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ON THE BOOLEAN LATTICES OF n TIMES LOCAL

FITTING CLASSES
N. N. Vorob’év and A. N. Skiba UDC 512.542

E&ll ]groups under consideration are assumed finite. We use the standard terminology of the books
1,2

We recall that if § is an arbitrary nonempty formation then G¥ denotes the intersection of all
kernels of the epimorphisms of a group G onto the groups of § and 9F denotes the class of all groups
G with G¥ € 9. The symbols 91, and G, stand for the class of all p-groups and the class of all
groups with a trivial Sylow p-subgroup.

Functions of the shape f : P — {Fitting classes} are referred to as Hartley functions or, in

short, H-functions. Given a Fitting class §, we write § = LR(f) and say that f is an H-function of
the class J, provided that

=8N (n f(p)‘ﬁpﬁ,l),

pE™

where © = 7(F) is the collection of all prime divisors of the orders of all groups in § By analogy
to [4], N. T. Vorob'év introduced and began studying n times local Fitting classes in the article [3].
Here every Fitting class is considered 0 times local and, for n > 0, a Fitting class § is called n times
local provided that § = LR(f), where all nonempty values of the H-function f are (n — 1) times local
Fitting classes. :

It was shown in [5] that the lattice of (local) formations is modular. This property made it possible
later to apply the methods of the general lattice theory to solving many open problems of formation
theory (see [2, Chapter 4; 6, Chapters 4 and 5]). At the same time, no essential information is available
about the lattice of Fitting classes. In particular, it is unknown by now whether or not the lattice of
these classes is modular and which Fitting classes have the distributive lattice of Fitting subclasses.

In the present article, developing some ideas of [7], we describe the Boolean sublattices of the lattice
of n times local Fitting classes. In contrast to [7], we use a series of new observations about direct
decompositions of classes of groups which ascend conceptually to [8] (see details in [6, Chapter 4]).

A system {§i | ¢ € I'} of nonempty classes §; of groups is called orthogonal if

) 1> 1

(2) 8i N F; = (1) for arbitrary two distinct ¢,5 € I.

Following [6], given an arbitrary orthogonal system of classes {3 | ¢ € I}, we denote by @;c; &i
the collection of all groups of the shape A;Xx Az X - -+ x A¢, where A; € §i;, A2 € Fiy,..., At € i, for
some 1,%2,...,%t € I (in particular, we write § = F1 @ -- - ® Fn whenever I = {1,...,n}). We also
agree to write § = €D;cr 5 in case |I| =1 and §; = §. Every representation of a class § of groups in
the shape § = ;< §i with |[I| > 1 is referred to as a direct decomposition of this class.

Observe that if {F; | ¢ € I} is an orthogonal system of Fitting classes (formations) then this
system is an orthogonal system of elements in the lattice of all Fitting classes (in the lattice of all
formations) in the conventional sense (see, for instance, [9, p. 238]).

Lemma 1. Assume that § = @;c;§i and 9 is a nonempty Fitting subclass of §. Then M =
Dic/ (M N Fi). :
PrOOF. Take G € M. Since M C §, there are 73,...,4 € I such that G = A; x --- X A;, where
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A; € §iyy. .-, At € §i,. Therefore,

Ge(MNF,) @ -6 (MnFi) S PENnF),
iel
and M C P;er (M N F).
Conversely, assume that G € @, /(MM N Fi). Then there are ¢j,...,4; € I such that G =

Ay X -+ X At, where A; € MNFiy,..., At € MNFi,. Since M is a Fitting class, we infer that G € M.
Hence, @;er(M N §i) C M. Thereby M = (Mt N F;), which finishes the proof of the lemma.

The next two lemmas are easy to establish by straightforward verification.

Lemma 2. Let I = J;c;I; be a partition of a set I (i.e., Ij; N Ij, = @ for arbitrary j1,j2 € J
with j1 # j2). H§; = Dier; Hi, 7 € J, and § = @ Fj, then § = B;ep Hi.

Lemma 3. If § = §1 @ §2, where §1 and §2 are Fitting classes, and if A is a group of the shape
A = A; x Az, where A € §1 and Az € §2, then A; and A; are characteristic subgroups in A.

Lemma 4. Let §1,...,8: be an orthogonal system of Fitting classes. ThenF=F1 @ --- B T is
a Fitting class.

PROOF. We proceed by induction on ¢. Assume that ¢ = 2 and let H be a normal subgroup of
a group G € § = §1 @ §2. Then G = A x B, where A € § and B € §;. Demonstrate that H € §.
If A; and B, are projections of H into A and B respectively, then A; is normal in A, B; is normal in
B, and H is a subdirect summand of A; x B; € §. Hence, we may confine exposition to the case in
which H is a subdirect summand of G.

Let AN H =1. It is easy to see that G = AH = BH. Hence,

H~AH/[A=G/[A~Be3 C3.
Therefore, we may assume that Aj = ANH # 1 # B; = BN H. Since
H/A1B1 N AA1B1 /A1 B: = (HN AB1)/A1B1 = Bi(H N A)/A1 By = B1A1/A1 By,
we have Hf/A1B1 C Cg/a,B,(AB1/A1B1). Analogously,
H/A1By C Cgya,p,(BA1/ALBy).

Hence,

H/A1B; C Z(G[A1By) = Z((ABy /A1 By)(BA:1 /A1 By)).

If A1 B = H then the fact that H is a subdirect summand of A x B and H = (AN H)(BN H) implies
that H = A x B € §. Assume that A;B; C H. Since

HB/B~H/BNH=H/By~A, HA/A~H/ANH =HJA, ~B

and H/A; B, is a decomposable group, by [10, Chapter IX, Lemma 1.7] there is a prime number p
such that 9, C §1 NF2 = (1). This contradiction shows that H € §.

Now, assume that G = (A3 x B1)(Az x Ba), where A;, A3 € §1, B1,B; € §2, and the subgroups
A; X By and A2 x B; are normal in G. Then by Lemma 3 A;, By, A3, and B; are normal subgroups
of G. Hence, G = (A1A2)(B1B;), and since A1A2 N B1B; € §1 NF2 = (1), it follows that G =
(A142) x (B1B?) € §.

Assume that ¢ > 2 and that the claim of the lemma has been proven for ¢t — 1. It is clear
that §2,...,8: is an orthogonal system. Hence, § @ --- @ F: is a Fitting class by our hypothesis.
Let M=F1N(F20---DF:). Then by Lemma 1 M= (MNF2)D--- D (M N F:). However, M C F
and §1 N i = (1) for all i = 2,...,¢. Therefore, M= (1) ---H (1) = (1), and 1,5 P - - D F: is
an orthogonal system. Now, by the above and Lemma 2 51 @ (520 - 0 F) =F1 05 D - O Fi is
a Fitting class. The proof of the lemma is over.
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Corollary 1. If § = F1 @ - -+ ® §i, where §1,..., 5t are Fitting classes, and if A is a group of
the shape A = A; x--- x Ay, where A; € §1,...,As € §i, then Ay, ..., A are characteristic subgroups
in A.

PrOOF. For t = 2, the claim is valid by virtue of Lemma 3.

Assume that ¢ > 2. By Lemma 1 (1NF:0- - -8F:) = (F10F2)8- - - @F1NFe) = (1) --6(1) = (1).
Thus, 1,820 - DTt is an orthogonal system. By Lemma 3, A is therefore a characteristic subgroup
of the group A = A; x (A2 X --+ x A¢). This completes the proof of the corollary.

Observe that in the solvable case Lemma 4 for ¢ = 2 ensues from [11, Lemma 4].

Given an arbitrary class X of groups, we denote the intersection of all n times local Fitting classes
including X by I* it X {12].

Given n times local Fitting classes 9t and §), we put

MV" §H = "R U H).

Theorem 1. Suppose that § = GB'-H §i for some Fitting classes §;. Then § is an n times local
Fitting class if and only if each of the Fitting classes §; is n times local.

PROOF. Assume that §; is an n times local Fitting class for every ¢: € I. Demonstrate that § is
an n times local Fitting class.

First, we examine the case in which n = 0. Let H be a normal subgroup of a group G € §. Then
there are indices t1,...,%¢ € I such that G = Ay x --- X Ay, where A; € §i,,..., At € §i,. Now, by

Lemmas 2 and 4
HeF 03,0 0%)=3,0--03.SPF=37
iel
Thus, the class ¥ is closed with respect to the taking of normal subgroups.

Assume that G = AB, where A and B are normal §-subgroups of a group G. Then there
are indices %1,...,%¢,J1,---,Ja € I such that A = A; X --- x Ay and B = B; X --- X B,, where
A; € Fiyy---,Ba € §j,. By Corollary 1, the subgroups Ay,...,At,By,...,B; are normal in G.
Hence, G = C} X - -+ x C}, where each factor C; satisfies one of the following conditions:

(1) Ci coincides with A;, for some index & & {j1,...,Ja};

(2) C; = Bj, for some index j; & {i1,...,1it};

(3) Ci = AqBj,, for some index ¢ = j;.

Therefore, G € §. Assume that n > 0 and that f; is a minimal {®*~l.valued H-function of the n
times local Fitting class §; for every i € I. If i #£ j then by hypothesis §; N F; = (1). Thereby
x(Fi) N x(§;) = B. Construct the H-function f so as to have f(p) = fi(p) whenever p € n(J;) for
some i € I and f(p) = @ for all p € P\ | J;c; #{(J:). Demonstrate that § = LE(f). Let G be a group
of minimal order in LR(f)\ 3. Then G is a comonolithic group and its comonolith M equals Gg. Since
G € LR(f), we have F?(G) € f(p) for all p € n(G). Therefore, if p € 7(G) then, by the construction
of the H-function f, there is an ¢ € I such that f(p) = fi(p) # @. This means that p € 7(3F;). Hence,
7(G) € Uier #(55)-

Assume that p € 7(G/M) C 7(G). Then p € »(F;) for some : € I. If G/M is a nonabelian group
then F?(G) = G. Therefore,

G=F(G)e f(p)=filp) €T C T

a contradiction.
Assume that G/M is a p-group. Then

F¥G) = 0°(G) € f(p) = filp)-

Hence, by [12, Lemma 23] G € §: C §; a contradiction. Thus, LR(f) C §.
Suppose that the reverse inclusion fails and let G be a group of minimal order in §\ LR(f).
Then G is a comonolithic group. Therefore, there is an ¢ € I such that G € § = LR(f;). Hence,
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F?(G) € fi(p) = f(p) for all p € (G). Consequently, G € LR(f) and § € LR(f). Thus, § = LR(f)
is an n times local Fitting class.

Now, suppose that the Fitting class § is n times local and let f be a minimal /" !-valued H-
function of this class. Take i € I and let f; be an H-function such that fi(p) = f(p) if p € #(F:) and
filp) = @ if p € P\ 7(3i). Demonstrate that §; = LR(f;).

Assume that §; does not belong to LR(f;) and let G be a group of minimal order in §; \ LR(f;).
Then G is a comonolithic group with the comonolith M = Grp(y;). Since G € LR(f;), by [12, Lemma

28] there is p € 7(G/M) such that F?(G) ¢ fi(p). However, G € §; C §. Hence, for all ¢ € 7(G) we

have
FY(G) € f(q) = filg)

a contradiction. Thus, §; C LR(f;).

Suppose that the reverse inclusion fails and let G be a group of minimal order in LR(f;) \ 3.
Then G is a comonolithic group with the comonolith M = Gj;.

Take p € #(G/M) C x(G). In this case, it follows from G € LR(f;) that FP(G) € fi(p). Hence,
fi(p) # 9, and by the construction of the H-function f; we have p € n(3;). Thus, 7(G/M) C =(3:).
Moreover, f; < f by the construction of the H-function f;. In consequence, G € §, and since G is
a comonolithic group, there is j € I such that G € §;. Then 7(G) C x(F;). Therefore,

©(G/M) C =(F) N =(F;) = 2.

Thereby i = j; i.e., G € §i; a contradiction. Hence, LR(f;) € §i. Thus, § = LR(f;) is an n-times
local Fitting class, which finishes the proof of the theorem.

We recall that a Fitting class § is called totally local [3] if it is n times local for every nonnegative
integer n.

Corollary 2. Suppose that § = @;c i for some Fitting classes §;. Then the Fitting class § is
totally local if and only if so is every Fitting class §;.

A nonempty Fitting class § # (1) is called directly indecomposable if F cannot be represented in
the shape § = ;s &i, where each Fitting class §; differs from §.
The next lemma is an analog of the Remak-Schmidt theorem for the Fitting classes.

Theorem 2. Suppose that § = @;c;5i = Djcs M, where the Fitting classes §; and IM; are
directly indecomposable for all i € I and j € J. Then |I| = |J| and, for some bijection ¢ : I — J,
the equality §; = D,(;) holds for all i € 1.

PROOF. Takei € I. Then by Lemma 1 we have the equality §; = ;¢ ;(§iND;). By hypothesis,
the Fitting class §; is directly indecomposable; therefore, §; = §: N M; for some j € J; i.e., Fi € M;.
Furthermore, for arbitrary distinct ji and j3, by hypothesis we have 9, N 9Mt;, = (1). Hence, there
is a unique index j = j(2) such that §; C Mi;. Assume that j € J. T)llen from Lemma 1 we infer
M = Drer(Fr NM;). Arguing by analogy, we conclude that there is a unique index k = k(j) such
that 9; C Fx. Thus, F C M; C §ir, but F NFr = (1). Therefore, M; = F; = Fr. It is clear that if
a,b € I and a # b then j(a) # j(b). Hence, |I| = |J|, which completes the proof of the theorem.

Lemma 5. Suppose that a simple group A belongs to (™ fit X, where X is a class of groups.
Ifn =0 then A ~ H/K, where H/K € K(G) for some group G € X. If n > 0 then the following
assertions hold:

(1) if A is a nonabelian group then A ~ H/K, where H/K € K(G) for some group G € %;

(2) if A= Z, is a group of order p then Z, ~ H < G for some subgroup H of a group G € X.

PROOF. Assume that n = 0. The class [ fit X = fit X obviously consists of all groups that result
from applying the operations S, and R finitely many times to the groups in X. Clearly, if N is a normal
subgroup of a group G then K(N) C K(G). If G = AB, where A and B are normal subgroups of G,
then K(G) = K(A)U K(B). It follows that K(X) = K(fit X).

Assume that n > 0 and that the claim of the lemma is true for n — 1. Take p € 7(A), § = *fit X,
and let f be a minimal I"~!-valued H-function of the Fitting class §. If A is a nonabelian group then
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FP(A) = A. Hence,
A =FP(A) € f(p) = I" L it(R(FP)) = "L fit[fit(FP(A) | A € F)),

and by induction we have A ~ H/K, where H/K € K(G) for some group G € X(F?). However, by
the above K(X(F?)) C K(fit X) = K(X). Whence A € K(X).

If A is a group of prime order p then p € x(F). Hence, A ~ H < G for some subgroup H of
a group G € §, which completes the proof of the lemma.

Given an arbitrary n times local Fitting class §, we denote by L*(§) the lattice of all n times
local Fitting subclasses of §.

Lemma 6. Let § = ["fit G be a one-generated n times local Fitting class. Then the lattice L™(§)
has only finitely many atoms.

PROOF. Let 9 be an atom of the lattice L*(F). Then M = I"fit A, where A is a simple group
in 9. If A is a nonabelian group then by Lemma 5 we have A ~ H/K, where H/K € K(G). Since
the group G is finite, it has finitely many composition factors. Therefore, the lattice L™(¥) has finitely
many nonsolvable atoms.

Suppose that A = Z, is a group of prime order p. Since p divides |G|, the lattice L*(F) has only
finitely many solvable atoms. The proof of the lemma is over.

Lemma 7. Let {90 | i € I} be a collection of atoms of the lattice I* and § = @;¢; M. Then
the Fitting class § belongs to the lattice I* and if 9 # @ is an arbitrary nonidentity n times local
Fitting subclass of § then the set {9; | i € I} has a subset {M; | j € J} such that M = P, ; M;.

PROOF. The fist assertion of the lemma follows from Theorem 1.

According to Lemma 1, It = @;,(P; N IM). Since M; is an atom of the lattice I*, we obtain
M; NIM = {(1),V;}. Let J be a subset of I such that j € J if and only if M; NI = M;. Obviously,
M = ;e Mj, which completes the proof of the lemma.

Theorem 3. Let § be a nonidentity n times local Fitting class. Then the following conditions
are equivalent:

(1) L™(F) is a Boolean lattice;

(2) § = D1 Si» where {§i | i € I} is the collection of all atoms of the lattice L™(§);

(3) each Fitting subclass which is an atom of the lattice L*(§) is complemented in §.

PROOF. Prove that condition (3) implies condition (2). First, observe that condition (3) holds
for every nonidentity n times local subclass §1 of §. Indeed, if 901 is an arbitrary atom of the lattice
L™($1) then by condition (3) there is a Fitting subclass ) in § such that § = V" §H and MNH = (1).
Hence, § = MM @ 5 by Lemma 4. Therefore, in view of Lemma 1 we have §1 = M & (H N F); i.e.,
HNF is a complement to M in F. ‘

We now validate condition (2) for an arbitrary nonidentity n times local subclass §1 of § with
a finite number m of atoms of the lattice L*(F;). We induct on m. Let £ be an atom of the lattice
L"(F1). Then, as mentioned above, § = £& & for some Fitting subclass & of . By Theorem 1, & is
an n times local Fitting class. If m = 1 then & = (1). Hence, §1 = £ and validity of condition (2) for
§1 is trivial. Assume that m > 1 and suppose that condition (2) holds for every nonidentity n times
local Fitting class S8 C § for which the number of atoms of the lattice L®(2R) does not exceed m — 1.
Observe that from m > 1 it follows that £ # (1). Clearly, the number of atorns in the lattice L*(£)
for the n times local Fitting class £ is less than m. Our hypothesis implies that =9 @ --- © My,
where {90; | ¢ € I} is the collection of all atoms of the lattice L*(R). Using Lemmas 1 and 2, we
now conclude that §1 = L@ M @ --- © M, where {L,M;,...,M;} is the collection of all atoms of
the lattice L™(F1).

Let {Fi | ¢ € I} be the collection of all atoms of the lattice L*(F) and let § = @icr Si- Then by
Lemma 7 ) is an n times local Fitting class. Demonstrate that § = . Assume § # § and G € F\ 9.
According to Lemma 6, there are only finitely many subclasses in F2 = [ fit G which are atoms of
the lattice L®(§2). By the above, 2 = M1 @ --- & M, where M;y,...,M, is the collection of all
atoms of the lattice L"(F2), and G € F2 C $; a contradiction. Thus, § = H.
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Now, suppose that condition (2) holds and validate condition (1). First, we establish that L™(F)
is a complemented lattice. Let 901 be an arbitrary n times local Fitting subclass of §. Then by
Lemma 7 there is a collection {§F; | ¢ € I1} of Fitting subclasses in 90 which are atoms of the lattice
L*(F) and for which I = eieh Gi. Pt b =1\ and § = Dic1, §i- Demonstrate that § is
a complement to 9 in the lattice L*(F). Obviously, M V" §) = F. Assume that M N H # (1) and let
R be a Fitting subclass in 9N ) which is an atom of the lattice L®(F). Then thereis i € I such that
R = Ji. However, I N I = @. Therefore, by Lemma 7 R is in one of the Fitting classes 9 and £;
a contradiction. Hence L*(§F) is a complemented lattice.

Demonstrate that L*(F) is a distributive lattice. Let 90, ), and R be arbitrary n times local
Fitting classes in §. The inclusion (M NR) V* (M N H) C M N (R V" ) is obvious.

Suppose that the reverse inclusion fails and let A be a group of minimal order in

MA (R V* H) \ (TAR) V* (NN H).

Then A is a comonolithic group. Hence, there is ¢ € I such that A € §;. Since §; is an atom of
the lattice L®(F), we have §; = I*fit A C R V" §). Whence, in view of condition (2) and Lemma 7,
we infer that either § C R or F; C £H. In both cases we arrive at the fact that the lattice L*(F) is
distributive. Thus, L*(F) is a Boolean lattice.

Suppose that condition (1) bolds and validate condition (3). This is obvious for n = 0. Assume
that n > 1. First, demonstrate that the Fitting class § is nilpotent. Suppose that § € 9% and let G be
a group of minimal order in §\ 9. Then G is a comonolithic group with the comonolith R = F(G).
Let p divide |G|. Since § is a local class, we have 9, C §. Since L*(J) is a complemented lattice,
there is a Fitting subclass ) in § such that § = 9, @ 5. Since G is a comonolithic group, from here
we infer that either G € 91, or G € §). In the first case, the group G is nilpotent, which contradicts
its choice. Assume that G € ). From the fact that ) is a local class and that p divides |G| we obtain
N, C 5. However, this contradicts the fact that 91, N § = (1). Hence, § € N.

Take p € #(F),7 = #(F) \ {p}. If r = O then F = N, and (1) is a complement to N, in F.
Suppose that = # @. Demonstrate that 9 is a complement to N, in §. It is clear that 9, NN = (1).
Let $ = fit(M, U Mx) # § and let G be a group of minimal order in § \ §. Then G is a comonolithic
group. Furthermore, G is nilpotent. Hence, G is a primal group. Therefore, either G € M, or G € N,
In both cases we arrive at a contradiction which completes the proof of the theorem.

Corollary 3. Let § be an n times local Fitting class with n > 1. Then the following conditions
are equivalent:

(1) L*(%) is a Boolean lattice;

(2) ¥ = Nuz)s

(3) each Fitting subclass of the shape 9, is complemented in §.

Corollary 4. Let I and §) be n times local Fitting classes with L™ (90t) ~ L*(5)), wheren > 1.
If the Fitting class 901 is nilpotent then so is the Fitting class §3.

PROOF. According to Corollary 3, L*(91) is a Boolean lattice. Hence, so is the lattice L*(5)).
The Fitting class §) is nilpotent by Corollary 3, which completes the proof of the corollary.

Corollary 5. Assume that § = ["fit G. Then the group G is nilpotent if and only if L™(F) is
a Boolean lattice.
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