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1. Introduction

Unless otherwise specified, all groups in this article are Finite. We keep up with [1] as regards 
terminology and notation. A set &  of subgroups in a group G (see [2,3]) is a Fitting set in G whenever 
the following hold:

(1) if T  < S € .1? then T  €
(2) if S, T  e &  and S’, T  < ST  then ST e
(3) if S € &  and X £ G then Sx £ &.
It is easy to see that the C-ordered family of all Fitting sets of G constitutes a lattice in which & Г\Ж 

is the meet and FF V Ж  =  Fitset(^ U Ж ) is the join for a pair of Fitting sets &  and Ж  in G. Here 
Fitset(^U Ж ) stands for the Fitting set G generated by &  U .Ж\ i.e., Fitset(J^ U Ж )  is the intersection 
of all those Fitting sets G that include ,©■ U Ж .

Note that, the theory of group classes, describing the properties of lattices of classes, uses the concept 
of multiple localization. The latter was first proposed in formation theory by Skiba and found applications 
in classifying groups and their classes and finding the new families of lattices of group formations (see [4, 
Chapter 4]). This concept was dualized in the study of local Fitting classes in [5]. The idea of such 
a localization acquired further development in the study of generalized local Fitting classes in [6].

By now, the properties of the lattice of all Fitting classes remain little studied: It is still unknown 
whether the lattice of such classes is modular even in the soluble case [7, Question 14.47]; though Skiba 
and Vorob’ev [8, Theorem] and, independently, Reifferscheid [9, Theorem 2.2.14(b)] proved that the 
lattice of all totally local Fitting classes (primitive saturated functions) is distributive. Also known in 
the theory of Fitting classes are the results by Lausch [10] and Vorob’ev and Martsinkevich [11] stating 
that the lattice of all soluble normal Fitting classes and the lattice of all locally normal Fitting classes 
are modular. However, as we proved in [12], such lattices and the lattice of all Fitting classes are not 
distributive.

The study of lattices of formation Fitting sets is the contents of Skiba’s work [13]. Nevertheless, 
until recently, there were no results on the properties of lattices of arbitrary Fitting sets of a group. 
In particular, the questions remain open whether the lattice of all Fitting sets of a group is modular and 
the lattice of all totally local Fitting sets of a soluble group is distributive.

The search for solving these questions leads to the problem of describing the families of Fitting sets 
of a group for which the distributive and modular equalities hold. Solving this problem is the contents 
of the present article. We define the families of Fitting sets and families of tr-local (in particular, local) 
Fitting sets that satisfy the distributive and modular equalities (see Theorems 4.2 and 4.5).

The work is supported by the State Program for Scientific Research of the Republic of Belarus “Convergence- 
2025” (State Registration no. 20210495).

Original article submitted October 3. 2021; revised April 19, 2022: accepted August 15, 2022.

1060



2. Preliminaries

Recall that a class of groups is a collection of groups containing all groups isomorphic to G together 
with each particular member G. A group belonging to a class of groups X is called a 3i-group.

A class of groups J is called a Fitting class if J is closed under normal subgroups and products of 
normal 5-subgroups.

Let ß  be a Fitting set of a group G and let Ą be a Fitting class. Then the set {5  < G : S/S& G Ą } 
of subgroups in G is the product of ß  and Sj denoted by ^  0  Sj. If ß  =  0 or Sj =  0  then we assume 
that ß  ©Ą = 0.

Lemma 2.1 [14, Proposition 3.1]. If ß  is a Fitting set of G and Sj is a Fitting class then the product 
ß  Q Sj is a Fitting set in G.

Lemma 2.2 [14, Proposition 3.4(3)]. If  ß  is a Fitting set of G, while Sj and Ш are Fitting classes; 
then ß  0 (Ą П Wt) =  { ß  0  Sj) П ( ß  © 9Л).

Lemma 2.3 [14, Property 3.2(1)]. If  ß  is a Fitting set of G and Sj is a nonempty Fitting class then 
&  C ß ® S j.

A class of groups 5 is a homomorph if G e 5 implies G/N 6 5 for every normal subgroup N  in G. 
If a class of groups 5 is simultaneously a homomorph and a Fitting class then J is a radical homomorph.

Lemma 2.4 [14, Proposition 3.4(1)]. If ß  and Ж  are Fitting groups in a group G, with ß  С Ж, 
and 971 is a nonempty radical homomorph then ß  0 9Л С Ж  0 Tl.

A class of groups is a formation if it is closed under homomorphic images and subdirect products. If 
5 is a nonempty formation then each group G has a least normal subgroup the quotient group by which 
belongs to 5- The latter is the 5- residual of G, denoted by GA

Lemma 2.5 [6, Lemma 2.1]. Let 5 and Ą be nonempty formations. If 5 Я Sj then G < G® for 
all G.

Recall that the product JĄ of two classes of groups is the class (G : 37V < G, N  e 5, and G/N 6 Ą); 
and the product 5 ° Sj of formations 5 and Sj is the class (G : G5 e Sj). If 5 or Sj is an empty formation 
then we put Jo Sj =  0 . It is well known that the product of every two formations is a formation and the 
operation о is associative on the set of all formations (see [1, Theorem IV.1.8(a),(c)]). If a formation J 
is closed under normal subgroups then 5Ą = J o Ą (see [1, p. 338]).

Lemma 2.6 [1, Theorem IV.1.8(b)], If $ and Sj are nonempty formations then G^°h =  (G^)5 for 
all groups G.

For every nonempty Fitting set ß  of a group G, each subgroup H in G has a greatest normal 
^"-subgroup called the ß-radical of H and denoted by F,? .

Lemma 2.7 [1, Proposition VIII.2.4(d)], Let ß  be a nonempty Fitting set of a group G. If  N  < G 
then N& = N  П G.y.

3. cr-Local Fitting Sets of a Group and Their Properties

In the theory of Fitting sets, we develop the cr-method of studying the structure of groups and their 
classes which was proposed by Skiba (see [13,15,16]).

Let IP be the set of all primes, тг С P, and =  P \ i t . Denote by 7r(n) the set of all prime divisors of 
an integer n and designate as 7r(G) =  tt(]G|) the set of all prime divisors of a group G. Let и be a partition 
of P; i.e., о = {ui : i 6 I ) ,  P =  cq, and сг, Па, = 0  for all i ф j; a(n) =  {eq : сг і Л 7r(n) ф 0 } and 
ff(G) = a(|G|).

Following [6], call each mapping of the form / : a -» {a Fitting set of G } a Hartley a-function of G 
or simply an Ha-function of G. If / is an Я^-function then Supp(/) is the support of /, i.e., the set of 
all Oi such that /(tr )̂ ф 0.
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Suppose that LFS„{f ) = {S < G : S =  \ or S ф \ and £ /(cq) for all cq £ u(5)}, where
and (£„/ are the classes of cq-groups and rr'-groups.

Definition 3.1. Call a Fitting set of a group G a-local if JF =  LFSa{f )  for some Ha-function /. 
In particular, if a =  ct1 =  {{2 },  {3 },... } then we refer to ffF as a local Fitting set of G.

Observe that to each Fitting class of (J there corresponds the set of ^-subgroups in G; i.e., {S < G : 
S £ 5}, which is denoted by Trj(G ) and called the trace of the Fitting class 5 in G. Obviously, Trj(G) 
is a Fitting set in G, though the converse fails in general (see [1, Example VII.2.2(c)]).

Examples 3.2. (1) The Fitting set consisting only of the identity subgroup {1 } in G is local; i.e., 
{1 } = LFSa{f ) for the //„-function / such that /(cq) =  0 for all i £ I.

(2) Let &  =  Trg0. (G) be the Fitting set of all cq-subgroups in a group G. If S < G and S £ &  then

5 ^*^ ' g and &  = LFSa( f )  for the #„-function such that /(cq) =  &  and f { o j ) =  0 for all i ф j.
(3) Recall that a group G is a-primary if G is a cq-group for some i £ /. Also, G is o-nilpotent 

(see [15]) if G = Gi X • • ■ X G( for some сг-primary groups G i,..., Gt. Suppose that SF is a Fitting set of 
a group G, while is the class of all ст-nilpotent groups, SF 0 9d„ is the product of SF and the fitting 
class 9I„, and / is an //„-function such that /(0 ) = SF for all i. Then, by Lemma 2.2,

L F S M ) =  f i  3F 0 г віг Ві, = sf O (f|  <*„,,) =  ff © <я„
O i Gi

and SF © 9I„ is a cr-local Fitting set in G.
(4) Put 9d£ =  9f„ ... 9d„ (k £ (Nl) and let 91° be the class of groups of order 1. Let Tr0Tr (G) be the trace

V '
к

of the Fitting class 94̂  in a group G. Then Tr^t (G) is a cr-local Fitting set in G with // -̂function / such 
that /(cq) = Trfyjfc-^G) for all cq. In particular, T r^ (G ) is a cr-local Fitting set in G with //„-function / 
such that /(cq) =  { 1}  for all cq.

Lemma 3.3. Let LF =  LFSa( f ) and П = Supp(/). Then the following hold:
(1) П = a(&);
(2) S < G and S £ &  if and only if S £ /(cq) 0 for all Oi £ cr(S), i.e., F? =  {5  < G : S £

/(©)
(3) &  = Tr(Pn(G) П (П„,£п f ( ai) ©
P r o o f . (1): If <7, £ П then {1 } £ /(cq); and, for every cq-subgroup 5 in G such that S Ф 1, we 

have o(S) = {cq}. Since {1 } £ /(cq), by Lemma 2.3, S £ {1 } © £ai Q {1 } © £<7,£„; Q f{oi) © £СТі<£„' 
for all crj £ П. By the definitions of a Fitting set of G and a Fitting class, 5/5/(CTi) £ and hence

Sea,e,,i < By the definition of /(cq)-radical, Consequently, £ /(cr*) and
S £ Hence, П C o(fp).

If cq £ cr(^); then, for some subgroup 5 £ &  in G, we have cq £ cr(S) and S 1 "• £ /(cq). Hence, 
cq £ П and cr(^) С П. Thus, П = a{&).

(2) : If at € o(S) and S is a ^"-subgroup in G then £ /(cq). Since 5 "* < 5д„.) and
is a formation, we infer

(S / S ^ e<)/(Sf(rTi)/Se^ < )  =  S/Sfl<ri) £

Consequently, S £ /(cr, ) © for all cr, £ cr(S’).

Conversely, if for all cq £ cr(S) we have S £ /(cq) 0 <£„,£„/ then S/S/(„t) £ £„,<£„'• Then 5 ^ ^  <

’Sf(ai)- Since S "• < Sj(a.y, therefore, 5 е<7,<£в( g f (o i). Thus, 5 £ J?.
(3) Let 5 be a ^-subgroup in G. Then |S| is а сг(^)-питЬег. By item (1), o(f?) =  П, |5|

is a П-number, and 5 is a П-subgroup in G. Consequently, S £ ®n and S £ Trffn(G). Moreover, by
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item (2), S G PF implies that S G / (0 )©£„,б:„' for all 0  G <r(S). If 0  G П\<т(5) then 5 G £„' C <£ai(Ea> C

/ f o ) © ^ , ; .  Thus, 5 e T W G )n (n „ i6n/(*0©<5,,<£,j), and^  c  lv £n(G )n (n ffi6n / H 0 ^ ^ ) .  
Conversely, if

5 G T r ClI( G ) n ( f |  /(0 ) ©<£„,£,,)
<т,еп

for all cTj G cr(5) then 5 G /(0 ) 0  (£„,(£„/. Therefore, by item (2) of the lemma, S G 5  and TrCn(G) П

(Пст.еп f ( ° i )  © © &•
The lemma is proved.

Definition 3.4. Let PF be a cr-local Fitting set of a group G. Call an //„-function / of J?":
(1) inner if /(0 ) C &  for all 0  G П;
(2) complete if /(0 ) =  /(0  ) (• t£„, for all 0  G П;
(3) complete inner if / is a complete and inner //„-function simultaneously.

Lemma 3.5. Let PF be a cr-local Fitting set in a group G. Then the following hold:
(1) PF is defined by an inner Ha-function;
(2) F  is defined by a complete inner Ha-function.
P roof. (1): Since the Fitting set PF is cr-local by Lemma 3.3(3), there exists an //„-function / such

that
&  =  TrCn(G) П (  p| /(0 ) F 

<тг€ П

where П = Supp(/) =  <r{F)- Consider the //„-function ip such that ^ (0 ) =  /(0 ) П F  for all i G /. 
Then ^ (0 ) C /(0 ) for every 0  € cr(^). Consequently, by Lemma 2.4, ^ (0 ) О C /(0 )

and, hence, LFSa(p>) C F  ■
Conversely, let S g ^ .  Then 5 G / (0 ) 0  £„,(£„;• Hence, S/Sf{et) G Thus,

and SCai<4  G / (0 ) Since 5 ^ ^ *  ^ 5> we have 5®"'®^ G F .  Consequently, S g /(0 ) n ^  = 
^(0 ). This yields 5 6  ^ (0 ) 0  for а11 and

5  G TrC|l(G) n ( p  ^ (0 ) О = LFSa(p).
ст,€П

H & c  T FS ( А Л Ў  ^ LFSa(p). Item (1) is proved. 
еП/24 т "  *  " г р Л  for some inner #„-function. Consider the H„-function ip such that />(0 ) =

) e — obviously, ф is a complete //„-function. Show that ip is an inner //„-function
VT0J © for every i G /■ u

f0r f \  „ c/S^ad e ^ <Sa,(£<7,o Consequently, S G ^ (0 ) Let 0  ф 0 .
Let 5 G V40L Then e , c , 0  c ,

95 S “j < S2”'. Hence, (5 L ) J °i G <̂ (cr,-). Using Lemma 2.6, we infer 
Then <£„, C By Lemma J

«//^  
(S J>

‘W'U'A/ r F o j t o ’ eS s.' „ / ч3 } =  S a  S ^ e

Thus,

(S/5
s  S/S,̂ (0 ) e e Jе<т',

all j  Ф i ■ We obtain S G <̂ (0 ) 0  6„ (£„' for all 0  G П. Consequents, by
Then 5 G p(oj) © £„7<£„' f°r 
Lemma 3.3(2), S e F .

The lemma is proved.
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If SL is a family of subgroups in a group G then denote by Fitset(^T) the intersection of all Fitting 
sets in G including XL. Obviously, Fitset(JT) is a Fitting set in G.

Let fl be the family of all fLCT-functions of a Fitting set X  in G. Endow О with the order < as follows: 
If /, if £ fl then / < ip if and only if /(аф C for all £ П. Refer to a minimal element in 0 as
a minimal Ff „-function of the Fitting set X  of G.

Lemma 3.6. Let X  be a а-local Fitting set of a group G. Then
(1) X  is defined by the only minimal H„-function f  such that /(oy) =  Fitset{5 < G : S is conjugate

to X  £ X }  for all Oi £ Supp(/);
(2) X  is defined by the only minimal complete inner H„-function f  such that /(ei) =  Fitset{5 <

G : Se,ri is conjugate to Х^а'^а'і, X  £ X }  0 for all oy £ Supp(/).
Proof. (1): Let LX = LFS„{p) be an inner //„-function p. Define the set of subgroups of G as 

follows: /i (ct?) = {S < G : S is conjugate to X  С<7<, X £ LX}. Put /(cq) =  Fitset /i (cq). In view 
of X £ X ,  we obtain Х^°г °̂̂  £ LX. By Lemma 3.3(2), X £ р(стф О Consequently, Х^а%'*'°'<- £

р(сгф. Since S is conjugate to X  ' 0 £ р(сгф, we have S £ ip(eq). Hence, /i(oq) C <̂ (oq) and 
Fitset f i (o i ) = /(oq) C F i t s e t =  p(at). Therefore, L F S „ (f ) C LX.

Prove the reverse inclusion. Assume that S < G and S £ LX. Since the (£„, g^-residual of is
conjugate to S ^ '^ L ; by the definition of /, we have S£a‘L°<' £ {S < G : S is conjugate to X ^ '^ L }  C 
/(oq). Consequently, S £ /(oq) 0 £„,(£„/ for all стг £ Supp(/). By Lemma 3.3(2), S £ LFS„(f ). Hence, 
LX C LFS„(f ) and LX = LFS„(f ). Assertion (1) is proved.

(2): By Lemma 3.5(2), LX =  LFS„(p) for a complete inner # CT-function p of the Fitting set LX in G,
i.e.,

jF =  TrCn(G )n (  p| p(at) 
ст,еп

Suppose that q?i(oq) = {S < G : S is conjugate to A  а' X  £ LX}. If S £ pi(<Ji) then
(B . (B ,

is conjugate to X  a' for some subgroup X  £ X . Since X  £ JF, by Lemma 3.3(2), we have X  £ 
tp(cTi) © Then X /X ^a.̂  £ Hence, X  ai £ qj(oq). Owing to the conjugacy of Se°<

and X^a, â'y we have SCcr< £ p(a*). Therefore, S £ р(аг) © (£„, =  qj(oq) and q?i(oq) C q?(eq) for 
all ai £ Supp(ip). Hence, Fitset p\ (oq) 0 g „: C Fitset (̂/r,) 0 g^. Thus, / < © for every complete 
//„-function p of the Fitting set X  of G. In particular, LFS„{f ) С X .

Conversely, let S be a jF-subgroup in G. In view of Lemma 2.6, we have (S © )с<и = S "■.
Consequently, £ qji(oq) C /(04). By Lemma 2.5, < g Cai. Then Sеа,<£а[ £ /(oq) and
S £ /(oq) О g„,g„' for all oq £ cr(X). By Lemma 3.3(2), S £ LFS„(f ).  Thus, X  Q LFSa( f )  and 
X  = LFS„(f).

Let {fi : i £ /} be the set of all complete //„-functions. Then ф = Пге/ /г a minimal complete 
//„-function. Since by Lemma 3.5(2) each ст-local Fitting set in G is defined by a complete inner Я„- 
function, in the set of all complete //„-functions of X , there exists at least one complete inner #„-function. 
Consequently, ф =  f ) ieI fi is a minimal complete inner Я„ТипсНоп of X  and ф = /. Claim (2) is proved. 

The proof of the lemma is complete.

The following is straightforward from Lemma 3.6.

Corollary 3.7. Assume that X  = LFSa( f )  and Ж  = LFSa(h), where / and h are minimal 
Ha-functions of Fitting sets X  and Ж  in a group G. Then f  < h if and only if X  С Ж .

If / and h are //„-functions then we denote by / V„ h the Я„ТшісНоп such that (/ V„ h){tJi) = 
f{oi) V„ h(<Ji) for each г and designate as /A h  the //„-function such that (/ П /)(© ) = f{o i) П h(ai) 
for each i.
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Note that the inclusion-ordered set of all а-local Fitting sets of a group G forms a lattice with the 
operations ACT and defined for every two ст-local Fitting sets &  and Ж  of G as follows: &  /\„ Ж  = 
&  П Ж  and &  Vfj Ж  =  Fitset(J/ U Ж ).

Lemma 3.8. Suppose that J? = LFSa{f )  is a n-local Fitting set of a group G, while П =  o (ß ') 
and m is the Ha-function such that

m(oi) =  Fitset{5Ca’ C<7i' : S < G, S £ ß '}

for all Oi e П and m(oi) =  0 for all er, £ П'. Then
(1) &  = LFSa(m);
(2) m(oi) C h{(Ji) П &  for every Ha-function h of the Fitting set &  of G and each ог.
P r o o f . Suppose that

&{pi) = {5®"^".' : S < G. S £ fFj

for all о* £ П and Ж  — LFSa(m). Then ,'T С Ж . On the other hand, j/(<jj) Q /(er*), and hence 
m{pi) C f (o i )  for all и* 6 П. Moreover, m(cтг) = 0 С /(а*) for all cq e П'. Therefore, Ж  C and 
hence Ж  = &.

The lemma is proved.

4. On Distributivity and Modularity Signs

In this section, we define the families of Fitting sets of a group G which satisfy the distributive and 
modular equalities.

Lemma 4.1. I f  &  and Ж  are Fitting sets of G, while X and 2) are radical homomorphs such that 
XnT) =  (1), &  С Ж  © X, and Ж  C &  © 2); then J? V Ж  =  {S < G : S =  5 , 5 * } .

Proof. By Lemma 2.3, &  C  &  © 2} and, by hypothesis, С Ж  О X. Consequently, J? C 
Ж  0 X П &  02)- Likewise, Ж  С Ж  © X and Ж  C  J? Q%). Therefore, Ж  С  Ж  © X П &  ©2).

Thus, &  and Ж  are Fitting sets of G from Ж  О X П &  © 2J. Since, by the definition of a lattice 
join, &  V Ж  is the least Fitting set in G that includes &  and Ж, we have

& М Ж С Ж  © Х П ^ © 2 ) .  (4Л)

Prove the reverse inclusion: Ж  2 I n  :7 © 2) C J  V Ж. Let Ж  = {S < G : 5 , 5 * }  and 
Ж  = Ж  0 X П &  ö  2). Show that

Ж  = Ж. (4.2)

LetS e Ж. Then S £ Ж  Q X and S £ &  ОТ). Consequently, S/S# £ 2). Since 2J is a homomorph, 
S/S&/S&Sjr/S& £ 2J. Owing to the isomorphism S/S^/S^S^/S^ й 5 / 5 ,5 *  and, also, 5 / 5 ,5 *  £ 
2). Similarly, from S е Ж  ©X we obtain 5/5.* £ X, 5/5 */5 ,5 */S .* £ T. and 5/5,5.* £ X. Hence, 
5 / 5 ,5 *  £ 1П2). Since 5/5,5.* is the identity group. 5 = 5,5.*.. Hence, 5 £ '// and Ж  ж '  
Conversely, let 5 £ .//. Then 5 =  5 ,5 .* . By hypothesis, ^  C JT © jf, and hence 5 ,  C 5 * ,,-  
Therefore, 5 C 5.*o:£5* =  Sĵ qx- Thud, 5 = ° ~ о _
5 £ от/* 9 І ©2) ,  and (4.2) is proved.

Now, show that Ж  C & v  Ж . Take 5 £ Ж. Then 5 -  5 ,5 * .. By the definition of ^-radical, 
5 ,  £ ^  C J? V  Z**© Likewise, S ^  e Ж  С ^  У Ж.  By the definition of Fitting set, 5 , 5 *   ̂&  y Ж  
Since 5 =  5 ,5 * ,  we have S <E &  M Ж . Thus, Ж  T & y  Ж.  Considering (4.2), we obtain

he-, S e Ж  Q X. Similarly, 5 £ &  © 2) and

^ 0 І П 5 © 2 )  C 5 v j f . (4.3)

Now, in view of (4.1), (4.3), and (4.2), Ж  Q X n & Э%) =  &  V Ж  and &  у Ж  =  IS < G : S =  S S \ 
The lemma is proved.  ̂ — 9

Define some family of Fitting sets in G that satisfy the distributive equality
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Theorem 4.2. If  ß ,  Ж , and Ж  are Fitting sets of a group G and 3 ? g  ^  q  g 
for some set of primes n; then

Ж  C ß  ©

П ( V ^ )  =  ( „ #  П ^ )  V (.// n JŹ°).

P r o o f . Obviously, { Ж  П ß )  V (Ж  П Ж  ) С „ #  П (J? V J f).
Show that П { ß  V J^) C n ß )  V (.-# П ^ ) .  Let S < G and S E ^  p, ( jr  \j Ж )  Consequently 

S E Ж  and S E ß  V Ж. Then, by Lemma 4.1, in view of ß  С Ж  © €,r and Ж  C © <£ / we obtain 
5 = SßrSjff. From S E Ж  and S =  S$Sje it follows that 5> G Ж  and g Then E Ж
and Sjf?n (̂ E *Ж. Hence, S — • Therefore, S E (y/f П ß ') V p Thus, we have the
inclusion Ж  П ( ß  V Ж )  С П V П ̂ f). Consequently, Ж  П ( ß  V р  j? ) v (Ж  П Ж ).

The theorem is proved.

Lemma 4.3. Suppose that { ß t = LFS„{fi), г E I } is a set of a-local Fitting sets of a group G and 
ß  = Піе/ ß'i for all i E I. Then ß  = LFSa(f ) iel ft) is a o-local Fitting set, of G.

P r o o f . P u t  П* = o (ß i )  fo r  a ll i E I. T h en

f ] n i =  f ] o ( ß )  =  o ( f ] ß l) = o ( ß ) .
iei iei iei

Take S E ß . Then
Tr£n,(G) n ( n ^  f i f r j )  Э СЦец)

for all j  E J and i E I. Hence, S E ß i  =  TrCll. (G) and S E f i (o j ) © £а.<£аг for all j  e J and г E I. From 
S E ß i  =  TrCn (G) it follows that S E ß i  =  (\ g7 Trfo(G). Then

S 6 Trn£ni (G) =  Tr£n(G).

Since S E f i ( o j )  ©  €aj ,

^ « - i - T h e n  S/Sn fi(a j)e

we ha veS/Sfi(„.) E Since £CTj <£CT' is a formation, S / f ) ieI Sfi(a.) E
£CTj£CT'. Consequently, S E f ] ieI f t(o j) © (5Ц. Thus,

5 € TrCn(G) П (p| f j  h ( o : ) ©  СЦ,вц). 
jeJ iei

Hence, S E LFSa( f ] ieI /,) and ß  C LFSa( f ] ieI f t) is a cr-local Fitting set of G. The reverse inclusion 
is obvious.

The lemma is proved.

Recall that if SF is a collection of subgroups in G then 3F(oi) is {S < G : Sea' e°‘’ E SF}.

Lemma 4.4. Suppose that ß\ = LFSa(f\) and ß 2 = LFSa( f 2) are o-local Fitting sets of 
a group G, where f\ and /2 are inner Ha-functions and ß  =  ß\ V CT ß%. Then ß  =  LFS„{f\ Va /2) is 
a o-local Fitting set in G.

P r o o f . Let hj  be a minimal // -̂function of the Fitting set ß j  of G and let pj be a minimal complete 
inner f fCT-function of the Fitting set ß j  of G for j  £ {1,2}. For any i E I, in view of Lemma 3.8, we have 
hj{oi) C f j(o i) C Pj(oi). Moreover,

h(oi) =  Fitset((^i U ß 2)(© )) =  Fitset(^i(o-j) U ^ 2 (0 1)) =  Fitset(/ii (er*) U /12(01))

C f (o i ) C Fitset(/ii(o-j) U h2(oi)) 0 C h(oi) © =  p(<?i).

Hence, h(oi) C /(©) C p(ot) for all i  E I  and ß  =  LFS„{f).
The lemma is proved.

If SF is a family of subgroups of G then the closure operation Sn on SŁ is defined as follows: 
Sn(SF) = {S < G : S <<  H for some subgroup H E SF} (see [17, p. 171]).

The following theorem defines some family of cr-local Fitting sets in a group G that satisfy the 
modular equality:
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Theorem 4.5. Let &  =  LFSa( f ), Ж  = LFS„(h), and Ж  =  LFSa(m) be o-local Fitting sets of 
a group G and let f ,  h, and m be minimal //„-functions of the Fitting sets f? , Ж , and y/f of G, where 
f  < m. If the Нд-functions f  and h are such that f(&i) V /г(ст;) = Sn{S < G : S =  S f o r  all Oi, 
with f(o i)  and h(oi) nonempty Fitting sets in G, then (JF V„ Ж )  Л Ж  =  &  V„ (Ж  П Ж ).

P roof. Let us first show that the minimal //„-functions /, h, and m satisfy (f(oi)Mgh(oi))nm(oi) = 
f((?i) V „  (h(ci) П m(o-j)) for all oy

Since f  < m  and / < / V „  h, we have / < (/ V „  h) П m. Moreover, hDm  < f  Ma h and hDm  < m. 
Consequently, hC\m < (/ V„ h) Л m and

/ V„ (h П m) < (/ V„ h) Л m. (4.4)

Check the validity of the reverse embedding of //„-functions:

(/V„ / i ) n m < / v ff (ftfl/ ). (4.5)

If m(oi) = 0 then (4.5) is trivial. Separately consider the cases when /(cq) or /г(ст*) is empty. Assume 
that f (o i) = 0. In this case, obviously, (/(стг) V„/(<Ti)) Лто(ст̂ ) =  /і (сті)Пгп(сті) and the //„-functions /, h, 
and m satisfy (/(стг) V„ /і(стг)) Л т(ст,) = /(ст,) V„ (/г(стг) Л m(oi)).

Suppose that h(oi) =  0. Then, in view of the embedding h < m, we have

(/(<7г) V„ h(oi)) П m(oi) =  f{ot ) V„ (h{oi) Л т(сті)) =  /(cr*).

Thus, it remains to consider the case that neither of the Fitting sets /(ст*), /г(ст*), or т(ст*) is empty. 
Let AT be a subgroup in (/(ст*) V„ /г(ст*)) П т(ст*). Since К  £ /(ст*) V „  h(oi); by hypothesis, there exist 
a subgroup 5 =  Srn^g.jS^g.) and an isomorphism if such that К  =  ip(K) <<  S. Identifying К  with its 
isomorphic image, we infer that

К  < ]<  5т(0-() =  S  П S m(g.j =  5'^(£Гі )5/1(„ . )  П =  Sf^g^iSh^g^ П 5 т (<^)) =  S f  ( „  . ) iS/j ( )  m ( )  .

Therefore, К  £ f (o i )  V„ (/г(ст*) П т(ст*)) and the embedding (4.5) of //„-functions is proved. From (4.4) 
and (4.5) we obtain

(/ Mg h) Л m = / Mg {h П m). (4.6)

Let us now prove the inequality

(J? Mg Ж )  Л J (  =  JF Mg {Ж  Л J ( ) .

Since the R„-functions / and m of the Fitting sets f? and .#  are inner; by Corollary 3.7, the embedding 
/ < m  implies that &  C yß.

By Lemma 4.4, / V „  h is an //„-function of &  V„ Ж . Consequently, by Lemma 4.3, (/ V „  h) Л m is 
an //„-function of (&  Mg Ж )  П yß.

Likewise, by Lemma 4.3, hum is an //„-function of Ж пЖ ;  and then, by Lemma 4.4, the //„-function
f  Mg (h Л /) defines the Fitting set J£" V„ (,Ж  П „#). Therefore, by (4.6),

(JF V„ Ж )  П J t  = &  Mg (Ж  П JK).

The theorem is proved.
Remark 4.6. Following Skiba’s concept of multiple localization (see [16]), it is easy to obtain some 

generalization of the result on a test for the modularity of families of er-local Fitting sets of a group G. 
Call each of the Fitting sets of G under consideration 0-multiply o-local, and if гг > 1 then call a Fitting 
set &  of G n-multiply o-local if either &  = {1 } or &  has an //„-function / such that its every nonempty 
value is (n — l)-multiply u-local.

Given two Fitting sets &  and Ж  of a group G , we put &  V” Ж  =  /" Fitset ( ^  U Ж ), where 
/" Fitset(^ U Ж )  stands for the n-multiply ст-local Fitting set of G generated by &  U Ж If / and h are 
R„-functions, then / Mg h is an гг-multiply local #„-function such that (/ h)(oi) =  /(er*) V" h(oi) for 
all г and f  Г) h is an n-multiply local //„-function such that (/ П h)(oi) =  f{o i) П h(oi) for all cq.

It is easy to see by following the proof of Theorem 4.5 and using induction on n that the theorem 
holds for n-multiply ст-local Fitting sets of a group G.
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