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Annorauusi. Kinacc @urrunra § Ha30BEM T -MAKCUMAADHBIM, €CITU § SIBJISIETCST MAKCU-
MaJIbHBIM (110 BKJIIOUEHHMIO) HOAKIAcCOM Kiacca Purruara Gy Bcex KOHEUHBIX Pa3pelln-
MbIX T-rpyni. Jlokazamo, 9To § — m-MakcuMasIbHbIH Kiacc PurTrHra B TOYHOCTH TOrAA,
KOTJa CYIIECTBYeT TaKOe IIPOCToe P € T, UTO UHIEKC §-panukaia Gz B G paseH 1 wiu p
st Kaxkgoi m-rpynnel G. OTciofa ciiefLyer, 9To CyIECTBYIOT MaKCHMAJIbHBIE IIOKIIacC-
Cbl B JIOKaJIbHOM Kjacce Purrunra. 1o orpuraresbHo pemaer Bonpoc A. H. Ckubor
O TOM, YTO HE CYIIECTBYET MaKCUMAJbHBIX IOAKJIAcCOB PUTTHHIA B JIOKAJIHHOM KJIACCE
@urruara (cM. [1, Bonpoc 13.50]).

KuroueBbie ciioBa: kiacc PurruHra, MakcUMaJbHBIA noaksacc OurruHra, JIOKaIb-
Hbll Ki1acc PurTunra, §-pagukas, kiacc Jlokerra, jiaymesa rpynmna, (PUTTUHIOBA Hapa.

Bsenenue

B Teopun kiaccoB PuTTHHIa KOHEIHBIX PA3PEIINMBIX IPYIII OJHON U3 TPYIHBIX
pobJieM SBJISIETCS IIPO0JIeMa HaXO0XKIEHUsT KPUTEePUsT MAKCHMAJIBHOCTH IIOJIK/IACCA
Qurrunra § B Kiacce @urrunra X, cpopmynuposannas B 1974 r. Bpaiicom u Koc-
cu (em. [2, c. 170], a Takxe [3, X.4, c. 735]). HanomuuMm, uro knacc @urrunra §
HA3BIBACTCS MAKCUMAALHbM (N0 eKxAt0uenuto) noakiaaccom Purrunra Kiacca Our-
tunra X (oboznagaor § < X), ecim § C X u u3z roro, uro § C M C X, rue M —
kiacc Purrunra, scerga ciaenyer, uro M € {F, X}. 3amerum, 4T0 yKazaHHAs Bbl-
me 1npobiema pemmena Bpaiicom u Kocen [1] sumb st caydast, korga X coBnajjaer
C TPUBHUAJIBHBIM HOpMaJIbHBIM KjaccoM PurtruHra & BceX KOHEYHBIX PA3PEIIUMBbIX
rpymn (cm. [3, X.4, Teopema 4.26]).

OcHOBHO#1 pe3ysbTar HACTOsAMIE paboThl — ONMUCAHUE HEOOXOIUMOIO U JOCTa-
TOYHOTO yCJIOBUAS MaKCUMAaJIbHOCTH mojkiacca Ourrunra § B kiaacce Purrunra S,
BCEX KOHEUYHBIX PA3PEIINMbIX T-TPYII, KOTOPhIi HEHOPMAJIEH JIJIsI BCAKOTO HEILyCTO-
ro cOOCTBEHHOI'O MOJIMHOXKECTBa T MHOXKECTBa BCeX MPOCThIX duces. Ecmm § < G,
1o § Oy/ieM Ha3bIBATh MIPOCTO T -MAKCUMAALHOIM KAGCCOM Dummunea.

Hamu ycranosieno, uro § sBjsieTcs m-MaKCHUMAJbHBIM KiiaccoM DPurrumara B
TOYHOCTHU TOTJIA, KO[/Ia CYIIECTBYET MPOCTOE 9YHUCJIO P € T TaKOe, YTO HHIEKC §-
pagukasa Gz B rpyune G paser 1 mmm p mia Bcex rpyun G € G,. Tak kax
kjacc Ourrunara S, JIOKAJIEH, TO U3 JIOKA3AHHON TEOpeMbl, B YaCTHOCTH, CJIEIYeT,
YTO CYIIECTBYIOT MaKCHMAaJIbHbIE HOJKJIACChl DUTTUHra B HEHOPMAJbHOM JIOKAJIb-
moMm kjiacce OurTrHra, U TEM CaMBIM IIOATBEPXKIAETCS OTPUIATEIbHBI OTBET HA
sorpoc A. H. Ckubel, cpopmyinuposanubiii B «Koyposckoii rerpagu» (cm. [1, Bo-
upoc 13.50]). 3amerum, 9TO 1EPBBIE IPUMEPHI MAKCUMAJIBHBIX HOPMAJBHBIX KJIAC-
coB PuTTHHTa B HOPMAJILHOM JIOKaJIbHOM Kiacce & aHoHcupoBaHbl B [4]. MbI Tak-
2Ke TOATBep:KIaeM CyIeCTBOBAHNE HETPUBUAJIBHBIX T-MaKCHUMAJIBHBIX IIOIKJIACCOB
QurTHHTa TIOCTPOEHNEM KOHKPETHBIX IIPUMEDOB.
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Bce paccmaTpuBaemble TPYIIBL B HACTOsIIEl paboTe KOHEYHBI M PA3PEIMbI,
ecJi He OrOBOPEHO NPOTUBHOE. B onpeesenusx u 0603HaYeHUsAX MBI caenyeM [3].

1. IIpeaBapuresibHbIE CBEAEHUS

Kaaccom Pummunza Ha3bIBAETCsI HOPMAJIBHO HACJIEICTBEHHBIN KJIacC IPYIII §,
3aMKHYTBIIl OTHOCUTEJILHO [IPOU3BEIEHNI HOPMAJIbHBIX §-II0ATPYIII.

Ecmm § — memycroit kmacc @urrunra, To nmoarpynny Gz rpynmnbl G Ha3bIBa-
10T §-padukanom rpynnsl (G, eciii OHA SIBJISIETCsT HAMOOJIbINEH N3 HOPMAJIbHBIX TIOJI-
rpymnn rpynnsl G, npuHapiexxamux §. IIpoussedenuem §§) Kaaccop @urrunra §
U §) Ha3bIBAeTCs KJacce BCeX Takux rpymn G, juist KoTopbix dakrop-rpynna G/Gz
IPUHAIEKUT §). XOPOIIO U3BECTHO, UTO KJaacC §§) saABisercs Kiaaccom Purtunra u
orepaliusi yMHOXKeHUs KJaccoB OUTTHHTA ACCOIUATHBHA.

it moKasaTebCcTBa OCHOBHOI'O Pe3yJibTara OyleM HCIOJIb30BaTh OIepaTOph
«*» U «4», KOTOpbIe ObLM onpexeserbl Jlokerrom [5]. st KaxKioro Hemycro-
ro knacca Ourrtwara § wepe3 §* 0003HATAIOT HAUMEHBLIMHNH u3 KJaccoB OuUTTHH-
ra, cojiepKaimx §, Takoil, aro jusg Bcex rpynn G m H crpaBeminBo paBeHCTBO
(G x H)z» = Gz« x Hz+. Kuacc §, onpezessercs Kak lepeceueHue BCeX TaKUX
kyaccoB @urrunra X, gy koropeix X* = §*. Ecam § = §*, To § Ha3BIBAIOT KAac-
com Jlokemma.

Cexyueti Jlokemma nerycroro Kinacca GUTTUHTA § HA3BIBAETCSI MHOYKECTBO BCEX
rakux KjaccoB @urrunra X, uro X* = §*. Cexmmio Jlokerra kiracca @urrunra §
ob6osnavatr Locksec(F) [5]. Hodcexyuet Jlokemma kiacca OurruHra § Ha3bIBAIOT
MHOKECTBO

{9 : H € Locksec(F),H C §}.

Ero o6oznauator Locksub(F).

HamomuuM, 9T0 Kjace Pyl § HA3BIBAETCH 20MOMOPPHOM, €CIU KaxKIas (dak-
TOP-TPYIIIIA JIFOOOH TPYIIIbI U3 § NpUHALIEKUT §. [oMoMOopd §) HA3BIBAETCS HACHI-
wernvm, ecau u3 Toro, uro G/®(G) € 9, caenyer G € §.

Mpg1 OyzemM HCIIOJIB30BATH CJIEJIYIOIIIe U3BECTHBIE CBOMUCTBA onepaTopoB JIoker-
Ta, COOPaHHBIE B CJIEIYIONIEH JieMMe.

JIemma 1.1 [3, X.1.13, X.1.8(b), X.1.15]. Eciu § u $ — kuaaccer @urrunra, *
" , — omeparopsl JIokeTTa, TO CIpaBeIIABEI CACAYIOIHE Y TBCPK ICHHUS:

1) ecim {F; | i € I} — MHOMK)eECTBO HenycTbix KaaccoB @urrunra, To ([ §;)* =

iel

N3
il

2) [6, temma 3| ecotn §) sABIsIETCS HACBIIEHHBIM TOMOMOPOM, TO (F9)* = §*9;

3) ectu § C 9, 1o F* C H*Y;

4) (3*)* - (3*)* - g* c 3 - 3* - (g*)*'

Heenuununbiit knacc @urTrnra § Ha3bIBAIOT HOPMAALHBLM 6 KAacce Dummuraa
X (o6oznauaror Kak § I X) wim X-nopmasvhvm, ecim § C X u F-pagukan Gz saB-
JIsIeTcsl §-MaKCUMAJILHOM IIOArpy ol ays moboit rpymmsl G € X. O6o3naunm yepes
P MHOKECTBO BCeX IMpOCTBIX 4mces. Cremyromas JeMMa IPeICTABIACT N3BECTHYIO
XapakTepu3anuio X-HopMaJIbHbIX KiaaccoB Ourrunra.

Jlemma 1.2 [4, X.3.3, X.3.7]. CupaBeiuBbl ceAyIOUIHE Y TBEPXKICHUSI:
1) ecnn § # (1) — xnacc @urrunra u X — xiacc Jlokerra, o § < X Torza u
TOJIBKO TOTAa, Kormga §* < X;



MakcumaJsibHbBIE II0AKIACCHI JIOKAJIbHBIX KJ1acCoB PUTTHHIA, 1413

2) ecim @ £ 71 CP, 10 (1) # F < &, Tospko B caydae, korga §* = Gr; B
yacrHocrH, (1) # § < & rorga u ToabKo Toraa, Korga §F = 6.

Besikoe oTobpazkenue h : P — {kiaccel urTnHra} HasbBawT Byrkyuet Xapm-
au wm H-gynryued [7). Knace @urtuara § Ha3BIBAETCS AOKGALHOLM, €CIA CY-

mecTByer Takas dyuknus Xapriu f, aro § = &, N (ﬂ f (p)‘ﬂpGp/), e ™ =
pe™
Supp(f) ={p e P| f(p) # @}. B [8] ycranosneno, 4ro cupaseiusa

JIlemma 1.3. Kazkablii 1oka/IbHbBIH Kiaacc OurruHra siBiisiercs KjaaccoM JIoker-
Ta.

WsBectHo, uTo ecim § — Hemycroit Kiaace @urrtunra u N — HOpMaJbHAS O/~
rpynna rpynnst G, to Ny = N N Gg.
HemnocpencrBenHO# TPOBEPKOIL JIEMKO YCTAHOBUTH, YTO CIIPABEIINBA

Jlemma 1.4. Ilyctp §1 u §2 — kaaccer Ourrunra. Torma ecaim X — paguKaib-
b1 roMmomopg 1 §1 C §2, To F1X C Fo X.

2. ﬂ-HOpMaJ’[beIe n m-MaKCUuMaJIbHbI€ KJIAaCCbhbI

Hanomuum, uro eciim @ # © C P, vo knacc @urrunra § # (1) mazsiBaiorT
HOPMaALHULM 6 Kaacce G, MM TPOCTO T-HOpmaabrwuim (0Bo3HaUaT § < &), ec-
mm § C &, u g yoboi m-rpymnnsl G ee §-paguKasl sABJISETCd §-MaKCHMaJbHON
mo/Irpymnoi rpymnst G.

Eciin § — knacc @urtunra, 1o noArpyiiy V rpymmbl G HA3BIBAIOT §-UHBEKMO-
pom G, eciim V N N saBisiercst §-MakCUMaJIbHOM moarpymmoit N jyist J1i060it cy6-
HOopMaJsIbHOI moarpynnel N rpynmet G. Ciieytomast JieMMa YCTAHABIUBAET CBA3b
MeXK]y T-MaKCAMAaJbHBIMUA U T-HOPMaJIbHBIMU KjiaccamMu OUTTUHTA U [IPeICTaBIIseT
CaMOCTOSITEJIbHBII UHTEPEC.

Jlemma 2.1. Ka>kaprit m-MakCHMAaJIbHDBIH Kaacc OUTTHHTA T-HOPMAJICH.

JOKABATEJIBCTBO. Ilycth §<- G, u M, — KJacc BceX HUIBIOTEHTHBIX 7T-
rpymn. Tak kak § € §N,, 7o § C 6, NN, € &,. Ho § makcumajen B &,
TO3TOMY BO3MOXKHBI JIBa ciaydas: Juoo § = &, N §N,, mbo &, N TN, = G,
PaccMmorpuM OTIEIbHO KasKIbIid 13 HUX.

Cavyant 1. § = 6, NFN,. B srom cayuae BBumy yrBepxkiaenus 1 jgemmer 1.1
mveeM §* = (6, NFN,)* = 65 N (FN,)*. Ho knacc &, — JOKaJBHBIT Kiacc
QurTHuHra, TaK Kak oH omupejeisercs H-dyuakuueil f Takoii, 410

&,, ecaup € m,
%)

f(p) = ’

s ecimu p e 7.
CienoBaresibHo, 110 jiemMe 1.3 &, — kiacc Jlokerra. Kpome Toro, jierko BusieTh, 4To
kjacc Qurrunara N, — HACBHIIEHHBIH TOMOMOPd, IMO3TOMY BBUJY yTBEDXKIECHUS 2
gemmbl 1.1 mosygaem (F,)* = §N,. Takum obpasom, F* = &, NF*N,. Tak Kax
§ € &, mo yreepxkaennio 3 memMsbl 1.1 umeem §* C 6% = G,. 3amernM TakxKe, 9TO
TN, C 6, MN; C &,. Cuenoarenvuo, §* = &, NFN, = FN,. Orcrona BBULY
ACCOIMATUBHOCTH OIMEPAINN YMHOXKeHUsT KyaccoB Ourtuara n jgemMbl 1.1 caemayer,
9To

F =N = (FN)N, = FN2 = (FN)N, =F = ... = FNL

Wrak, niug mo60ro HaTypaabHOIO 7 CIPAaBEIJIIBO PABEHCTBO § = § N7
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o0
Ho BBuxy Toro, aro |J M = &, u xnacc N? ABIAETCA HACBIIIEHHBIM [OMO-
n=1
MOPdOM, C yIeTOM yTBepzKIeHus 3 JieMMbI 1.1 cripaBeJInBbl BKIIIOYEHUST

&: C Gs*m:;: Gs*:s*geﬂ.
n=1 n=1

Urak, §* = S, u no yreepxaenuio 2 jgemmol 1.2 § < &,. Takum obpazom, B
[IEPBOM CJIy4ae TeopeMa BepHA.

Cayyan 2. 6, N§N, = 6,. B nanrom ciryyae mo yrepxkiaenuto 1 jemmbr 1.1
nmeeM SEN(FN,)* = 6%. Tak kak &, — knacc JIokerra, 10 6% = &,. Kpome Toro,
1o yrBepxKiaeHuto 2 jgemmbl 1.1 nonygaem (FN,)* = FN,. [Hosromy cupaseimso
PABEHCTBO

S, NFN, = 6G,.

Orcroma cirenyer, uro &, C FMN,:. Tak kak § C G, 10 YTBEPKIEHUIO 3 JIEM-
Mbl 1.1 umeem §* C &% = &,. BBuuy Toro, uro M, — pajuKajbHbIl TOMOMODPD,
mo jsemme 1.4 FMN, C 6,MN,:. OueBumno, N, C S, , u nosromy &, N, C &,.
Cuaenosaresbao, M, C &,. Takum obpazom, F*MN, = &,. Ilociennee paBeHCTBO
PaBHOCHJIBHO TOMY, 4TO Jyist Beex rpynn G € &, cupasegiueo G/Ggs € N,

[Iycts V' — §*-unbekrop rpynmsl G. Tak kak Jjobasi MOArpyIna HATBIOTEHT-
HOIi rpynbl cyGHOpMaJIbHA B Hell, To V/Gg+ — cybHOpMasibHast noarpynmna B G/ Gy .
CuenoBaresnbHo, V cybHOpMasbHA B (7, 4TO BiedeT paseHCcTBO V = Gg«. Takum 06-
pazom, noarpymnmna Gg« SBISETCA § -MaKCUMAaJbHOM B G miig 11060t m-rpynms! G.
[Mosromy F* mopmasten B &,. 3Hauut, mo yrBepxaennio 1 jgemmbr 1.2 kiaacc Our-
TUHTa § HOpMaJieH B G .

Jlemma gokaszaHa.

3. m-Jlaymesa rpynna

Jljist moKa3aTe/IbCTBa KPUTEPHsl T-MAKCUMAJILHOCTH OYIeM UCIOIb30BATH [OHSI-
tue rpynnsl Jlayma [9] (cm. Takxke [3, X.4.2]) u ee ceoiicrBa. HanmoMmunm npone iy py
[IOCTPOEHNUs TAKOU Ipymmbl st kiacca Purrunra § = S,

[Tousitue rpynmer Jlayima cBS3aHO ¢ MOHSITHEM OTPAHUIEHHOTO IIPSIMOTO TIPOU3-
Bemenns (cM. [2, X.4, c. 721]). Hamomunm, uro ecom {G, } e — MHOZKECTBO IPYIII,

TO UX OIPaHHYEHHOE IpsiMoe mpoussesenue Dy = X G, COCTOMT U3 BCEX TAKUX
neM
dysxumit f : M — |J G, xomeunoro mocuress, uro f(u) € G, mus Beex p € M,
peEM
¢ TPYNNOBOIi onepanyeii, onpeseserHoil caeayromum obpazom: (fg)(u) = f(u)g(u).

IIycrb N € M u Dy = x G,. Ilox ecrectBeHHBIM BiioxKeHueM ey : Dy — Dy
vEN
[IOHUMAIOT 0TOOpayKeHne, CTaBsIIlee B COOTBETCTBHE dj1eMeHTy fo € Dy cieayrommii

sanement f uz Dy
fo(N), ecim A € N,

f(/\){l, ecam A ¢ N.

Ecmu G u H — rpymmbl, To uzomopdusm « : G — H Ha3bIBaeTCA CYOHOPMALD-
Houm (HOpMmaavrom) eaoocenuem G B H, ecin Ga <<t H (Ga < H). OuesuuHo,
YTO €N SIBJISIETCS HOPMAaJbHBIM BiokeHueM Dy B Dys. B cnenmanbHOM citydae,
korga N = {v} — ommossiemenTHoe MHOXKecTBO, moJjaraior G = (G, U HUCIOJB3Y-
IOT CUMBOJI £G JIIs OOO3HAMEHHs eCTeCTBEHHOTo Bioxkenus rpynnsl G (= Dy,y) B
Dys. Caenys (3], MHOKecTBO Beex cyOHOpDMaJIbHBIX BiioxkeHuil G B H 06o3HavuM



MakcumaJsibHbBIE II0AKIACCHI JIOKAJIbHBIX KJ1acCoB PUTTHHIA, 1415

cumBosiom Snemb(G — H) ¥ NOAMHOXKECTBO HOPMAJIBHBIX BJIOXKEHHUN — CHMBOJIOM
Nemb(G — H).

[Tycts € — KJlacC BCEX KOHEUHBIX TPYII. 3adUKCUPYyeM MHOMKECTBO &', COIep-
JKallee B TOYHOCTH TI0 OJIHOMY IPEJICTABUTENIO M3 KaXKJIOr0 KJIACCa U30MOPGMHBIX
rpymi.  Takum obpasom, juist Kaxkao#t rpynnsl G € & cymecTByer eJMHCTBEHHAs
rpymna Gog € & rakas, yro G = Gy. Oupenenum i KaxKIoro kjaacca OurruHra
X C € muoxkectso Set(X) = XN &.

ITycrs § — kiacc Purrunra koHewnsix rpynn 1 A(F) = x{G : G € Set(F)}.
Paccvorpum moarpymmy

I'(F) = (97 'q)(gaen) : G, H € Set(F), g € G, a € Nemb(G — H)),

rpymunst A(F). Kak ycranossero B [3, X.4.3(a)|, moarpynmna I'(§) nopmansaa B A(F),
u kommyTanT A(F)" comepxurca B I'(F).

OnPEAENEHUE 3.1 [3, X.4.2]. ®@akrop-rpynna A(F) = A(F)/T(F) naseisaer-
cs rpyunoit Jlayma knacca Purrunra §.

Byzem ncronb3oBaTh JaHHYI0 KOHCTPYKIUIO IpyIb! Jlayma, mis caydasi, Koraa
§ = 6,. Takyro rpymnmy HazoBeM T-Aayweoli u 6yaeM 0603HAYATH €€ CUMBOJIOM
Ay. Takum obpasom, A = A(S,).

Bauy Toro, uro A(F) — orpaHuYeHHOE IPSIMOE IIPOU3BEIEHIE KOHEYHBIX IPYIIIL,
A(F) — rpymma xpydenns. CieoBarespHo, ¢ yaeroM X.4.3(a) u3 [3] (cM. Bbime)
rpynna Jlayma kracca Purrunara § ABasgeTcs abeeBoil IPYIIOil KpyYeHus.

JI1s1 M3J107KeHusT HeOOXOIUMBIX B JaJbHENHIeM U3BeCTHLIX CBOMCTB Ipymbl Jla-
yira Kiaacca @urtunra § OyaeM Tak:Ke HUCIOJIb30BaTh MOHATHE (PUTTUHTOBOI MapbI
s §. Hamomuwmwm, aro napa (A, d) vaspiBaerca gummunzosot napotd nys § (uim
F-Ppummuneoeoti napot), ecniu A — abesiea rpyumna (B obiiem ciydae GeCKOHEIHA )
ud: Set(F) — {Hom(G, A) : G € Set(F)} — orobpazkeHue ¢ TeM CBOACTBOM, 4TO 06-
pa3 dg gy Beex G € Set(F) asagerca romomopdusmom G B A, yIA0BIETBOPAIOIIUM
CJIEAYIONUM JIBYM YCJIOBUSIM.

FP1. dg = aody miug Beex G, H € Set(F) u 1151 Bcex HOPMAJIbHBIX BJIOXKEHUI
a:G— H.

FP2. A= {gdg: G € Set(F),g € G}.

$-durrunrosa mapa (A,0) HasbIBaeTCH YHUBEPCAALHOU, €CaM Il JIOOOH F-
durrunrosoit napsr (4, d) cymecrsyer romomopdusm ¢ : A — A rtakoii, uro dg =
0 o ¢ auig Beex rpynn G € Set(F).

JIemma 3.2 [3, X.4.5(1)]. IIycre X — Dy-3amrHyTbHII moakaacc Kaacca Pur-
ruara § 1 2(X) = {gdg : g € G € Set(X)}. Torma =Z(X) sBisiercss oArpyHIIoH
rpymnsr Jlayma A(F).

JIlemma 3.3 [3, X.4.14]. IIycrp A, — m-saymesa rpymma. Ilycrs Z(X) = {xdx :
x € X € Set(X)} s X € Locksub(&,) — moamuoxkecrso A,. Torzga orobpakernue

E:X - E(X)

SIBJISIETCS PEIIETOYHBIM H30MOP(U3IMOM MEXKIY DEIIeTKOH T-HOPMAJIbHBIX KJIACCOB
QurrnHra U penieTKol HOArpyHIl T-JAYIITeBoi rpy sl A, .

JIemma 3.4 [3, X.4.15]. IIycre § — HerkorTopblii Kiacc @urTHHra T-rPYII H
S — noarpynna rpymmnst Jlayma A, a & — onpeiesieHHbII €AHHCTBEHHBIM 00pa30M
kiacc Qurrunra B nogcexnuu Jlokerra Locksub(F) rakoi, uro Z(&) = S. Ecin
G € Set(F), 7o Gg = {g € G : gog € S}.
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4. Kpurepuii m-MaKCUMaJIbBHOCTH

Teopema 4.1. Ilycts m — HemycTOe MHOXKECTBO NPOCTHIX dnucea u § C G, —
raacc @urrunra. Torga caegyrommue yTBepKAeHAST IKBUBAJICHTHDI:

(1) § m-maxcumasIen;

(2) cymecrByer npocroe umcyo p € © takoe, uro |G : Gg| € {1,p} ama Beex
rpyin G € G

JIOKA3ATEJBCTBO. (1) == (2). Ilycrs E(F) = {zdx : z € X € Set(F)}.
Torza o semme 3.2 rpynna =(§) sBiasgercs MOArpynnoil m-jaymesoil rpynmsl Ay.
Bamernm, uTo BBULY yTBepKIAeHus X.4.3(a) us [3] Ay — abesepa rpynna.

Tak kak § < &, mo jyemme 2.1 §F < &,. CilemoBaresibHO, 110 YTBEPXKIEHUAIO 2
JgeMMbl 1.2 umeem §* = &, = 6%, nosromy § € Locksec(S,). Eciu knacc @urrun-
ra X cogepxkurcsa B Locksec(&,), To ¥* = &,. Torma uz X C X* nouyuaem X C &,
u X € Locksub(6&,). Caenosarensno, Locksec(&,) = Locksub(&,). Takum obpa-
30M, 10 JieMMe 3.3 CYIIECTBYeT PElIeTOYHBINH n30MOPMU3M MEXKIY T-HOPMAJILHBIME
KJaccaMu U moarpymmnamu rpymnmnet Jlayma A;. U3 m-mMakcuMagabHOCTH § 1O JIeM-
Me 3.3 caregyer, uyro =(F) — MakcuMasbHAas HOArPYIIA T-JaynieBoil rpyuusl A,. Ho
TakK Kak A, — rpymmna kpydenusi, 7o A, /Z(F) = Z, ansg nekoroporo p € w. Torma u3
Jemmbl 3.4 caegyer, aTo juist Beex rpynn G € &, dakrop-rpynna G/Gz uzomopdaa
HeKOTOpoit moarpynme rpynusl A, /Z(F).

Ho A,/Z(F) — rpyuna upocroro nopsizika p. Cienosaressro, mito G/Gg =
A/E(F) = Z,, mubo G = Gg. Orciona BeiTekaer, uro |G/Gg| € {1,p} ansa moboit
rpyunst G € &,. Dro JokasbiBaer (2).

(2) = (1). IIpennomoxknm, uro knacc Purruara § He MakcuMasieH B S.
Torma cymecrByer Takoit kiaacc @urrumra M, aro § C M C G,;.

ITycrs G u H — rpynust u3 kiaaccoB IMN\F u &, \M coorsercrienHo. Tak kak
II0 YCJIOBHIO JJIsl JIFOOOM 7T-I'PYIIBI €6 UHIEKC 110 §-PaJIMKAIy PABEH IIPOCTOMY TUCILY
pem, 1o |G/Gz| = |H/Hz| = p. Ho § C M. Buauur, Hy < Hyy.

U3z roro, uro |H/Hgz| = p, caenyer, uro Hy — MakcuMaJbHas HOPMaJbHAs
noarpynma rpyunsl H. Crenosarensro, BBuny Hg < Hgyp mosydaeMm, 9To JuO0
Hop = H, mubo Hy = Hop. Eciu Hop = H, To H € 9; nostyuaeM IpoTUBOPEYnE ¢
BBIOOpOM rpytmbl H.

CitetoBaTe/IbHO, CIIPABEJJINBO PABEHCTBO

Hy = Hoy. 4.1.1
5

[ycte T = G x H. Ecmu upeanosoxutb, uro T € 9, to uz toro, uro H < T,
caenyetr, aro H € 91, 9ro HEBO3MOXKHO BBH Ly BbiOOpa H. Suaunt, Ton < T'.

Tak kak § C M, umeeMm (Ton)z = Top N Tz = T.

Bamerum, uro Toy = G X Heyn. Ilycrs Tony € §. Torma uz G < Top nosryuaem
G € §. llocnennee mporuBopednT BoIOOPY rpyiibl G.

Cuaenosarensuo, Tony ¢ § u

(Tgm)g = Tg < Ton. (412)

C npyroii croponsl, Beuiy (4.1.1) umeem Hg = Hon. Tem cambivm Toy = G X Hop € §
u G < Tyy.

Iosromy Ton < Ts. Ilocnemnee mporusopednt paseHcrBy (4.1.2). 3uauwmr,
§< 6.

Teopema mokaszama.

B ciaygae m = P monyaaem
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CuencrBue 4.2 [3, teopema X.4.26]. Ilycrp § — kaacc @urrunra. Torga
CJIeyTOIHe YTBEPKICHHST IKBUBAJCHTHBI:

(i) § MakcumaJIeH B Kjacce BceX KOHEUHDBIX Pa3permuMbIx rpyun &;

(ii) cymecrByer takoe npocroe p, uro |G : Gg| € {1,p} st Beex rpynn G € 6.

5. IIpumepsnt

5.1. Ilporemypa mocTpoeHusT MEPBOTO MPUMEPA B UICHHOM ILIAHE BOCXOJUT K
U3BECTHBIM pesyibraraM Bieccenosst u Tamrroria [10], oTHOCsIIUMCST K KOHCTDPYH-
POBAHUIO Pa3pENIUMbIX HOPMAJbHBIX KJaccoB OUTTHHTA, U COCTOUT B IIOCTPOCHUU
CIIenuaIbHOM (PUTTUHTOBOI MAPHI I §.

[ycts @ # m C P up € 1 — dbukcupoBanHoe MpocToe IUCI0, A — IUKIIH-
yeckasl rpymmna mopsgka p — 1 u G — jmobas rpynna u3 kiaacca Purruara § C
S,. Ob6o3naunm yepe3 .Z HEKOTOpPBIA raBHbIi psig rpynnsl G.  Ilycrs A4 =
{My, My, ... ,M,} — MHOXKeCTBO BCeX INIABHBIX p-pakTopos rpyunsl G u A # .
Torma KaxKaplil seMenT g € G unnymupyer aroMopdusm o Ha M; (1 =1,2,...,7).
ITycrs n = dim(M;) u m — orobpakenue rpymibl aBroMopdusmos A(M;) rpyumsl
M; B rpynmy HeBbIpOKIeHHBIX MaTpur, GL(M;) mopsaxa n ¢ 3j1eMeHTaMI a5, IPH-
HayrexkamumMu oo Lanya Fy, 1.e. agm = |la;;||. Ilycrs Teneps h — oTobpazerue
rpynust GL(M;) B MyJabTHIUINKATHBHYIO TPYIILY F; mona F, Takoe, 4ro

l[aijlIh = det [las]|.
Jlerko BuzeTh, uro h — romomopdusM, Mo3TOMY npousBesenne d = mh gBiIs-
ercst romomopdusmom rpymst A(M;) 8 A = Fy. Urak,

agmh = agd = det ||a; ]|
T
ITycrs agd = d¥(g) u d7,(g) = [ d¥(g) ms Beex g € G.
=1

Eciu 4 = &, 10 nonoxum di,(g) = 1. Herpyaso 3aMeTurs, 90 0TOGpazKeHne
d¢, : G — A — romomopdusM.

IIycte Teneps p = 3. HemocpencrBennoit nmpoBepKoOii JIETKO yOEAUTHCS, ITO
napa (A,d), rne A = Ff ud : § — |J{Hom(G, A)}, ynosaersopsier yciosuo FP1
ompesesieHusi GUTTUHIOBON napbl it §. Ilycrs 9 = (G € F:diG) = 1).
Torna, npumensist reopemy 1X.2.11 u3 [3], mosyuaem, uro M — kiuacc Purrunra u
G = Ker(dg). Teneps makcumasbaocts 9 B § BolTekaeT u3 reopeMsr 4.1, Tak Kax
|A| = 2 u no yreepxenuo 1X.4.2(b) u3 [3| monyaaem |G/Gor| € {1, 2} nias moboit
rpymmsl G € §.

5.2. Ilyctrb 3 e 1 CPuF = &,. Torma ximacc rpynm 91 C § ompemennm
caenyromumM obpaszom: G € M torma u TOJBKO TOrIa, Koraa (G ieficTByeT Ha CBOUX
9JIeMEeHTaX MOPsiIKa 3™ Kak IPYINIAa YeTHBIX II0JICTAHOBOK (7 IPOU3BOJBHOE HATY-
pasibHOe). Beuuy pesynbrara Kamurer [11] noaygaem, uro 9 — kiaace Purrunra
unjekca 2 B Kiacce §, T. e. |G/Gop| € {1,2} mna Beex rpyun G uz §, u M < F 1o
Teopeme 4.1.

B saksrouenune 3amMeTrM, 94TO BBUJLY IIPOM3BOJIBHOCTH BBIOOpA HATYPAJBHOTO 71
B JIOKaJIbHOM KJjiacce Purtuara &, CyIecTByeT CueTHOEe MHOYKECTBO MAKCUMAJIBHBIX
noaKJiaccos Gurrunra.

6. Ilpunoxenust

6.1. CymiecTBOBaHME€ HEHOPMAJIbHBIX T-MaKCAUMAJbHBIX MOIKJIACCOB.
Xepudenss [12] u A. H. Ckuboit (cm. [13, npumep 19.1]) nokasano, 4ro Kaxk-
Jlasd HeeJMHUYHASA JIOKAJIbHAA (pOpMAId HEe MMEEeT MAKCHMAJIBHBIX 10 BKJIIOYCHUIO



1418 H. B. CaesibeBa, H. T. Bopobren

nogdopmaruit.  [Ipobiema cyrecTBoBaHMSI MAKCUMAJIBHBIX MTOIKJIACCOB PUTTHHTA
B MUHUMAJIFHOM HOpMaJjbHOM Kiacce @urrmnra chopmynmuposana X. Jlaymem B
[14, Boupoc 9.18] u pemena orpunarensuao H. T. Bopoboesbim [8]. B cBszu ¢ srum
ecTecTBeH cjeaymonmuit Bompoc, chopmysmmpoBannbiii A. H. Ckuboii.

IIpoGaema [1, sorpoc 13.50]. Ilycrs § — sokaabHbli Kaacc @urruara. Bepro
JIH, 9TO YaCTHIHO YIIOPSJOYCHHOE IO BKJIIOYEHHIO MHOXKECTBO KjaaccoB PUTTHHTA,
BXOJSIIHUX B § U OTJIMYHBIX OT §, HE HMEET MaKCHMAJIbHDBIX JJIEMEHTOB?

OTpunare/bHBIA OTBET HA YKA3AHHYIO TPOBJEMY JTaeT

Teopema 6.1.1. B jokaapaoMm Kiaacce Purrusra S, CymecTByOT HEHOPMAJIb-
HbIE T-MaKCHMAaJIbHDBIE KJIacchl OUTTHHTA.

HOKABATEJILCTBO. Ilycts @ C w C P u § — xiaacc Purrunra Takoi, 4T0 JJIst
JiobGoit m-rpynmbl G usaekc |G : G| npunainexur {1, p} aJist HEKOTOPOIO IPOCTOrO
quciaa p € . Torma mo Teopeme 4.1 § <- S, (Takue KIacChl § CyMIECTBYIOT BBUILY
HOCTPOEHHBIX Bbime npuMepos 5.1 u 5.2). Crenosarenbho, mo jgemme 2.1 § <1 &,
Ho Torma o yreepkieanio 2 jjemmbl 1.2 umeeM §* = &, #£ G u § — HEHOPMAJIBHBIN
kiracc OurTunra.

Teopema mokaszama.

6.2. O kmacce PurtuHra c yciaoBuem Jlokerta. Kiacc Ourrmara §
HA30BeM Kaaccom DPummumnea c ycaosuem Jlokemma 6 waacce Qummunea X win
Lx-waaccom, ecmn § C X u §, = F N X,

Ecmu X = 6, to § HazoBeM mpocTo £ -KAaccom.

Beuny pesysbrara Bpaiica u Koccu [15] npobiema mocrpoenust KaxKIoro pas-
permmmoro kjacca JIokerra § Kak mepecedeHus KJacca JIokerra m HEKOTOPOTO HOD-
MaJbHOTO Kjacca OUTTUHra SKBUBAJIEHTHA TOMY, UTO § YIOBJIETBOPSIET PABEHCTBY
T« = SNG4 — ycaosuio Jlokerra, re &, — MUHUMAJIBHBIHN IO BKIIOYUEHUIO 3JIEMEHT
cekrun Jlokerra Kjaacca &, 1. e. &, — MUHHMAJIBHBII HOpMaJIbHBIN KJyacce Dur-
tunra. B [15] ycranosieno, uro ycsosue JIokerra BBIIOIHAETCS JJisi PA3PEIIUMbBIX
JIOKAJILHBIX HACJeACTBeHHBIX KiaccoB Purrunra. B [6] mosyuen obmuit pesysabrar:
JIOKA3aHO, 9TO KaXKJIblii pa3pelnMblii JIOKAJIbHbBIA Kjiacc OUTTHHTA YIOBJIETBOPSET
yeaoBuio JIokerTa.

o HacTOsIIIEro BpeMeHn B Teopuu KjiaccoB @uTTUHIa OJIHOM 13 TPYIHBIX OCTa~
eTcst TpobJIeMa onucanust rpyl Kiaacca GurTuHra, mopoKIeHHOIO CUMMETPUIECKON
IPYIUIOH U3 Tpex cUMBOJIOB (cM., Hanpumep, [3, X1.3.4, c. 801]). Hanomuum, yro ec-
gu § = Fit Ss, e S3 — cummerpudeckast IpyIia U3 TPeX CUMBOJIOB, TO

Fit S5 = N{X | X — xiacc @urrunra u Ss € X}.

Boigesnsist MakcuMmaJibHBIN TOAKIace B § = Fit S3, MbI mojrydaem HOBYO nHGOD-
MaInio 06 9TOM KJjiacce.

HamomammM, uto ecmm § u $ — kmaceol PurTrnra, TO Uepe3 § V §) 0003HATAIOT
kiracc OurTHHra, MTOPOXKIEHHDIN 00beTUHEHTEM § 1 §).

Teopema 6.2.1. Kiacc @urrtunra § sBisercs £ -KaacCoM.

HOKABATEJILCTBO. Ilokaxkem, 4To /uist § BbiosHseTcs yciaoBue JIokerra.
Tak kak § = §% V T, BBULY yTBepkKIeHUs 4 JeMMbl 1.1

TxVEN(E)) =3V (ENT) =8 VS
Torua juist Beex rpymn G € §\F«, upumensis ciaepcrsue 2.6 (em. [16, c. 42]), umeem

S VE ={G: (G x S3)z, Bxomur nonupsimo B G X S3}.
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Uraxk, (G x S3)z+ BxoguT nomupsimo B G x Sz st Beex rpymn G € F\Fy. Cie-
JloBaTeNIbHO, BBUAYy npumepa 2.7.2 (cm. [16, c. 42]) nmeem |G/Gg| = 2. Cuenys
JokazareaberBy TeopeMbl 4.1 (yrBepxkuenue 2) = 1)), 3akiodaeM, 910 §, < F.
W3 § C G BBuay yrBepxuenuii 3 u 4 jemmbl 1.1 BeiTekaer, 9to §, C 6,. Cienosa-
TEJIBHO, C YIETOM TOTO, 4TO §4 C §, mosydaeM BKJoUeHne 5, C §N G, C §. Beuny
T« < § cupaBesIMBO OJTHO U3 CHEAYIONUX paBeHCTB: § NG, = §, §x = SN G4. Ecin
BBIIIOJIHSIETCS [IEPBOE PaBeHCTBO, TO &, O §F. DTO HPOTUBOPEYUT TOMY, UTO BBUILY

upumepa Kavmner [11] S5 ¢ &, u § € G,.

11.
12.

13.
14.

15.

16.

Takum 06pa3oM, BBIOJIHSIETCS yCJIOBHE §yx = § N Oy, u § — Z-Kiacc.
Teopema jtoKazana.
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