JlaHHas paboTa fBJisieTCs NMPOJAOKEHUEM pPabOThl MO CO3/[aHUI0 MOJHOMACIITAaGHOTO
3JIEKTPOHHOTO KOHCIIEKTa JieKIMHA, HayaTou BeinyckHunaMu ®MuMT Yepuwix B.B., lagxue-
Boit ®.C. u BaHoBo# E.A. [losiydyeHHBbIE pe3yJ/IbTaThl, BMECTE C U3yYeHUEM aBTOMOA0OUN U aB-
TOMU30METPUN Pa3JUUYHBbIX YeThIpexMepHbIX anredp Jiu (cM. pa6oTsl [2] - [5]) 6614 npeAcTaB-
JieHbl Ha Pecny6/iMKaHCKHe KOHKYPChl HAy4YHbIX Pa6boT cTyaeHToB 2019-2021 rofoB, U UM ObI-
JI IPUCBOEHHI JIBe MePBbIX U 0JHA BTOpas KaTETOPHUU.

3akioyeHue. B JaHHON paboTe Mbl paccKasasu Mpo MpPoJI0/HDKEHUE CO3/IaHUs 3JEKTPOH-
HOT'O KOHCIIEKTA JIEKI[UH [0 TeOpUHU I'pynn u aare6p JIu, KOTOpbIM UrpaeT BaXKHYI POJib B Op-
raHu3alMi UHAUBU/IyaJbHOTO U3yYeHUs TEOPUH CTyJeHTaMU BbIYCKHbIX KyPCOB U CTY/IEHTOB
BTOPOU CTyNeHU BBICIIEro 06pa3oBaHus IPU paboTe HaJ, KyPCOBBIMU U KOHKYPCHBIMHU paboTa-
MM, a TaKXKe AUIJIOMHBIMU MpoeKTaMu. PaboTa 1o co3/laHUI0 3JIEKTPOHHOT'O0 KOHCIIEKTA OYAeT
MPO/JI0/PKEeHA B TEKYILEM yYEOGHOM TOAY.
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MAXIMAL GROUP OF ISOMETRIES OF THE LORENTZIAN
LIE GROUP A(1)xA(1)

Gorovaya Y.V,
cmydenmka 4 kypca BI'Y umenu I1.M. Maweposa, 2. Bumeb6ck, Pecnybauka beaapyco
Hayunbltil pykosodumens - [lodokcénos M.H., kaHO. pus.-mam. Hayk, doyeHm

KntoueBble cioBa. ['pynna Jlu, JeBOMHBapUaHTHas JIOpeHLleBa MeTpHUKa, OJHONapaMeT-
pUyeckasi rpynna u30MeTpHuH, caMonoZ06Hoe MHOroob6pasue.

Keywords. Lie group, left-invariant Lorentzian metric, one-parameter isometry group, self-
similar manifold.

Any Lie group G endowed with a left-invariant metric is a homogeneous manifold on
which the Lie group itself acts simply and transitively. This means that the stationary subgroup
G. is trivial. Therefore, the question is of interest: does there exist a left-invariant metric on the
Lie group such that the resulting homogeneous manifold has a group of motions whose dimen-
sion is greater than that of the Lie group itself, and this is equivalent to the fact that Ge contains a
one-parameter subgroup.

The purpose of this paper is to indicate the metric tensor on the Lie group
Giv=A*(1)xA*(1), under which it admits a one-parameter group of motions that leave the identi-
ty element of the Lie group fixed, and write out the action of this one-parameter group in the co-
ordinates associated with the matrix representation of this Lie group. For all other left-invariant
Lorentzian metrics, the connected component of the group of motions of the resulting manifold
is isomorphic to the Lie group Gyv itself.

Material and methods. We consider the 4-dimensional Lie group Gin=A"(1)xA"(1) and
its Lie algebra. We use methods of differential geometry.

Results and its discussion. Let the Euclidean or Lorentz scalar product be introduced in
the Lie algebra G. A linear transformation F: G— G is called an autoisometry if it is both an
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isometry with respect to the scalar product and an automorphism of the Lie algebra. In order to
construct a one-parameter group of motions of a Lie group that leaves the identity element fixed,
one must first find the one-parameter autoisometry group of its Lie algebra. Lie algebra
Giv=A4(1) ®_A4(1) of the Lie group G belongs to type IV according to the Bianchi classification.
As was proved in [1], this Lie algebra does not admit autosimilarity for any way of specifying a
Lorentzian scalar product on it, and there is a unique way of specifying a Lorentzian scalar
product in this Lie algebra in which it admits a one-parameter autoisometry group. This proves
that there is a unique class of left-invariant Lorentzian metrics such that the total isometry
group of the resulting manifold is five-dimensional.

Matrix representation. In an appropriate basis (Ei, Ez, Es, E4) the commutation relations of
the Lie algebra G are given by two equalities: [Ei, E2]=E>, [Es E4]=Es, and the remaining
brackets are equal to the zero vector. We will call such a basis canonical. The linear span of the
vectors E; and E; is the derived Lie algebra [Giv, Giv]. It is a two-dimensional commutative ide-
al, which we denote by #. The linear spans of the vectors Ei, E; and Es, Es will be denoted by
L1 and £, respectively. These subspaces are two-dimensional non-commutative ideals.

The Lie algebra Giv can be represented as consisting of matrices of the form

ur u20 0
00 00O
0 0 us ug |
0000O0
and the canonical basis is formed by the matrices
1000 010 000 00
0000 0000 0000 0000
E=loooo0) B loooof B loo10) B o001
00O 00O 00O 000
(it's not the only one). The connected simply connected Lie group Giv corresponding to it can be

represented as a group of matrices of the form
X1 X20 0
0100
00 X3 Xa
0001
with the operation of matrix multiplication.
Let's introduce coordinates on G and Gy by comparing the above matrices with the
coordinates (U1,Uz,Us,Us) and (Xi,X2,X3,Xs) respectively. The unit element of the group corre-
sponds to the coordinates (1,0,1,0). Then the group operation is given by the formulas
(X1, X2, X3,Xa)* (Y1, Y2, Y3, Ya)= (X1y1, X1Y2 + X2, X33, X3ya + Xa),
and the inverse element is found like this: (X1, X2, X3, Xa) 2= (X7, = XoX1 2, X3, —XX3 ).
By direct calculation, we find that the exponential mapping exp: Gv— Giv is given by
the formulas

, X1>0, x3>0,

u u
xi=e"l, Xo= u—i(eul ~1), Xs=¢€", o= u—:(e“3 -1). (1)

To eliminate indeterminancy, it is necessary to clarify that exp(0,uz,0,us) = (1,uz,1,uUs). From
here we obtain the inverse mapping formulas exp: Gy — G :
X X
U1:|nX1,U2:X1__21|nX1, u3:Inx3,u4=X3—_41Inx3 (2)
Main result. Let the Lorentz inner product be introduced on the Lie algebra Giv. The main
result proved in [1] is the following theorem (we have changed the order of the basis vectors).
Theorem 1. 1) There is only one way to specify the Lorentz inner product in the Lie algebra
Giv=4(1) ®A(1), in which case it admits a non-trivial one-parameter autoisometry group F. The

action of this group in the canonical basis is given by the matrix

18



1 000
0et 00
0 eo 10 ,v>0,teR, 3
0 0 0 e
in this case, the Gram matrix has the form
1000
0001
=loo1o0] (4)
010

2) The Lie algebra under consideration does not allow au-
tosimilarity for any way of specifying the Lorentz scalar product
in it.

The location of the basis vectors relative to the cone of
isotropic vectors, in the case when the Gram matrix has the
form (4), is shown in Figure 1. On the ideal #, the Lorentz sca-
lar product is induced, the vectors E; and E4 are isotropic, and
the ideals L; are L, are the orthogonal complements of the Figure 1
vectors E; and E4 respectively.

Theorem 1 allows us to prove the following main result of this paper.

Theorem 2. 1) There is only one, up to isometry, left-invariant Lorentzian metric g on the
Lie group G =A"(1)xA*(1), for which the homogeneous manifold (Gw,Qg) admits a one-
parameter isometry group fi: G — G, leaving the identity element of the group Lie invariant.
In the coordinates described above, the metric tensor is given by the matrix

X2 0 0 0
|0 0 0 X, Xg® .
(glJ(X))_ 0 0 X;;Z 0 ) ( )

0 X{'X3'0 X3°
and the action of the group f: is given by the formulas
X{=X1, X;= €%z, X3= X3, X;= €V'Xs, v>0,teR. (6)
2) In the coordinates described above, the action of the complete isometry group of the con-
structed homogeneous manifold is described by the formulas
X{=Q1X1, X3=2€'YiXo + Go, X3= GaXs, X4 =€ GaXe + Qs 02>0, 93>0 ()
moreover, the signs "+" or "—" can be chosen independently in two cases. The connected compo-
nent of the full group of isometries containing the identical transformation is given by formulas (7)
with the choice of the “+” sign in both cases.
The technology for constructing a one-parameter isometry group is described in [2].
Conclusion. In this paper, we proved that there exists a unique, up to isometry, left-
invariant Lorentzian metric on the four-dimensional Lie group A*(1)xA*(1), for which the re-
sulting manifold admits a one-parameter isometry group that leaves the identity of the Lie group
fixed. Only in this unique case is the full isometry group of the Lorentzian manifold of the group
under consideration five-dimensional.
In [3], all autosimilarity of the Lie algebra _4(1)®®2. This will allow us to construct self-
similar manifolds of the Lie group A*(1) x (R*)?, equipped with a left-invariant Lorentzian metric,
and this is the immediate goal of the further research.
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