where fj is the minimal lτωn−1
-valued ω-local satellite of Fj where j = 1, 2. By

induction there exist groups Ai1 ∈ f1(pi), Ai2 ∈ f2(pi), T1 ∈ f1(ω
′), T2 ∈ f2(ω

′)

such that

A/Fpi
(A) ∈ (lτωn−1

form Ai1 ) ∨
τ
ωn−1

(lτωn−1
form Ai2 ),

A/Aωd ∈ (lτωn−1
form T1) ∨

τ
ωn−1

(lτωn−1
form T2).

Clearly,

(lτωn−1
form Ai1 ) ∨

τ
ωn−1

(lτωn−1
form Ai2 ) = lτωn−1

form (Ai1 , Ai2).

(lτωn−1
form T1) ∨

τ
ωn−1

(lτωn−1
form T2) = lτωn−1

form (T1, T2).

Let M1 be a semiformation generated by Ai1 , and M2 be a semiformation gen-

erated by Ai2 . By Lemma 7 we have M1 = (A1, . . . , At) and M2 = (B1, . . . , Br)

where A1, . . . , At ∈ QSτ (Ai1 ) and B1, . . . , Br ∈ QSτ (Ai2 ). Clearly M1

⋃

M2 is a

τ -closed semiformation and

A/Fpi
(A) ∈ lτωn−1

form (Ai1 , Ai2) = lτωn−1
form (M1

⋃

M2).
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Hence, by Lemma 3, we may suppose that

|Opi
(Ak)| = 1 = |Opi

(Bl)|

for all k = 1, . . . , t and l = 1, . . . , r. Applying Lemma 3 and analogous argument we

may suppose that (Ti)ωd = 1, i = 1, 2.

Let Di1 = A1 × . . . × At and Di2 = B1 × . . . × Br. Then

|Opi
(Di1)| = 1 = |Opi

(Di2)|.

Besides,

A/Fpi
(A) ∈ lτωn−1

form (Di1 , Di2) ⊆ lτωn−1
form (Ai1 , Ai2).

Let Zi be a group of order pi, Bi1 = Zi o Di1 and Bi2 = Zi o Di2 . Using [2] we

have Bi1 ∈ F1, Bi2 ∈ F2. Hence

A1 = B11
× B21

× . . . × Bt1 × T1 ∈ F1, A2 = B12
× B22

× . . . × Bt2 × T2 ∈ F2.

We show that

A ∈ F = (lτωn
form A1) ∨

τ
ωn

(lτωn
form A2).

It suffices to prove A/Aωd ∈ f(ω′) and A/Fpi
(A) ∈ f(pi) where f is the minimal

lτωn−1
-valued ω-local satellite of F. Clearly Bi1 ∈ F. Hence Bi1/Fpi

(Bi1) ∈ f(pi).

Since Opi
(Di1) = 1, we have Bi1/Fpi

(Bi1) ' Di1 , i.e. Di1 ∈ f(pi). Analogously we

deduce that Di2 ∈ f(pi). Consequently,

A/Fpi
(A) ∈ lτωn−1

form (Di1 , Di2) ⊆ f(pi).

Clearly T1, T2 ∈ F. Hence, by [2], Lemma 5, we have

Ti ' Ti/(Ti)ωd ∈ f(ω′) = lτωn−1
form (G/Gωd | G ∈ F) = f(ω′).

Consequently, lτωn−1
form (T1, T2) ⊆ f(ω′). Therefore A/Aωd ∈ f(ω′). This completes

the proof of the lemma for r = 1.

Let a term ξ have r > 1 occurrences of the symbols in {
⋂

, ∨τ
ωn

}. We suppose

proving by induction that the lemma holds for terms with less number of occur-

rences. Assume that ξ is of the form

ξ1(xi1 , . . . , xia
)4ξ2(xj1 , . . . , xjb

),

where 4 ∈ {
⋂

,∨τ
ωn

} and

{xi1 , . . . , xia
}

⋃

{xj1 , . . . , xjb
} = {x1, . . . , xm}.

By H1 we denote the formation ξ1(Fi1 , . . . , Fia
), and by H2 the formation

ξ2(Fj1 , . . . , Fjb
). Then, as it was proved above, there are groups A1 ∈ H1 and

A2 ∈ H2 such that A ∈ lτωn
form A14lτωn

form A2. On the other hand, since the

number of operations in the term ξ1 is less than r, it follows by induction that there

exist groups B1 ∈ Fi1 , . . . , Ba ∈ Fia
such that A1 ∈ ξ1(l

τ
ωn

form B1, . . . , l
τ
ωn

form Ba).

Analogously there exist groups C1 ∈ Fj1 , . . . , Cb ∈ Fjb
such that A2 ∈

ξ2(l
τ
ωn

form C1, . . . , l
τ
ωn

form Cb).
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Let xit+1
, . . . , xia

∈ {xj1 , . . . , xjb
} and let {xi1 , . . . , xit

} ∩ {xj1 , . . . , xjb
} = ∅.

Assume that

Dik
=















Bk, for k < t + 1,

Bk × Cq , where xik
= xjq

,

for some q ∈ {1, . . . , b} provided that k ≥ t + 1.

Let Djk
= Ck if xjk

/∈ {xit+1
, . . . , xia

}. By Mp we denote the formation lτωn
form Dip

where p = 1, . . . , a, and by Xc the formation lτωn
form Djc

where c = 1, . . . , b. Thus

A1 ∈ ξ1(l
τ
ωn

form B1, . . . , l
τ
ωn

form Ba) ⊆

⊆ ξ1(l
τ
ωn

form Di1 , . . . , l
τ
ωn

form Dia
) = ξ1(M1, . . . , Ma),

A2 ∈ ξ2(l
τ
ωn

form C1, . . . , l
τ
ωn

form Cb) ⊆

⊆ ξ2(l
τ
ωn

form Dj1 , . . . , l
τ
ωn

form Djb
) = ξ2(X1, . . . , Xb).

Consequently, there exist formations K1, . . . , Km such that

A ∈ ξ1(Ki1 , . . . , Kia
)4ξ2(Kj1 , . . . , Kjb

) = ξ(K1, . . . , Km)

where Ki = lτωn
form Ki for Ki ∈ Fi. This proves the claim.

For every term ξ of the signature {
⋂

,∨τ
ωn

} we denote by ξ a term of the signature

{
⋂

,∨τ
ωn−1

} obtained from ξ by replacing of every symbol ∨τ
ωn

by the symbol ∨τ
ωn−1

.

Lemma 9. Let ξ(x1, . . . , xm) be a term of the signature {
⋂

,∨τ
ωn

} and fi be an

inner lτωn−1
-valued ω-local satellite of a formation Fi where i = 1, . . . , m. Then

ξ(F1, . . . , Fm) = LFω(ξ(f1, . . . , fm)).

Proof. We proceed by induction on the number r of occurrences of the symbols

in {
⋂

,∨τ
ωn

} into ξ. Let

ξ(x1, . . . , xm) = ξ1(xi1 , . . . , xia
)4ξ2(xj1 , . . . , xjb

)

where 4 ∈ {
⋂

,∨τ
ωn

},

{xi1 , . . . , xia
}

⋃

{xj1 , . . . , xjb
} = {x1, . . . , xm}.

Assume that the lemma holds for the terms ξ1 and ξ2. Then

ξ1(Fi1 , . . . , Fia
) = LFω(ξ1(fi1 , . . . , fia

)),

ξ2(Fj1 , . . . , Fjb
) = LFω(ξ2(fj1 , . . . , fjb

)).

It is clear that ξ1(fi1 , . . . , fia
) and ξ2(fj1 , . . . , fjb

) are inner lτωn−1
-valued ω-local

satellites of the formations ξ1(Fi1 , . . . , Fia
) and ξ2(Fj1 , . . . , Fjb

), respectively. Hence
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by induction we have

ξ(F1, . . . , Fm) = ξ1(Fi1 , . . . , Fia
)4 ξ2(Fj1 , . . . , Fjb

)

= LFω(ξ1(fi1 , . . . , fia
)4 ξ2(fj1 , . . . , fjb

)) = LFω(ξ(f1, . . . , fm))

where 4 =
⋂

if 4 =
⋂

and 4 = ∨τ
ωn−1

if 4 = ∨τ
ωn

, as claimed.

Lemma 10. Let θ be a X-separated complete lattice of formations and η be a

sublattice of θ such that η contains all one-generated θ-subformations of the form

θ form A, where A ∈ X, of every formation F ∈ η. Suppose that a law ξ1 = ξ2 of the

signature {
⋂

,∨θ} is true for all one-generated θ-formations belonging to η. Then

the law ξ1 = ξ2 is true for all θ-formations belonging to η.

Proof. Let xi1 , . . . , xia
be arguments occurring in the term ξ1, let xj1 , . . . , xjb

be

arguments occurring in the term ξ2, and let Fi1 , . . . , Fia
; Fj1 , . . . , Fjb

∈ η. We show

that

F = ξ1(Fi1 , . . . , Fia
) ⊆ ξ2(Fj1 , . . . , Fjb

) = M.

Without loss of generality we may suppose that

xj1 , . . . , xjt
∈ {xi1 , . . . , xia

}

and

{xjt+1
, . . . , xjb

}
⋂

{xi1 , . . . , xia
} = ∅.

Let A ∈ F. Then, by assumption there exist X-groups Ai1 , . . . , Aia
such that Aik

∈

Fik
(where k = 1, . . . , a) and

A ∈ ξ1(θform Ai1 , . . . , θform Aia
).

Let

Hik
= θform Aik

,

and let

Hjk
=















Hic
, where xjk

= xic
,

for some c ∈ {1, . . . , a} for all k ∈ {1, . . . , t},

θform Bjk
, for some group Bjk

∈ Fjk
provided that k > t.

By assumption

ξ1(Hi1 , . . . , Hia
) = ξ2(Hj1 , . . . , Hjb

).

But ξ2(Hj1 , . . . , Hjb
) ⊆ M. Therefore A ∈ M. Thus F ⊆ M. The inverse inclusion

can be proved analogously. Hence F = M, which completes the proof of this lemma.

Proof of Theorem 1. Fix a law

ξ1(xi1 , . . . , xia
) = ξ2(xj1 , . . . , xjb

) (1)
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of the signature {
⋂

,∨τ
ωn

}. Let

ξ1(xi1 , . . . , xia
) = ξ2(xj1 , . . . , xjb

) (2)

be the same law of the signature {
⋂

,∨τ
ωn−1

}.

Suppose that law (2) is true in the lattice lτωn−1
. Let

Fi1 , . . . , Fia
; Fj1 , . . . , Fjb

be τ -closed n-multiply ω-saturated formations. We show that

ξ1(Fi1 , . . . , Fia
) = ξ2(Fj1 , . . . , Fjb

).

Let fic
be the minimal lτωn−1

-valued ω-local satellite of Fic
(where c = 1, . . . , a) and

fjd
be the minimal lτωn−1

-valued ω-local satellite of Fjd
(where d = 1, . . . , b). Then

using Lemma 9 we have

ξ1(Fi1 , . . . , Fia
) = LFω(ξ1(fi1 , . . . , fia

)),

ξ2(Fj1 , . . . , Fjb
) = LFω(ξ2(fj1 , . . . , fjb

)).

Besides, formations

fi1(ω
′), . . . , fia

(ω′); fj1(ω
′), . . . , fjb

(ω′)

and formations

fi1(p), . . . , fia
(p); fj1(p), . . . , fjb

(p)

belong to the lattice lτωn−1
for every prime p ∈ ω. Then by assumption

ξ1(fi1 , . . . , fia
)(p) = ξ1(fi1(p), . . . , fia

(p)) =

ξ2(fj1(p), . . . , fjb
(p)) = ξ2(fj1 , . . . , fjb

)(p)

and

ξ1(fi1 , . . . , fia
)(ω′) = ξ1(fi1(ω

′), . . . , fia
(ω′)) =

ξ2(fj1(ω
′), . . . , fjb

(ω′)) = ξ2(fj1 , . . . , fjb
)(ω′).

Consequently,

ξ1(Fi1 , . . . , Fia
) = ξ2(Fj1 , . . . , Fjb

).

Thus law (1) is true in the lattice lτωn
, and the result is proved.

Now we give some corollaries of Theorem 1.

Corollary 1.1 (A.N. Skiba [3]). The lattice of all saturated formations is mod-

ular.

Corollary 1.2 (L.A. Shemetkov and A.N. Skiba [4]). The lattice of all n-multiply

saturated formations is modular.

Corollary 1.3 (Ballester-Bolinches and L. A. Shemetkov [5]). The lattice of all

p-saturated formations is modular.
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Corollary 1.4 (A. N. Skiba [1]). The lattice of all τ -closed n-multiply saturated

formations is modular.

Corollary 1.5 (A. N. Skiba and L. A. Shemetkov [2]). The lattice of all n-

multiply ω-saturated formations is modular.

Corollary 1.6 (I. P. Shabalina [7]). The lattice of all τ -closed n-multiply ω-

saturated formations is modular.

3. Proof of Theorem 2

Proof. Fix a law

ξ1(xi1 , . . . , xia
) = ξ2(xj1 , . . . , xjb

) (3)

of the signature {
⋂

,∨τ
ωn

}. Let

ξ1(xi1 , . . . , xia
) = ξ2(xj1 , . . . , xjb

) (4)

be the same law of the signature {
⋂

,∨τ
ωn−1

}.

Suppose that law (3) is true in the lattice lτωn
. We show that law (4) is true in

the lattice lτωn−1
. By Lemma 10, it suffices to prove that if

Fi1 , . . . , Fia
; Fj1 , . . . , Fjb

are every one-generated τ -closed (n − 1)-multiply ω-saturated formations, then

ξ1(Fi1 , . . . , Fia
) = ξ2(Fj1 , . . . , Fjb

).

Let

Fi1 = lτωn−1
form Ai1 , . . . , Fia

= lτωn−1
form Aia

;

Fj1 = lτωn−1
form Aj1 , . . . , Fjb

= lτωn−1
form Ajb

.

We choose prime p ∈ ω such that p /∈ π(Ai1 , . . . , Aia
, Aj1 , . . . , Ajb

). Let

Bi1 = P o Ai1 , . . . , Bia
= P o Aia

;

Bj1 = P o Aj1 , . . . , Bjb
= P o Ajb

,

where P is a group of order p. Since formations

Mi1 = lτωn
form Bi1 , . . . , Mia

= lτωn
form Bia

;

Mj1 = lτωn
form Bj1 , . . . , Mjb

= lτωn
form Bjb

belong to lτωn
, we have F = M where

F = ξ1(Mi1 , . . . , Mia
) and M = ξ2(Mj1 , . . . , Mjb

).

Let fic
be the minimal lτωn−1

-valued ω-local satellite of Mic
(where c = 1, . . . , a)

and fjd
be the minimal lτωn−1

-valued ω-local satellite of Mjd
(where d = 1, . . . , b).

By Lemma 9 we have

ξ1(Mi1 , . . . , Mia
) = LFω(ξ1(fi1 , . . . , fia

)),
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ξ2(Mj1 , . . . , Mjb
) = LFω(ξ2(fj1 , . . . , fjb

)).

Let f and m be the minimal lτωn−1
-valued ω-local satellites of F and M, respectively.

Then using [2], Lemma 5 (3) and Lemma 4, we have

f(p) = ξ1(fi1 , . . . , fia
)(p) = ξ1(fi1(p), . . . , fia

(p))

and

m(p) = ξ2(fj1 , . . . , fjb
)(p) = ξ2(fj1(p), . . . , fjb

(p)).

Hence

ξ1(fi1(p), . . . , fia
(p)) = ξ2(fj1(p), . . . , fjb

(p)).

Since Op(Aic
) = 1, by [2], Lemma 5 (3), we have fic

(p) = Fic
where c = 1, . . . , a.

Analogously fjd
(p) = Fjd

where d = 1, . . . , b.

Consequently,

ξ1(Fi1 , . . . , Fia
) = ξ2(Fj1 , . . . , Fjb

),

i.e., law (4) is true in the lattice lτωn−1
. Thus every law of lτωn

is true in lτω0
. Using

Theorem 1, we have the result.

If ω = P, we write lτn instead lτωn
. We have the following corollaries.

Corollary 2.1 (A.N. Skiba [1]). Let n and m be nonnegative integers. Then the

law systems of lattices lτn and lτm coincide.

If τ is trivial (τ(G) = {G} for every group G), we have the following result.

Corollary 2.2 (L. A. Shemetkov and A. N. Skiba [4]). Let n and m be nonneg-

ative integers. Then the law systems of lattices ln and lm coincide.

Finally, we note that V.G. Safonov proved modularity of the lattice of all to-

tally saturated formations [11] and modularity of the lattice of all τ -closed totally

saturated formations [12].
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