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O HEKOTOPBIX B3aUMOCBS3IX MEKIY
BUPYCOJIOTUEN U MATEMATUKOU

A. I'pbITUyK
Yuusepcumem 2opooa 3enena I'ypa (Iloavuua)

Paboma nocesawena npunodicenuio HeKOMopuvIX AcneKkmosg meopuu 4ucen K ORUCAHUIO SPYNn 8Upyco8 noCpeoCcmeom ceomem-
pudeckux cummempuii. [ 5moii yeau ucnonb3yiomcs Gopmynst sl peuenus 8 HeuemnslX Yuciax ouoganmosa ypasmenus Jlomu-

epena. Jloxasano, umo ece pewenus ypasuenus X +3y>=4 R*+35%,

x=|R-35

nocpe()cmeo.w CUMMEMPOHOE.

, Y=R+S ww X:‘R+35

R,S =1 naxooamca c nomowwio gopmyn
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The paper is devoted to the application of some aspects of the theory of numbers to the description of groups of viruses by
means of geometric symmetries. With this purpose formulas for solution in odd numbers of the Diophantine equation of Lungrene

are used. It is proved that all the solutions of the equation x*+3y* =4 R?+35° |

formulas x=|R-3S

. Y=R+S or x=|R+3S

virus groups by means of symmetrones.

R,S =1 are found with the help of the

, Y= \R - S\ . The obtained result is applied to the description of the series of
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1. Introduction. In virology are known diffe-rent
groups of viruses. One of such groups has been
found by Stoltz [1-2] and by Wrigley [3-4] and is
called as symmetrons. Virus particles are invaria-
bly enclosed by shells of protein subunits and these
are packed geometrically according to symmetry
rules. Goldberg in the paper [5] indicated that total
number of nearly identical subunits which may be
regularly packed on the closed icosahedral surface
is given by the following formula:

N = 10T + 2 = 10(a*+ab+b?) + 2
(Goldberg’s formula), (1.1)

where a, b are given non-negative integer numbers
and

T = a’+ab+b? (1.2)

is called as triangular number for corresponding
symmetron.

Stoltz and Wrigley discovered that the symme-
trons have the construction of linear, triangular and
pentagonal and are called; respectively:

disymmetrons;
trisymmetrons;
pentasymmetrons;

d,=u-1, d,=u-1,23,.
t, = (vV1)Vv/2, v=1,23,.. (S-W)
puw=SW=Dw/2+1,.. w=123,..

It is known that an icosahedron has:

30 axes of twofold symmetry,

20 of threefold symmetry and

12 of fivefold symmetry.

Therefore the subunits on the surface of an ico-
sahedral virus may be divided into 30,20,12 pre-
viously listed groups symmetry. Suppose that

the 30 disymmetrons contain d, subunits,

the 20 trisymmetrons contain t, subunits and

the 12 pentasymmetrons contain p,, subunits.

The we obtain

N =10T + 2= 30d, + 20t, + 12p,,  (1.3),

where dy , t,, pw are given by the formulas (S-W).

We note that for each value of N given by the
formula (1.1) the number f(N) of the solutions of
the equation (1.3) is the number theoretically pos-
sible ways of making a virus with N subunits but
with different combinations of symmetrons. Putting
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x=2v-1, y=2w-1, z=u-1
and using the formulas (S-W) we can trans-
formed the equation (1.3) to the following form:
X2+ 3y? + 122 = 4T = 4(a*+ab+b?).  (1.4)
2. Ljunggren’s problem. In 1974 in the paper
[6] which has been presented by N.G. Wrigley and
V. Brun, Ljunggren posed the following problem:
Find all odd positive integers X, y and non-
negative integers z satisfying the equation (1.4)
for given non-negative integers values of
aand b. (L-P)

It is easy to see that the equation (1.4) is equiva-

lent the following equation;
X*+3y? = 4T - 122 =4(T-32); (2.1)

where T=a’+ab+b? is given triangular number.

Since x*+3y*>0 and z is non-negative integer
number then by (2.1) it follows that

T-3z > 0 and consequently there is only finite
number of non-negative numbers z belonging to the
interval [0,T/3). Let z = z, be such one the element
of this interval.

Then we have Ty = T — 32y, and the equation
(2.1) has the following form:

X*+3y? =4T, . (2.2)
Since T, is positive integers then using many
property from number theory and Diophantine equ-
ation we transform the equation (2.2) to the follow-
ing form:
X2+ 3y* = 4(R*+35%) ; (RS)=1.  (2.3)
The procedure concerning this transform is
given in our paper [7]. In this paper has been
presented computational method for determination
X, Y when we determine R,S. Namely we use of the
following inequality:
x <4max{R,S},y < 3max{R,S}.

3. Solution of the Ljunggren problem. In the
paper [8] has been proved the following Theorem:

Theorem. All solutions in odd positive integers
X, y of the equation (2.3) are given by the following
formulas:

x=|R-3S|, y = R+S or x=R+3S,y=|R-S|  (3.1).

This Theorem give full solution of the
Ljunggren problem.
Remark. For application of this result we note

that the number R*+3S? must be odd integer num-
ber. Indeed, since x, y must be odd integers then it
is well-known that x* give the residue equal to 1
(mod 8) and y* also give the residue equal to
1(mod8). Therefore x* + 3y? give the residue equal
4(mod8). But right hand of the equation give the
residue 0(mod8), because if R?+3S°=2k, then we
have 4(R2+3S2)=4.2k=8k and 8k give the residue
0(mod8).

Example. Consider the symmetron — Reovirus,
which has the triangular number T=13,

with a=3 and b=1, so T=a’+ab+b? =32 +3.1+12
=9+3+1=13.

The equation (2.1), (2.3) has the form:

x2+3y%= 4(13-3z) =4(R?*+3S?%),  z<13/3;

From the remark follows that 13-3z > 0 must be
odd integer number.

Hence we have;

z=0,2,4.

Let z=0.

Then we have

x*+3y?=4.13 = 4.(1%+3.2), (3.2)
hence R=1,S=2. By the formula (3.1) it follows
that

x=|R-3S|=|1-3.2|=5, y=R+S=1+2=3

or x=R+3S=1+3.2=7, y=|R-S|=1.

Consequently we obtain  two
(%, ¥)=(5,3);(7.1)

and easy to see that those solutions satisfy the
equation (3.2).

Let z=2.

Then we have 13-3z=13-6=7=2" +3.1° and
consequently we have R=2,S=1.

From the formula (3.1) we have

x=|R-3S|=1, y=R+S=3

or x=R+35=2+3=5,y=|R-S|=|2-1|=1.

Let z=4.

Then we have

13-3z=13-3.4=13-12=1#R*+3S?,
because (R,S)=1.

Now we can determined the number disymme-
trons, trisymmetrons and pentasymmetrons if z=0.
For the solution x=5,y=3 we obtain from the for-
mulas x=2v-1,y=2w-1,z=u-1 that

v=3,w=2,u=1. By the formulas (S-W) we ob-
tain that

solutions

t,=3,pw=6,d,=0.
Therefore we have
N=10T+2=10.13+2=132=30d,+20t,+12p,,=30.
0+20.3+12.6=60+72=132.

For this case we give in the second part of this
paper corresponding graphic this virus.
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In the second solution x=7,y=1,when z=0 we
obtain that v=4,w=1,u=1 and t,=6,p,,=1,d,=0.

Hence, N=30.d,+20.t,+12.p,,=30.0+20.6+12.1=
=120+12=132.

If z=2 then we have x=1,y=3 and we get
v=1,w=2,u=3. From the formulas (S-W) follows
that t,=0,p,=6,d,=2 and consequently we have
N=30.2+20.0+12.6=60+72=132.

In similar way we can determined the structure
this symmetron for the second case of the solution
when x=5,y=1, when z=2. In this case we obtain
v=3,w=1,u=3 and consequently we get that
d,=2,t,=3,pw=1. Hence,

N=30.2+20.3+12.1=60+60+12=132.

In the second part of this paper etitled: «Exam-
ples of some type of symmetrons» we present
graphic structure some viruses with determined the
number of disymmetrons, trisymmetrons and pen-
tasymmetrons.

Examples of some type of symmetrons

1. Parvovirus-T1

We have T=1,a=1,b=0, hence
N=10T+2=101+2=12
and 12=30.0+20.0 + 12.1

Pentasymetrons have the colour red

2. Poliovirus-T3
We have T=3,a=1,b=1, hence
N=10T+2=103+2=30.0+20.1+121=32

Pentasymetrons have the colour red,
trisymetrons have the colour blue

3. Togavirus—-T4
We have T=4,a=2,b=0, hence
N=104+2=42=30.1+20.0+12.1

Pentasymetrons have the colour red,
disymetrons have the colour yellow

4. Reovirus-T13
We have T=13,a=3,b=1, hence
N=10.13+2=132=30.0+20.3+12.6

Pentasymetrons have the colour red,
trisymetrons have the colour blue

5. Herpesvirus — T16
We have T=16,a=4, b=0, hence
N=10.16+2=162=30.1+20.3+12.6

Pentasymetrons have the colour red,
trisymetrons have the colour blue and
disymetrons have the colour
yellow
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6. Adenovirus —T25
We haveT =25,a=5,b =0, hence
N=1025+2=252=30.4+206+12.1

Pentasymetrons have the colour red,
trisymetrons have the colour blue,
disymetrons have the colour yellow
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