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We prove that every law of the lattice of all τ -closed formations of finite groups is
fulfilled in the lattice of all τ -closed n-multiply ω-composition formations of finite groups
for every non-empty set of primes ω and every non-negative integer n. Let n ≥ 0 and
ω be an infinite set of primes. It is proved that the lattice of all τ -closed n-multiply
ω-composition formations is not distributive.
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1. Introduction

Recall that a variety of groups may be defined as a non-empty class of groups closed
under taking homomorphic images and subcartesian products (see [17, Chap. 1,
Sec. 5, Remark 15.53]). It is well known that the lattice of all varieties of groups
is modular but is not distributive (see [17]). In the universe of all finite groups the
definition of a variety leads to the concept of a formation. Therefore the theory of
varieties plays a part in the study of formations of finite groups. For example A. N.
Skiba [27, p. 91] and [31, p. 137] proved: the lattice of all locally finite varieties is
a sublattice of the lattice of all hereditary formations.

All groups considered are finite. Throughout this paper, we will use ω to denote
a non-empty set of primes and ω′ = P \ω. We will consider only subgroup functors

†Corresponding author.
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τ such that for any group G all subgroups of τ(G) are subnormal in G. A formation
is a class of groups closed under taking homomorphic images and finite subdirect
products. Recall that a formation F is called ω-saturated if the condition G/

(
Φ(G)∩

Oω(G)
) ∈ F always implies G ∈ F. Further it was found generalizations of ω-

saturated formations (ω-composition formations [32] and X-local formations [5])
which have some interesting applications. In particular Skiba [31], Guo Wenbin [12],
Ballester-Bolinches and Ezquerro [6] established that the lattices of formations are
very useful to study finite groups and group classes. Recently in the papers [7–9]
it was proposed a new approach of formation theory application in the theory of
formal languages. In 1986, Skiba (see [31]) proved that the lattice of all (saturated)
formations is modular. Later it was found many applications of this result for
research of a saturated formations structure (see [31, Chaps. 4 and 5; 12, Chap. 4].

Let m and n be non-negative integers. In [31], Skiba proved that the law system
of the lattice of all τ -closed m-multiply saturated formations coincides with the
law system of the lattice of all τ -closed n-multiply saturated formations (for all
related definitions see Sec. 2). Guo and Skiba [14] showed that for any infinite set
of primes ω the law system of the lattice of all m-multiply ω-saturated formations
coincides with the law system of the lattice of all n-multiply ω-saturated formations.
This result was extended to the lattices of functor-closed n-multiply ω-saturated
formations [28]. In [37], the analogous fact established in the class of all n-multiply
ω-composition formations.

In 2000, Skiba and Shemetkov proposed the question about the laws of the
lattices of multiply L-composition formations (see [32]). We study the following
general question.

Question 1.1. Let m and n be non-negative integers. Does it true that for any
sugbroup functor τ and any non-empty set of primes ω the lattices cτ

ωm
and cτ

ωn

have the same system of laws?

To obtain the solution of this problem for an infinite set of primes ω is the aim
of this paper. We notice the above-mentioned results on modular lattices of compo-
sition formations are special cases of Theorem 3.1. An important step towards this
aim is G-separability of the lattice of all τ -closed n-multiply ω-composition forma-
tions (see Theorem 3.2). By Theorems 3.2 and 3.3 we obtain some applications of
the main results. In particular, it is shown that the lattice cτ

ωn
is not distributive for

an infinite set of primes ω (Theorem 4.1). All unexplained notations and terminolo-
gies are standard. The reader is refereed to [6, 10, 12, 13, 25, 27, 31, 32] if necessary.

2. Preliminaries

Let p ∈ P, and G be a group. Recall that the subgroup Cp(G) is the intersection of
the centralizers of all the abelian p-chief factors of G, with Cp(G) = G if G has no
abelian p-chief factors. For any set of groups X we denote by Com(X) the class of
all simple abelian groups A such that A ∼= H/K where H/K is a composition factor
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of G ∈ X. The symbols Np and Gω denote the class of all p-groups and the class of
all ω-groups. For every group class F ⊇ (1) by GF we denote the intersection of all
normal subgroups N such that G/N ∈ F, and by GF we denote the product of all
normal F-subgroups of the group G. In particular the symbols Op(G) and Rω(G)
denote, respectively, the Np-radical of G and the Sω-radical of G. We also use A �B
to denote the regular wreath product of groups A and B.

Let f be a function of the form

f : ω ∪ {ω′} → {formations of groups}. (2.1)

According to [32] we consider the class of groups

CFω(f) = (G |G/Rω(G) ∈ f(ω′) and G/Cp(G) ∈ f(p) for all p ∈ ω ∩ π(Com(G))).

If F is a formation such that F = CFω(f) for a function f of the form (2.1), then F

is said to be ω-composition and f is said to be an ω-composition satellite of F [32].
Every formation is 0-multiply ω-composition by definition. For n > 0, a for-

mation F is called n-multiply ω-composition [32] if F = CFω(f) and all non-empty
values of f are (n−1)-multiply ω-composition formations. We note that n-multiply
ω-composition formations are useful because they have a wide spectrum of appli-
cations in the theory of formations.

Let Θ be a set of formations. A formation in Θ is called a Θ-formation. If the
intersection of every set of Θ-formations belongs to Θ and there is a Θ-formation F

such that M ⊆ F for every other Θ-formation M, then Θ is called a complete lattice
of formations (see [31]).

Let Θ be a complete lattice of formations. If M, H ∈ Θ, then M ∩ H is the
greatest lower bound for {M, H} in Θ; and M ∨Θ H is the least upper bound for
{M, H} in Θ. A satellite f is called Θ-valued if all its values belong to Θ (see [32]).
If F = CFω(f) and f(a) ⊆ F for all a ∈ ω ∪ {ω′}, then f is called an inner satellite
of F.

We denote by Θωc the set of all formations having an ω-composition Θ-valued
satellite (see [32, 33]). In [32, p. 901], Skiba and Shemetkov proved that Θωc is a
complete lattice of formations.

In each group G, we select a system of subgroups τ(G). We say that τ is a
subgroup functor (in the sense of Skiba) if

(1) G ∈ τ(G) for every group G;
(2) for every epimorphism ϕ : A 
→ B and any H ∈ τ(A) and T ∈ τ(B), we have

Hϕ ∈ τ(B) and T ϕ−1 ∈ τ(A).

If τ(G) = {G}, then the functor τ is called trivial. A formation F is called
τ-closed if τ(G) ⊆ F for every group G of F (see [31]).

The collection of all τ -closed n-multiply ω-composition formations cτ
ωn

is a com-
plete lattice by an inclusion ⊆. By cτ

ω0
and cω

n we denote the lattice of all τ -closed
formations and the lattice of all n-multiply ω-composition formations, respectively.
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Applying [38, Lemmas 2.1 and 3.1], we see that (cτ
ωn−1

)ωc = cτ
ωn

for any positive
integer n.

We cite here some known results as lemmas which will be useful later on. Let
{fi | i ∈ I} be a collection of ω-composition satellites. By

⋂
i∈I fi we denote the

ω-composition satellite f such that f(a) =
⋂

i∈I fi(a) for all a ∈ ω∪{ω′} (see [32]).

Lemma 2.1 ([32, Lemma 2]). Let F =
⋂

i∈I Fi where Fi = CFω(fi). Then
F = CFω(f) where f =

⋂
i∈I, fi.

Let X be a class of groups. The symbol τ form X denotes the τ -closed formation
generated by X, i.e. the intersection of all τ -closed formations containing X.

Lemma 2.2 ([31, Corollary 1.2.24]). Let {Mi | i ∈ I} be a collection of τ-closed
formations. Then

τ form

(⋃
i∈I

Mi

)
= form

(⋃
i∈I

Mi

)
.

Recall that a group class closed under taking homomorphic images is called a
semiformation (see [27]). Let X be a class of groups. By [31], the intersection of all
τ -closed semiformations containing X is called the τ-closed semiformation generated
by X.

Lemma 2.3 ([31, Lemma 1.2.21]). Let F be a τ-closed semiformation generated
by X. Then F = qsτX.

Let τ be a subgroup functor. For any collection of groups X the symbol sτ

denotes the set of groups H such that H ∈ τ(G) for some group G ∈ X. A class of
groups F is called τ-closed if sτ (F) = F. We say that τ is a closed subgroup functor
if for any groups G and H ∈ τ(G) we have τ(H) ⊆ τ(G).

According to [31] we define a partial order ≤ on the set of all subgroup functors
as follows: τ1 ≤ τ2 if and only if τ1(G) ⊆ τ2(G) for any group G ∈ X. By τ we
denote the intersection of all closed subgroup functors τi such that τ ≤ τi. The
functor τ is called the closure of τ (see [31]).

Lemma 2.4 ([31, Lemma 1.2.22]). Let X be a collection of groups. Then
τ form X = qr0sτ (X).

Let {fi | i ∈ I} be the collection of all ω-composition cτ
ωn−1

-valued satellites of a
formation F. Since the lattice cτ

ωn
is complete, using Lemma 2.1, we conclude that

f =
⋂

i∈I, fi is an ω-composition cτ
ωn−1

-valued satellite of F. The satellite f is called
minimal.

If Θ is a complete lattice of formations, then Θ form X is the intersection of
all Θ-formations containing a class of groups X. In particular, if X = {G}, we
write Θ form G. Thus cτ

ωn
form X is the intersection of all τ -closed n-multiply ω-

composition formations containing a class of groups X. In the paper [35, Lemma 8]
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it is given a description of the minimal cτ
ωn−1

-valued satellite of a formation F =
cτ
ωn

form X.

Lemma 2.5 ([31, Corollary 4.2.8]). The lattice of all τ-closed n-multiply satu-
rated formations is modular but not distributive for any non-negative integer n.

The symbol fin(M) denotes the class of all finite groups such that G ∈ M where
M is a variety of groups.

Lemma 2.6 ([31, Lemma 3.4.3]). For every variety of groups M the map fin of
the form M → fin M is an embedding of the lattice and semigroup of locally finite
varieties into the algebra of all formations.

Let Θ be a complete lattice of formations. Let {Fi | i ∈ I} be an arbitrary
collection of Θ-formations. We denote

∨
Θ

(Fi | i ∈ I) = Θ form

(⋃
i∈I

Fi

)
.

In particular, if Θ = cτ
ωn

we have
∨τ

ωn
(Fi | i ∈ I) = cτ

ωn
form (

⋃
i∈I Fi). Let {fi |

i ∈ I} be a collection of Θ-valued functions of the form (2.1). In this case, by∨
Θ(fi | i ∈ I) we denote a function f such that f(a) = Θ form (

⋃
i∈I fi(a)) for all

a ∈ ω ∪ {ω′}.
Let X be a non-empty class of groups. A complete lattice of formations Θ is called

X-separated [31] if for any term ξ(x1, . . . , xm) of signature {∩,∨Θ}, any formations
F1, . . . , Fm of Θ, and any group A ∈ X ∩ ξ(F1, . . . , Fm), there exist X-groups A1 ∈
F1, . . . , Am ∈ Fm such that A ∈ ξ(Θ form A1, . . . , Θ form Am).

Lemma 2.7 ([37, Lemma 17]). Let Θ be an X-separated lattice of formations
and let η be a sublattice of Θ such that η contains all one-generated Θ-subformations
of the form Θ form A, where A ∈ X, of every formation F ∈ η. Suppose that a law
ξ1 = ξ2 of signature {∩,∨Θ} is true for all one-generated Θ-formations belonging
to η. Then the law ξ1 = ξ2 is true for all Θ-subformations belonging to η.

3. Main Results

For every term ξ of signature {∩,∨τ
ωn

} we denote by ξ the term of signature
{∩,∨τ

ωn−1
} obtained from ξ by replacing every symbol ∨τ

ωn
by the symbol ∨τ

ωn−1
.

Lemma 3.1. Let ξ(xi1 , . . . , xim) be a term of signature {∩,∨τ
ωn

} and let fi be an
inner cτ

ωn−1
-valued ω-composition satellite of a formation Fi where i = 1, . . . , m

and n ≥ 1. Then ξ(F1, . . . , Fm) = CFω(ξ(f1, . . . , fm)).

Proof. See the proof of [37, Lemma 16].

Theorem 3.1. Let n ≥ 1. Then every law of the lattice of all τ-closed formations
cτ
0 is fulfilled in the lattice of all τ-closed n-multiply ω-composition formations cτ

ωn
.
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Proof. Fix a law

ξ1(xi1 , . . . , xia) = ξ2(xj1 , . . . , xjb
) (3.1)

of signature {∩,∨τ
ωn

}. Let

ξ1(xi1 , . . . , xia) = ξ2(xj1 , . . . , xjb
) (3.2)

be the same law of signature {∩,∨τ
ωn−1

}. Suppose that law (3.2) is true in the lattice
cτ
ωn−1

. Let Fi1 , . . . , Fia ; Fj1 , . . . , Fjb
be arbitrary τ -closed n-multiply ω-composition

formations. We show that ξ1(Fi1 , . . . , Fia) = ξ2(Fj1 , . . . , Fjb
).

Let fic be the minimal cτ
ωn−1

-valued ω-composition satellite of Fic (where c =
1, . . . , a) and let fjd

be the minimal cτ
ωn−1

-valued ω-composition satellite of Fjd

(where d = 1, . . . , b). By Lemma 3.1 we have

ξ1(Fi1 , . . . , Fia) = CFω(ξ1(fi1 , . . . , fia))

and

ξ2(Fj1 , . . . , Fjb
) = CFω(ξ2(fj1 , . . . , fjb

)).

By [35, Lemma 8] for every prime p ∈ ω, the formations fi1(p), . . . , fia(p);
fj1(p), . . . , fjb

(p) and the formations fi1(ω′), . . . , fia(ω′); fj1(ω′), . . . , fjb
(ω′) belong

to cτ
ωn−1

. By induction,

ξ1(fi1 , . . . , fia)(p) = ξ1(fi1(p), . . . , fia(p))

= ξ2(fj1(p), . . . , fjb
(p)) = ξ2(fj1 , . . . , fjb

)(p)

and

ξ1(fi1 , . . . , fia)(ω′) = ξ1(fi1(ω
′), . . . , fia(ω′))

= ξ2(fj1(ω
′), . . . , fjb

(ω′)) = ξ2(fj1 , . . . , fjb
)(ω′).

Hence ξ1(Fi1 , . . . , Fia) = ξ2(Fj1 , . . . , Fjb
). Thus law (3.1) is true in the lattice cτ

ωn
,

and the result is proved.

Corollary 3.1 ([38, Corollary 2.5]). The lattice of all τ-closed n-multiply ω-
composition formations cτ

ωn
is modular for any non-negative integer n.

Proof. By Lemma 2.5 the lattice of all τ -closed formations cτ
0 is modular.

Using Theorem 3.1 we have the lattice cτ
ωn

is modular for any non-negative
integer n.

The following lemma is proved by direct calculation.

Lemma 3.2. Let n ≥ 1, fi be the minimal cτ
ωn−1

-valued ω-composition satellite
of a formation Fi, i ∈ I. Then

∨τ
ωn−1

(fi | i ∈ I) is the minimal cτ
ωn−1

-valued ω-
composition satellite of F =

∨τ
ωn

(Fi | i ∈ I).
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Lemma 2.3 implies the following result.

Lemma 3.3. Let Ri be a τ-closed semiformation generated by a group Gi, i =
1, 2. Then R1 ∪ R2 is a τ-closed semiformation and R1 = (B1, . . . , Bt), R2 =
(C1, . . . , Cs) for some B1, . . . , Bt ∈ qsτ (G1) and C1, . . . , Cs ∈ qsτ (G2).

Lemma 3.4. Let F1 and F2 be τ-closed n-multiply ω-composition formations and

A ∈ cτ
ωn

form(F1 ∪ F2), n ≥ 0.

Then there exist groups Ai ∈ Fi (i = 1, 2) such that

A ∈ (cτ
ωn

form A1) ∨τ
ωn

(cτ
ωn

form A2).

Proof. We proceed by induction on n. Let n = 0. Since the formations F1 and F2

are τ -closed, then by Lemmas 2.2 and 2.4 A ∈ cτ
ω0

form (F1∪F2) = form (F1∪F2) =
qr0(F1∪F2). Consequently A ∼= H/N where H ∈ r0(F1∪F2). Using [37, Lemma 15]
we have A ∈ form (H/HF1) ∨ form (H/HF2) ⊆ F1 ∨τ

ω0
F2.

Let n > 0, {p1, . . . , pt} = ω ∩ π(Com(A)) and A ∈ F1 ∨τ
ωn

F2. Then by
[35, Lemma 8] and Lemma 3.2, A/Cpi(A) ∈ f1(pi) ∨τ

ωn−1
f2(pi) and A/Rω(A) ∈

f1(ω′) ∨τ
ωn−1

f2(ω′) where fj is the minimal cτ
ωn−1

-valued ω-composition satellite
of Fj , j = 1, 2. By induction there exist the groups Ai1 ∈ f1(pi), Ai2 ∈ f2(pi),
T1 ∈ f1(ω′), T2 ∈ f2(ω′) such that

A/Cpi(A) ∈ (cτ
ωn−1

form Ai1) ∨τ
ωn−1

(cτ
ωn−1

form Ai2),

A/Rω(A) ∈ (cτ
ωn−1

form T1) ∨τ
ωn−1

(cτ
ωn−1

form T2).

We claim that

cτ
ωn−1

form (Ai1 , Ai2) = (cτ
ωn−1

form Ai1 ) ∨τ
ωn−1

(cτ
ωn−1

form Ai2),

cτ
ωn−1

form (T1, T2) = (cτ
ωn−1

form T1) ∨τ
ωn−1

(cτ
ωn−1

form T2).

Thus A/Cpi(A) ∈ cτ
ωn−1

form (Ai1 , Ai2) and A/Rω(A) ∈ cτ
ωn−1

form (T1, T2).
Let Rk be a τ -closed semiformation generated by the group Aik

and Yk be a
τ -closed semiformation generated by the group Tk where k = 1, 2. By Lemma 3.3
the semiformations R1 ∪ R2 and Y1 ∪ Y2 are τ -closed, and R1 = (B1, . . . , Bt)
and R2 = (C1, . . . , Cs) for some B1, . . . , Bt ∈ qsτ (Ai1) and C1, . . . , Cs ∈ qsτ (Ai2);
Y1 = (U1, . . . , Um) and Y2 = (V1, . . . , Vq) for some U1, . . . , Um ∈ qsτ (T1) and
V1, . . . , Vq ∈ qsτ (T2). Since Aik

∈ Rk (k = 1, 2), then cτ
ωn−1

form (Ai1 , Ai2) ⊆
cτ
ωn−1

form (R1 ∪ R2).
We prove the inverse inclusion. Since sτ (Aik

) ⊆ r0sτ (Aik
) (k = 1, 2), then by

Lemma 2.4, Rk = qsτ (Aik
) ⊆ qr0sτ (Aik

) = τ form (Aik
) where k = 1, 2. It fol-

lows that τ form (R1 ∪ R2) ⊆ τ form (Ai1 , Ai2). Hence cτ
ωn−1

form (R1 ∪ R2) ⊆
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cτ
ωn−1

form (Ai1 , Ai2). Thus cτ
ωn−1

form (Ai1 , Ai2) = cτ
ωn−1

form (R1 ∪ R2). Analo-
gously cτ

ωn−1
form (T1, T2) = cτ

ωn−1
form (Y1 ∪ Y2). Thus

A/Cpi(A) ∈ cτ
ωn−1

form (Ai1 , Ai2) = cτ
ωn−1

form (B1, . . . , Bt; C1, . . . , Cs),

A/Rω(A) ∈ cτ
ωn−1

form (T1, T2) = cτ
ωn−1

form (U1, . . . , Um; V1, . . . , Vq).

Since Opi(A/Cpi(A)) = 1 and Rω(A/Rω(A)) = 1, then by [35, Lemma 10]

A/Cpi(A) ∈ cτ
ωn−1

form (G/Opi(G) |G ∈ R1 ∪ R2)

= cτ
ωn−1

form (B1/Opi(B1), . . . , Bt/Opi(Bt); C1/Opi(C1), . . . , Cs/Opi(Cs)),

A/Rω(A) ∈ cτ
ωn−1

form (G/Rω(G) |G ∈ Y1 ∪ Y2)

= cτ
ωn−1

form (U1/Rω(U1), . . . , Um/Rω(Um); V1/Rω(V1), . . . , Vq/Rω(Vq)).

Thus we have the inclusions

cτ
ωn−1

form (B1, . . . , Bt; C1, . . . , Cs)

⊆ cτ
ωn−1

form (B1/Opi(B1), . . . , Bt/Opi(Bt); C1/Opi(C1), . . . , Cs/Opi(Cs)),

cτ
ωn−1

form (U1, . . . , Um; V1, . . . , Vq)

⊆ cτ
ωn−1

form (U1/Rω(U1), . . . , Um/Rω(Um); V1/Rω(V1), . . . , Vq/Rω(Vq)).

On the other hand, since R1∪R2 and Y1∪Y2 are semiformations, then for any
group G the following conditions hold: if G ∈ R1 ∪R2, then G/Opi(G) ∈ R1 ∪R2;
if G ∈ Y1 ∪ Y2, then G/Rω(G) ∈ Y1 ∪ Y2. Consequently

cτ
ωn−1

form (B1/Opi(B1), . . . , Bt/Opi(Bt); C1/Opi(C1), . . . , Cs/Opi(Cs))

= cτ
ωn−1

form (G/Opi(G) |G ∈ R1 ∪ R2)

⊆ cτ
ωn−1

form (R1 ∪ R2) = cτ
ωn−1

form (B1, . . . , Bt; C1, . . . , Cs),

cτ
ωn−1

form (U1/Rω(U1), . . . , Um/Rω(Um); V1/Rω(V1), . . . , Vq/Rω(Vq))

= cτ
ωn−1

form (G/Rω(G) |G ∈ Y1 ∪ Y2)

⊆ cτ
ωn−1

form (Y1 ∪ Y2) = cτ
ωn−1

form (U1, . . . , Um; V1, . . . , Vq).

Thus

A/Cpi(A) ∈ cτ
ωn−1

form (B1, . . . , Bt; C1, . . . , Cs)

= cτ
ωn−1

form (B1/Opi(B1), . . . , Bt/Opi(Bt); C1/Opi(C1), . . . , Cs/Opi(Cs)),

A/Rω(A) ∈ cτ
ωn−1

form (U1, . . . , Um; V1, . . . , Vq)

= cτ
ωn−1

form (U1/Rω(U1), . . . , Um/Rω(Um); V1/Rω(V1), . . . , Vq/Rω(Vq)).

Hence we may suppose that Opi(Bk) = 1 = Opi(Cl) and Rω(Ux) = 1 = Rω(Vz) for
all k = 1, . . . , t and l = 1, . . . , s; x = 1, . . . , m and z = 1, . . . , w.
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Let Di1 = B1 × · · · × Bt and Di2 = C1 × · · · × Cs; U = U1 × · · · × Um and
V = V1 × · · · × Vq. Then Opi(Di1 ) = 1 = Opi(Di2) and Rω(U) = 1 = Rω(V ).

It is clear that Di1 ∈ d0R1 ⊆ d0(cτ
ωn−1

form Ai1). Since d0 ≤ r0 (see [10, II,
c. 267]), then Di1 ∈ r0(cτ

ωn−1
form Ai1) = cτ

ωn−1
form Ai1 . Analogously Di2 ∈

cτ
ωn−1

form Ai2 . Consequently cτ
ωn−1

form (Di1 , Di2) ⊆ cτ
ωn−1

form (Ai1 , Ai2). Since
Bk ≤ Di1 for all k = 1, . . . , t, then R1 ⊆ cτ

ωn−1
form (Di1 , Di2). Analogously

R2 ⊆ cτ
ωn−1

form (Di1 , Di2). Consequently R1 ∪ R2 ⊆ cτ
ωn−1

form (Di1 , Di2). Thus
A/Cpi(A) ∈ cτ

ωn−1
form (R1 ∪ R2) ⊆ cτ

ωn−1
form (Ai1 , Ai2 ).

Let Zpi be a group of order pi, Wi1 = Zpi � Di1 and Wi2 = Zpi � Di2 . We show
that Wi1 ∈ F1. Let B = Z�

pi
be the base group of the wreath product Wi1 . By

the wreath product properties Wi1/Opi(Wi1 ) = Wi1/B = (Zpi � Di1)/B ∼= Di1 .

Since Ai1 ∈ f1(pi) and qsτ (Ai1) = (B1, . . . , Bt) where B1, . . . , Bt ∈ qsτ (Ai1), then
qsτ (Ai1 ) ⊆ qsτ (f1(pi)) = f1(pi) and B1, . . . , Bt ∈ f1(pi). Consequently

Di1 = B1 × · · · × Bt ∈ d0f1(pi) = f1(pi).

Since f1 is the minimal cτ
ωn−1

-valued ω-composition satellite of F1, then Di1 ∈
f1(pi)∩F1. Thus Wi1/Opi(Wi1 ) ∼= Di1 ∈ f1(pi)∩F1 for all pi ∈ ω∩π(Com(A)). By
[32, Lemma 4] Wi1 ∈ F1. Analogously Wi2 ∈ F2. Since T1 ∈ f1(ω′) and f1 is an inner
ω-composition satellite of F1, then T1 ∈ F1. Hence Ux ∈ F1 for all x = 1, . . . , m.
Analogously Vz ∈ F2 for all z = 1, . . . , q.

Let A1 = W11 × W21 × · · · × Wt1 × U and A2 = W12 × W22 × · · · × Wt2 × V.

Then A1 ∈ F1 and A2 ∈ F2. Using [37, Lemma 15] we see that

A ∈ F = (cτ
ωn

form A1) ∨τ
ωn

(cτ
ωn

form A2).

This proves the lemma.

Now we prove the following result, which plays an essential role in the proof of
our main results.

Theorem 3.2. Let n ≥ 0. Then the lattice of all τ-closed n-multiply ω-composition
formations is G-separated.

Proof. Let ξ(x1, . . . , xm) be a term of signature {∩,∨τ
ωn

}, F1, . . . , Fm be τ -closed
n-multiply ω-composition formations and A ∈ ξ(F1, . . . , Fm). We proceed by
induction on the number r of occurrences of the symbols in {∩,∨τ

ωn
} into the

term ξ. We show that there exist groups Ai ∈ Fi (i = 1, . . . , m) such that
A ∈ ξ(cτ

ωn
form A1, . . . , c

τ
ωn

form Am). Let r = 0. It is clear that A ∈ cτ
ωn

form A.
We prove the assertion for r = 1. There exist two cases: either A ∈ F1 ∩ F2 or

A ∈ F1 ∨τ
ω0

F2 = cτ
ω0

form (F1 ∪ F2) = τ form (F1 ∪ F2).

In the first case we have A ∈ τ form A ∩ τ form A. In the second case by
Lemma 3.4 there exist groups Ai ∈ Fi (i = 1, 2) such that A ∈ (cτ

ω0
form A1) ∨τ

ω0

(cτ
ω0

form A2) = (τ form A1) ∨τ
ω0

(τ form A2). The assertion of the theorem for
r = 1 is true.
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Let a term ξ have r > 1 occurrences of the symbols in {∩,∨τ
ωn

}. We sup-
pose proving by induction that the theorem holds for term with less number of
occurrences. Assume that ξ is of the form ξ1(xi1 , . . . , xia)ξ2(xj1 , . . . , xjb

) where
 ∈ {∩,∨τ

ωn
} and {xi1 , . . . , xia} ∪ {xj1 , . . . , xjb

} = {x1, . . . , xm}. By H1 we
denote the formation ξ1(Fi1 , . . . , Fia), and by H2 the formation ξ2(Fj1 , . . . , Fjb

).
There exist groups A1 ∈ H1, A2 ∈ H2 such that A ∈ cτ

ωn
form A1cτ

ωn
form A2.

On the other hand, by induction, there exist groups B1, . . ., Ba; C1, . . . , Cb

such that Bk ∈ Fik
, Ck ∈ Fjk

, A1 ∈ ξ1(cτ
ωn

form B1, . . . , c
τ
ωn

form Ba), A2 ∈
ξ2(cτ

ωn
form C1, . . . , c

τ
ωn

form Cb).
Suppose that xi1 , . . . , xit are not contained in ξ2, but xit+1 , . . . , xia are contained

in ξ2. Let Dik
= Bk if k < t + 1, Dik

= Bk × Cq where q satisfies xik
= xjq for

all k ≥ t + 1. Let Djk
= Ck if xjk

�∈ {xit+1 , . . . , xia}. We denote by Rp the forma-
tion cτ

ωn
form Dip and by Xc we denote the formation cτ

ωn
form Djc , p = 1, . . . , a;

c = 1, . . . , b. It follows that A1 ∈ ξ1(R1, . . . , Ra), A2 ∈ ξ2(X1, . . . , Xb). There
exist the formations H1, . . . , Hm such that A ∈ ξ1(Hi1 , . . . , Hia)ξ2(Hj1 , . . . , Hjb

) =
ξ(H1, . . . , Hm) where Hi = cτ

ωn
form Ki, Ki ∈ Fi. Thus the lattice cτ

ωn
is G-

separated. This proves the theorem.

If τ is trivial subgroup functor by [32, Corollary 1, Remark 3] we have the
following.

Corollary 3.2. Let n ≥ 0. Then the lattice of all n-multiply L-composition forma-
tions is G-separated.

For trivial subgroup functor τ we have the following.

Corollary 3.3 ([37, Proposition]). Let n ≥ 0. Then the lattice of all n-multiply
ω-composition formations is G-separated.

In 1985, Förster introduced the concept of X-local formation [11] where X is a
class of simple groups with a completeness property. Ballester-Bolinches, Esteban-
Romero and Calvo studied products of such formations [1–5]. Let X be a class of
abelian simple groups with Char(X) = π(X). Then the X-local formation F is an
ω-composition formation where ω = π(X), and by [26, Theorem 5.1] we have the
following.

Corollary 3.4. Let X be a class of abelian simple groups such that Char(X) =
π(X). Then the lattice of all X-local formations is G-separated.

Theorem 3.3. Let n ≥ 1. If ω is an infinite set, then the law system of the lattice of
all τ-closed formations cτ

0 coincides with the law system of the lattice of all τ-closed
n-multiply ω-composition formations cτ

ωn
.

Proof. Fix a law

ξ1(xi1 , . . . , xia) = ξ2(xj1 , . . . , xjb
) (3.3)
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of signature {∩,∨τ
ωn

}. Let

ξ1(xi1 , . . . , xia ) = ξ2(xj1 , . . . , xjb
) (3.4)

be the same law of signature {∩,∨τ
ωn−1

}. Suppose that law (3.3) is true in
the lattice cτ

ωn
. We show that law (3.4) is true in the lattice cτ

ωn−1
. By

Lemma 2.7 and Theorem 3.2, it suffices to prove that if Fi1 , . . . , Fia ; Fj1 , . . . , Fjb

are arbitrary one-generated τ -closed (n − 1)-multiply ω-composition formations,
then ξ1(Fi1 , . . . , Fia) = ξ2(Fj1 , . . . , Fjb

). Let Fi1 = cτ
ωn−1

form Ai1 , . . . , Fia =
cτ
ωn−1

form Aia , Fj1 = cτ
ωn−1

form Aj1 , . . . , Fjb
= cτ

ωn−1
form Ajb

. We choose prime
p ∈ ω such that p /∈ π(Ai1 , . . . , Aia ; Aj1 , . . . , Ajb

).
Let Bi1 = Zp � Ai1 , . . . , Bia = Zp � Aia ; Bj1 = Zp � Aj1 , . . . , Bjb

= Zp � Ajb

where Zp is a group of order p. Since formations Mi1 = cτ
ωn

form Bi1 , . . . , Mia =
cτ
ωn

form Bia ; Mj1 = cτ
ωn

form Bj1 , . . . , Mjb
= cτ

ωn
form Bjb

belong to the lattice
cτ
ωn

, then F = H where F = ξ1(Mi1 , . . . , Mia) and H = ξ2(Mj1 , . . . , Mjb
). Let fic be

the minimal cτ
ωn−1

-valued ω-composition satellite of Mic (where c = 1, . . . , a); fjd

be the minimal cτ
ωn−1

-valued ω-composition satellite of Mjd
(where d = 1, . . . , b).

By Lemma 3.1, ξ1(Mi1 , . . . , Mia) = CFω(ξ1(fi1 , . . . , fia)); ξ2(Mj1 , . . . , Mjb
) =

CFω(ξ2(fj1 , . . . , fjb
)).

Let f and h be the minimal cτ
ωn−1

-valued ω-composition satellites of F and H,
respectively. Then by [35, Lemma 8] and Lemma 3.2, f(p) = ξ1(fi1 , . . . , fia)(p) =
ξ1(fi1(p), . . . , fia(p)) and h(p) = ξ2(fj1 , . . . , fjb

)(p) = ξ2(fj1(p), . . . , fjb
(p)).

Hence ξ1(fi1(p), . . . , fia(p)) = ξ2(fj1(p), . . . , fjb
(p)). Since Op(Aic) = 1, then by

[35, Lemma 8] fic(p) = Fic where c = 1, . . . , a. Analogously fjd
(p) = Fjd

where
d = 1, . . . , b. It follows that ξ1(Fi1 , . . . , Fia) = ξ2(Fj1 , . . . , Fjb

), i.e. the law (3.4) is
true in the lattice cτ

ωn−1
. Thus every law of the lattice cτ

ωn
is true in the lattice of

all τ -closed formations cτ
0 . Using Theorem 3.1, we have the result.

Corollary 3.5. Let ω be an infinite set. Let m and n be non-negative integers.
Then the law systems of lattices cτ

ωm
and cτ

ωn
coincide.

Proof. Let a law be true in cτ
ωn

. By Theorem 3.3 the law is true in cτ
0 . Hence by

Theorem 3.1 the law is true in cτ
ωm

, as claimed.

Let m and n be non-negative integers. In the theory of foliated formations by
Vedernikov (see [30]) it is proved that the law system of the lattice of all m-multiply
canonical formations coincides with the law system of the lattice of all n-multiply
canonical formations.

4. Some Applications of the Results

Recall that a lattice of formations Θ is called distributive if for any Θ-formations
F1, F2 and F3 we have F1 ∩ (F2 ∨Θ F3) = (F1 ∩ F2) ∨Θ (F1 ∩ F3). We show that
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the lattice of all τ -closed n-multiply ω-composition formations is not distributive
for an infinite set of primes ω.

Lemma 4.1. Let n ≥ 1 and Fi = cτ
ωn

form Bi (i = 1, 2) where Bi = Zp � Ai,

p ∈ ω and p /∈ π(A1, A2). Let fi and f be the minimal cτ
ωn−1

-valued ω-composition
satellites of Fi and F = F1 ∩ F2, respectively. Then f(p) = f1(p) ∩ f2(p).

Proof. Let h = f1 ∩ f2. By Lemma 2.1 we have F = CFω(h). Let p ∈ ω and
p /∈ π(A1, A2). We show that f(p) = h(p).

By [35, Lemma 8] f(p) = cτ
ωn−1

form (A |A ∈ h(p), Op(A) = 1). Since p /∈
π(A1, A2), then Op(A1) = 1 = Op(A2). By [34, Lemma 2.8] Bi/Cp(Bi) = Bi/Op

(Bi) ∼= Ai where i = 1, 2. Hence by [35, Lemma 8] fi(p) =
cτ
ωn−1

form (Bi/Cp(Bi)) = cτ
ωn−1

form Ai. Since Ai ∈ Gp′ we have fi(p) =
cτ
ωn−1

form Ai ⊆ Gp′ .
Hence for any group A ∈ fi(p) we have Op(A) = 1. Consequently f(p) =

cτ
ωn−1

form (A |A ∈ f1(p) ∩ f2(p), Op(A) = 1) = cτ
ωn−1

form (f1(p) ∩ f2(p)) =
f1(p) ∩ f2(p) = h(p) and the lemma is proved.

Lemma 4.2. Let n ≥ 1 and Fi = cτ
ωn

form Bi (i = 1, . . . , m) where Bi = Zp �Ai,

p ∈ ω and p /∈ π(A1, . . . , Am). Let fi be the minimal cτ
ωn−1

-valued ω-composition
satellite of Fi. Suppose that ξ(x1, . . . , xm) is a term of signature {∩,∨τ

ωn
} and f

is the minimal cτ
ωn−1

-valued ω-composition satellite of F = ξ(F1, . . . , Fm). Then
f(p) = ξ(f1, . . . , fm)(p).

Proof. Let h = ξ(f1, . . . , fm). By Lemma 3.1 ξ(F1, . . . , Fm) = CFω(h). Let p ∈ ω

and p /∈ π(A1, . . . , Am). We show that h(p) = f(p). We proceed by induction on
the number r of occurrences of the symbols in {∩,∨τ

ωn
} into ξ. For the base of

induction (the case r = 1) we have using Lemmas 3.2 and 4.1.
Let the term ξ have r > 1 occurrences of the symbols in {∩,∨τ

ωn
}. Let ξ have

the form

ξ(x1, . . . , xm) = ξ1(xi1 , . . . , xia )ξ2(xj1 , . . . , xjb
),

where  ∈ {∩,∨τ
ωn

}, {xi1 , . . . , xia} ∪ {xj1 , . . . , xjb
} = {x1, . . . , xm} and the asser-

tion is true for ξ1 and ξ2. By induction h1(p) = ξ1(fi1 , . . . , fia)(p) and h2(p) =
ξ2(fj1 , . . . , fjb

)(p) where h1 and h2 are the minimal cτ
ωn−1

-valued ω-composition
satellites of ξ1(Fi1 , . . . , Fia) and ξ2(Fj1 , . . . , Fjb

), respectively. By induction

f(p) = h1(p)h2(p) = ξ1(fi1 , . . . , fia)(p) ξ2(fj1 , . . . , fjb
)(p)

= ξ1(fi1(p), . . . , fia(p)) ξ2(fj1(p), . . . , fjb
(p))

= ξ(f1(p), . . . , fm(p)) = ξ(f1, . . . , fm)(p) = h(p),

as claimed.
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By [35, Lemma 8] it is easily to show the following assertion.

Lemma 4.3. Let n ≥ 1, f1 and f2 be the minimal ω-composition cτ
ωn−1

-valued
satellites of formations F1 and F2, respectively. Then F1 ⊆ F2 if and only if f1 ≤ f2.

Theorem 4.1. Let ω be an infinite set. Then the lattice of all τ-closed n-multiply
ω-composition formations cτ

ωn
is not distributive for any non-negative integer n.

Proof. We proceed by induction on n. Let n = 0. Then by Lemma 2.5 the lattice
of all τ -closed formations cτ

ω0
is not distributive.

Let n > 0 and let the lattice cτ
ωn−1

be not distributive. Suppose that cτ
ωn

is
distributive. Let A1, A2, A3 be groups. Let Fi = cτ

ωn
form Bi (i = 1, 2, 3) where

Bi = Zp � Ai, p ∈ ω and p /∈ π(A1, A2, A3). Then F1 ∩ (F2 ∨τ
ωn

F3) = (F1 ∩ F2) ∨τ
ωn

(F1 ∩ F3). Let f , h and fi be the minimal cτ
ωn−1

-valued ω-composition satellites of
F = F1 ∩ (F2 ∨τ

ωn
F3), H = (F1 ∩F2)∨τ

ωn
(F1 ∩F3) and Fi, respectively. Since F = H

then using Lemma 4.3 we have f(p) = h(p). Since p /∈ π(A1, A2, A3), then Op(Ai) =
1 for all i = 1, 2, 3. By [34, Lemma 2.8] we have Bi/Cp(Bi) = Bi/Op(Bi) ∼= Ai

for all i = 1, 2, 3. By [35, Lemma 8] we have fi(p) = cτ
ωn−1

form (Bi/Cp(Bi)) =
cτ
ωn−1

form Ai.

Using Lemma 4.2 we have

f(p) = cτ
ωn−1

form A1 ∩ ((cτ
ωn−1

form A2) ∨τ
ωn−1

(cτ
ωn−1

form A3))

= (cτ
ωn−1

form A1 ∩ cτ
ωn−1

form A2) ∨τ
ωn−1

(cτ
ωn−1

form A1 ∩ cτ
ωn−1

form A3) = h(p).

By Theorem 3.2 and Lemma 2.7 we conclude that the lattice cτ
ωn−1

is distributive, a
contradiction. Thus for any non-negative integer n the lattice cτ

ωn
is not distributive.

This proves the theorem.

If τ is a trivial subgroup functor we have the following.

Corollary 4.1. Let ω be an infinite set. Then the lattice of all n-multiply ω-
composition formations is not distributive for any non-negative integer n.

For n = 1 and for a trivial subgroup functor τ we have the following.

Corollary 4.2. Let ω be an infinite set. Then the lattice of all ω-composition
formations is not distributive.

For ω = P and a trivial subgroup functor τ we have the following.

Corollary 4.3. The lattice of all n-multiply composition formations is not dis-
tributive for any non-negative integer n.

For n = 1, ω = P and for a trivial subgroup functor τ we have the following.

Corollary 4.4. The lattice of all composition formations is not distributive.
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5. Final Remarks

In conclusion, let us take readers attention to some open questions related to lattices
of composition formations. Note that some of them are analogues of the correspond-
ing problems in [27–29, 31–33].

Question 5.1. Does it true that for all non-negative integers n, the lattice of
all n-multiply composition formations and the lattice of all τ -closed n-multiply
composition formations have the same system of laws?

Recall that a formation is called totally ω-composition if it is n-multiply ω

composition for all natural n (see [32]). The symbol cτ
ω∞ denotes the lattice of all

τ -closed n-multiply ω-composition formations. Let ω be the set of all primes. Then
we write cτ∞ instead of cτ

ω∞ .

Question 5.2. Does it true that the lattices c∞ and cτ∞ have the same system of
laws?

Theorem 3.1 gives a motivation to the following two questions.

Question 5.3. Does it true that every law of the lattice of all τ -closed formations
cτ
0 is fulfilled in the lattice of all τ -closed totally ω-composition formations cτ

ω∞?

Question 5.4. Let m and n be non-negative integers with m > n. Does it true that
the lattice of all τ -closed m-multiply ω-composition formations is not a sublattice
of the lattice of all τ -closed n-multiply ω-composition formations?

Note that the answer to analogue of Question 5.4 is positive for the lattices of all
τ -closed multiply ω-saturated formations (see [29]). However in [34] it was shown
that the lattice of all saturated formations is a complete sublattice of the lattice of
all composition formations. Safonov proved that the lattice of all τ -closed totally
saturated formations is a complete sublattice of the lattice of totally saturated
formations (see [24]).

A complete lattice Θωc is called inductive (cf. [31, Definition 4.1] and see [37])
if for any collection {Fi = CFω(fi) | i ∈ I} where fi is an integrated satellite of
Fi ∈ Θωc , the following equality holds:

∨Θωc (Fi | i ∈ I) = CFω(∨Θ(fi | i ∈ I)).

We note that the lattice of all τ -closed n-multiply ω-composition formations cτ
ωn

is inductive (see [35, Theorem 2.1; 37, Theorem]). In [36], it was established that
the lattice of all soluble totally saturated formations is algebraic and distributive.
Independently Reifferscheid solved the problem of distributivity of the lattice of
all soluble totally saturated formations (see [18]). Safonov proved that the lattice
of all τ -closed totally saturated formations is G-separated [23], algebraic [20] and
modular [19, 21] (moreover this lattice is distributive [22]). However the following
questions are still open now.
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Question 5.5. Let L be the lattice of all τ -closed totally ω-composition formations.
Does it true that:

(1) L is algebraic? (see [32, Problem 1])
(2) L is inductive?
(3) L is G-separated?
(4) L is distributive (or modular at least)?

Finally, we note that Jakub́ık proved that the collection of all formations of
lattice ordered groups is a complete Brouwerian lattice (see [15]). We also note
that the collection of all formations of finite monounary algebras forms a complete
lattice (see [16]).

Acknowledgments

This work was partially supported by the Belarusian Republican Foundation for
Fundamental Research (grant F15RM-025) and the programme of scientific research
Konvergentsiya — 2020 (Belarus).

References

[1] A. Ballester-Bolinches and C. Calvo, Factorizations of one-generated X-local forma-
tions, Sib. Mat. Zh. 50(3) (2009) 489–502; Sib. Math. J. 50(3) (2009) 385–394.

[2] A. Ballester-Bolinches, C. Calvo and R. Esteban-Romero, A question of the Kourovka
Notebook on formation products, Bull. Austral. Math. Soc. 68(3) (2003) 461–470.

[3] A. Ballester-Bolinches, C. Calvo and R. Esteban-Romero, On X-saturated formations
of finite groups, Comm. Algebra 33(4) (2005) 1053–1064.

[4] A. Ballester-Bolinches, C. Calvo and R. Esteban-Romero, Products of formations of
finite groups, J. Algebra 299(2) (2006) 602–615.

[5] A. Ballester-Bolinches, C. Calvo and L. A. Shemetkov, On partially saturated for-
mations of finite groups, Sb. Math. 198(6) (2007) 757–775; Mat. Sb. 198(6) (2007)
3–24.

[6] A. Ballester-Bolinches and L. M. Ezquerro, Classes of Finite Groups, Mathematics
and its Applications (Springer, Dordrecht, 2006).
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saturated formations of groups, Forum Math. 27(3) (2015) 1471–1505.

[9] Ch. Behle, A. Krebs and S. Reifferscheid, An approach to characterize the regu-
lar languages in TC0 with linear wires, Electron. Colloq. Comput. Complex. 16(85)
(2009) 1–7.

[10] K. Doerk and T. Hawkes, Finite Soluble Groups, De Gruyter Expositions in Mathe-
matics, Vol. 4 (W. de Gruyter, Berlin, 1992).

[11] P. Förster, Projektive Klassen endlicher Gruppen IIa. Gesättigte Formationen:
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