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JluddepenunanbHbIi aHAIOT
UTEPALIMOHHOIO Tporecca Beiepirpacca

10.B. prﬁHHKOB*, O.B. IlbimuenKo , B.B. CHiMBOHYHK
*queofcc)enue obpaszosanus « Bumebckuii cocyoapcmeeHnmbiil yHusepcumem
umenu 11.M. Mawepoesa»
" Vupeowcoenue obpasosanus « Bumebckuii 2ocyoapcmeentblil mexHOI02UYecKULl YHUBEpCUumem»»

B cmamve xoncmpyupyemcsa Oup@epenyuanvruill ananioe umepayuoHrHo2o npoyecca Bellepuimpacca oonospemennozo na-
XOJHCOEHUs 6Cex KOpHell aneedpauiecko20 YpasHeHUs U U3yuaiomces e2o pasHoodpasuvie ceolicmea. B meopeme 1 ooxaszano, umo
HOOMHOICECE0 NPOCMPAHCIMBA HAYANLHLIX YCIOBUL, 05l KOMOPO20 6Ce MPAEKMOPUL CMPEMAMC K OOHOU U3 NepecmaHO60K
KOpHell, A67IAemcs OMKPLIMbIM U CEA3HbIM, NPU IMOM OMOOPANCEHUE OAHHO20 NOOMHOMCECMEA HA MHONCECMBO 3HAYEHUN KO3 ¢h-
Guyuenmos ypasuenusa sagiaemca oupgeomoppusmom. Hatidena cucmema uH8apuanmosd maxozo npoyecca; O00KaA3aHd acum-
NMOMuUYecKds yCmouuueocms no JIAnyHo8y cOCMOAHUL pAGHOBECUs; UCCIE008AHbI BONPOCHL NPOOOIHCUMOCIU peuterull. Huc-
JIeHHblE NpUMepbl NOKA3bIBAIOM 8bICOKYVIO dhhekmusrnocms 5mozo npoyecca: 3adava Kowu, pewiaemasn ons coomsememsyoujei
cucmemvl OuP@epenyuanbrblx ypasHerul, umeem mpaekmopuio, 6blcmpo npUOIUNCAIOUYIOCS K 6eKMOPY KOPHell anzebpauye-
CK020 ypasHeHus npu «noumu JoobiXy HA4albHblX yCrosusx. B meopeme 2 pesynomamuvr meopemul 1 0606waiomes ona ougghe-
PEHYUANbHO20 aHano2a umepayuouHozo npoyecca Hoiomona—Kanmoposuua 6 obuem cuyuae.

Knroueswie cnosa: nonunom, umepayuonnvii npoyecc, memoo Helomona—Kanmoposuua, ougpepenyuanvhviii ananioe memo-
Oa Betlepwmpacca, 6anaxoeo npocmpancmeo, ycmouuusocms no JIAnyHosy.

Differential analogue of iteration Veierstrass process

Y.V. Trubnikov’, O.V. Pyshnenko”, V.V. Silivonchik™
Educational establishment «Vitebsk State University named after P.M. Masherov»
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Differential analogue of iteration Veierestrass process of simultaneous finding all roots of an algebraic equation
is constructed in the article and its different peculiarities are studied. In Theorem 1 it is proved that submultitude of the space of
initial conditions, for which all trajectories aim at one of the rearrangements of roots, is open and bound, the reflection of this
submultitude on the multitude of coefficient indications of the equation being diffeomorphism. System of invariants of such
process is found; asymptotic stability according to Lyapunov of equilibrium states is proved; issues of continuity of solutions are
studied. Numeric examples show high efficiency of such process: Koshy task, which is solved for the corresponding system of
differential equations, has a trajectory, which approaches quickly the vector of roots of the algebraic equation at «almost any»
initial condition. In Theorem 2 results of Theorem 1 are summarized for a differential analogue of iteration Newton—Kantorovich
process in a general case.

Key words: polynome, iteration process, Newton—Kantorovich method, differential analogue of Veierstrass method, banakh
space, stability according to Lyapunov.

Toraa pacyetHsle (opMynbl anroputMma Beiiepmt-
pacca HMCHOT BU/
P, [z i k ]

2, k+l =z, k -1 =

co’[zj k ]

I ]TepauHOHHHﬁ anroput™M  BeliepmTpacca
MpeHa3HaYeH U1 OJHOBPEMEHHOI0 HaxOX-
JEHHS BCEX KOPHEH anre0panvecKoro ypaBHeHHs

Pz=z"+az" ' +a,2"*+---+a _,z+a,=0

C KOMIUIEKCHBIMU KOX((UIIMEHTAMH B CIIy4ae OT-
CYTCTBUS KPaTHBIX KOpHEH.
ITyctb

ot =t-z t-z, -

1<j<n, k=12,....

HaOmroieHus 3a 4UCIEHHBIMU SKCIIEPUMEHTA-
MH, TPOBEJCHHBIMH C TPUMEHEHHEM alropuTMa
BeliepmiTpacca, nokazanu HEJIOKaJIbHBIM XapakTep
CXOJIUMOCTH, T.€. BEKTOpPHAs MOCIEI0BATEIbHOCTh




MATOMATBIKA

z. k

i 1<j<n, k=1,2,.. cxXoaurcst K HEKOTO-

poil mepecTaHoBKe KopHeW ypaBHenus P, z =0

MIPU «IIOYTH JIIOOBIX» HavaJbHBIX 3Ha4eHusX. Of-
HAKO J0Ka3aTeNbCTBO (haKkTa TakoW HEIOKAIbHOW
CXOAMMOCTH YK€ Ui KyOM4YEecKOro YpaBHEHHUS
BEChbMa 3aTPYAHUTENIBHO. ABTOPBI HACTOSIIETO UC-
CIIEIOBAaHMS MpEAJaralT HCHONb30BaTh Audde-
PEHLHUANIbHBIM aHAJIOI HTEPALMOHHOIO Ipolecca
BeiiepmTpacca, T.e. IPUMEHATH ISl HaXOXACHUS
BCEX KOpHEH anreOpanvyeckoro ypaBHEHHUS! CHCTe-
My nuddepeHInaTbHBIX ypaBHEHHUH

dz, PR[zt]

dt co'[z it J
B crartbe ycraHaBIuBaroTCs OCOOCHHOCTH IIO-
BEJICHUS PEIIeHU TaKoW CHUCTeMBbl TudQepeHIu-
aJbHBIX YPAaBHEHUI U HEJIOKANbHBINA XapakTep CXO-

mumocTH Bektopa Z; t 1< j<n mpu t—>oo k

HEKOTOPOIi MEPECTaHOBKE KOPHEW anreOpanvecko-
o ypaBHEHHS.
Kpome TOro, nokasanbl HEKOTOpbIE oOLIHE

cBoOiicTBa omepaTopHOoro auddepeHIHaTEHOTO
YpaBHCHUA BUA

dz -1

—=-[F' z ] Fz

dt

Martepuan u Metoabl. O0bEKTaMHU HCCIIETOBA-
HUS ABIISIOTCS anreOpanyeckue ypaBHEHHs, UTepa-
LIMOHHBIE TIpoliecchl BelepmrTpacca, HbroToHa—
KanropoBuda u ux auddepeHanbHble aHalOTH.
B kaudecTBe METOHOB MCHOJIB3YOTCS TOMOJIOTHYE-
CKHE, aHaINTUYECKHE METOJbl HCCIENOBaHUS U
HEKOTOpbIe 0O0IIe TeopeMbl (PYHKIIMOHAIEHOTO
aHanm3a. BeUUCIIeHNsT IPOBOMIINCH TIPHU TIOMOIIA
naketa CUMBOJIbHO# Matematrku Maple 15.

Pe3yabTaThl U uX o6cyxnenue. Paccmorpum
anredpandeckoe ypaBHEHUE

z"+az" ' +---+a _z+a, =0 (1)
C KOMIUIEKCHON MEPEMEHHON Z W MOCTOSIHHBIMHU
KOMILIEKCHBIME K03 duienTamu
a; | =12,...,n

[IpenmnonoxxuM, 4T0 JUCKPUMUHAHT YPaBHEHUS
(1) ne pasen nymo. Toraa ypaBuenue (1) umeer n
Pa3JINYHBIX KOPHEH.

[Ipon3BonbHEIN HA0OP KOMITJIEKCHBIX YHCEI

2,,2y,..,Z,
MOPOXKIAET ANreOpanveckoe ypaBHEHUE
2" +uz" +--+u ,z+U =0 2)
¢ ko3 punuentamu U, U,,...,U, , B KOTOPOM KOPHU
Z,,2,,...,Z, 1 KO3(pUIreHTsl U;,U,,...,U, CBI3aHbI
paBeHcTBamu Buera:

U == =2, =1,

U, =22, + 2,2+ + 2,2, @)
n

u,= -1 zz,...z,.

B cratee mokazaHo, Kak ¢ TOMOIIbI0 audde-
pEeHLIMAIBHOrO aHajiora mnpouecca BeliepmTpacca
[1, c. 52] mOCTPOUTDH TPACKTOPHUIO

z, t,z,t,.,z,t
KOpHEW ypaBHEHHUS (2) W COOTBETCTBYIOIIYIO e
TPaeKTOPHIO KO3PPHULIMEHTOB

u t,u, t,.. u t

Tak, 4yro npu t —oo BekrOop 7, t ,z, t ,...,Z t

CXOJIUTCS K HEKOTOPOM IIEpECTaHOBKE KOpHEH
ypaBHeHus (1).
Beenem o0o3HauyeHus:

A= a,a,,...,a, ,
U=u,u,,...,u, ,
Z=12,72,...,1,
JuckpumuHaHT ypaBHeHHs (2) 0003HAYUM dUe-
pe3 DIS U ,Te.

DISU =[] z-2, " =f uU,u, ,  (4)
i<j
f u,u,,...,u

rae SABIIACTCA aJIFe6paPI‘{€CKPIM

n
MHOTO4YIEHOM IIEPEMEHHBIX U, U,,... U, .

PaccmarpuBast  z,,Z,,...,Z, Kak HE3aBUCHMBIC

n

HepeMeHHbIe, Mbl MOJKEM BBECTH OTOOpaKEHHE
U=F Z, (5)
ompenensemoe paseHctBamu (3). HesaBucumo ot
TIepecTaHOBKHU KOpPHEH ypaBHEHUS (2) cripaBenInBO
PaBEHCTBO:
DISU =DIS[F Z |=]] z -

i<j

2

Iycts F' Z

(5). OcHOBHBIM M3y4YaeMbIM B JJaHHOH cTaTtbe 00b-
€KTOM SIBJISICTCS OIepaTopHoe auddepeHuaibsHoe
ypaBHEHHE

— TIPOM3BOAHAS OTOOpPaKEHHS

Zt=—F[zt] F[zt]-A, ()

T.€. €CTECTBEHHbIM IU(QepeHIHaNbHbII aHaIoT
Mertojia HetoTrona—KanTopoBuya.
CrenaeMm 3amMeHy nepeMeHHON Z mo Qopmysie
(5). Torna
U=F 2 .Z=
=F z[Fz][Fz-A]=
=—F Z + A=-U+A
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T.e. ¢yakmuas U t :F[Z t ] YIOBJIETBOPSIET
muddepeHInaATEHOMY YPaBHEHHIO

Ut=-Ut+A. (7

Takum o0pazoMm, ecnmu Z t SBISICTCS PEIICHU-

eM ypaBHeHHA (6), TO COOTBETCTBYIOUIUI HaOOp
K03 (UITMEHTOB ypaBHEHUS (2) SIBISAETCS pelIeHu-
em ypaBHeHus (7).

[pencrasisier MHTEpPEC, HA HAII B3MJISA], U3y4de-
HUE CTPYKTYpPBI MHOXKECTBA TE€X HAYaIbHBIX 3HAYE-
HUHA Z;, OpU KOTOPBIX UMEET MECTO PAaBEHCTBO

limz t,z, =1Z,, (8)

t—>w

rae Z, — HeKOTOpbI (PUKCHPOBaHHBIA HAOOP KOP-
Heil ypaBuenus (1), 1Z, — npousBonbHas nepecra-
HOBKa KOMIIOHEHT ATOT0 Ha0opa.

ITycth

Zy= 2,2y, 2y » Uy = Uy, Uy,...,Upg
n U t;U,
OTBETCTBYIOIINE pemeHus ypaBHeHui (6) u (7).
MHokecTBa HadaJIbHBIX YCIOBUM O0O3HAYMM 4e-

HayalbHbIEe ycloBus, a Z t,Z, — Co-

pe3 C; u C, a cuMBonaMu X, M X, — MHOXECT-

Ba B npocTtpancTBax C; u G, onmpenensemsie yc-
JIOBUSIMHU:
Y, — MHO)KECTBO T€X Ha4YaJbHBIX 3HAUYEHUH Z,,

JUTSE KOTOPBIX CYIIECTBYET XOTS OBl OZHO 3HaUEHHUE
te 0,00 , Ipu KOTOPOM

DIS Zz t,Z, =0, 9
Y, — MHOXECTBO TeX HayalbHbIX 3HaueHuil U,
JUTSL KOTOPBIX CYIIECTBYET XOTS Obl OJHO 3HAUCHHUE
te 0,0 , IpH KOTOPOM

DIS U t,U, (10)

Hanee onpenenum MHoxkectBa M, u M cie-

=0.

IYIOIUM 00pa3oM:
M, =C;\Z,,
Hyers K,

_ n
M, =CJ\3, .
IMOAMHOKECTBO MPOCTPAHCTBA

C,, st KOTOporo Bce Tpaekropuu Z t;Z, crpe-
marca k 1Z,, T.e.
limz t,Z, =1Z,.

t—o>+x0
OCHOBHBIM PE3yJbTaTOM CTAaTbU SIBIISIETCS Cle-
IyIoIas TeEopeMa.
Teopema 1. MuoxecTBo K, SBISCTCS OTKpBI-

(11)

TBIM U CBS3HBIM. Kpome Toro,
M, = U Ky a!
|

TIPH 3TOM OTOOpaKEHNE
F:Kgz, =M,y

aisiercst muddeomoppmmom. Kaxnoe u3 monosxe-

HUM paBHOBECHS CHCTeMBbI muddepeHIMATBHBIX

ypaBHEHWUI (6) ABISIETCS YCTOHYUBEIM 10 JISITyHOBY.
JlokaxeM npeaBapUTEIbHO HECKOIBKO JIEMM.

Jlemma 1. Ilycms Z t — npouzeonvroe peuie-
Hue ypasHenus (6) u I — nekomopas nepecmanoska
e2o koopounam. Tozoa 1Z t — maxowce peuienue
ypasnenus (6).
JokaszaTenscT B o OueBUIHO,
F Z =F 1Z . Kpome Toro, Tak kak omneparop |
JTUHEeH, UMEEM
F'zZ =K 1Z =F" 1Z -1,
T.€.
F'1Z =F Z -1,
CJIeTOBATEIHHO,
[Fiz] =1[Fz].
Hanee u3 ypaBHeHus (6) moxydaem
1Zt=-1[Fzt ][Fzt -A]=

(12)

=[Fazt J[Fizt -a]
Takum o6pazom,
d

, -1
a[lz t]=-[F 1zt ' [Fi1zt -A]
T.€. |Z t sBisiercs pereHueM ypaBHeHus (6).

CaeactBue. Cnpagednugo paseHcmeo

1IZ t,Z, =Z t;1Z,
JokazaTenbCcTBO.

1Z 0,2, =1Z,,

Z 01z, =1Z,.

Pemenuns 1Z t;Z, wu Z t;1Z, ynOBIETBOPSIOT
OJTHOMY HadaJlbHOMY YCIIOBHIO, IO3TOMY OHH COB-
MaIaoT.

Jlemma 2. Eciu Z, € M, , mo pewenue Z t;Z,

onpeoeneno npu te 0,00 u
limz t;z, =1Z,

t—ow
07151 HeKOMOopol nepecmanosru 1.
HJoxkxaszaTtensbcTBso. Ecm mig Toukn

Zy= 2,9,25,.--,2,, BBITIOIHACTCS YCIOBUE
2
11 zo-2 =0,
i<j
TO B OKPECTHOCTH JTOW TOUYKH OToOpakenwme (5)

obpatumo. Otobpaxenne U =F Z otoOpakaer

o0Omacte M, Ha COOTBETCTBYIOLIYIO 00JaCTh KO-
sddunmentos ypaBHenus (2) — 3to obmacte M.

Tak xak
Ut =A+U,-Ae",
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TO
limUt =A (13)
t—>+o
npu 1r000M HayanbHOM 3HaueHuu U .
IIpennonoxum, uro pemenune U t He BBIXO-

IuT 3a npenensl obmactu M. Torma BBUAY JIO-
kanbHoro audpdeomoppusma F:M, - M, cyme-
CTBYET JIOKIBHO OIIPEIENICHHOE PEIICHUE ypaBHE-
mus (6): Zt =F' [U t ] [Tokakem, 4TO 3TO
pelIeHre HEOTPAHUYEHHO POJOIIKAECTCS.

Ilycth pemenne Z t ompenesneHo Ha HEKOTO-
poM npoMexyTke te 0,T u T <oo. Pemenne

Ut =A+U,-Ae"

MOKHO 3amrucaTtb B BUAC

Ut=A+UT —Ae'. (14)

[Tockomeky DIS[U t ]7&0, TO ypaBHeHHe (2) c

kodpduuuentamu U t uMeeT N pa3iIudHBIX KOP-
Hell. OTOT (akT o3HadaeT, YTO MpPU HEKOTOPOM
€>0 Ha otpeske T —g,T +€& cymiecTByeT o0Opar-

HbIit oneparop F~* [U t ], T.€. QYHKIHUIO
Zt=F'Ut]
MOJKHO ITPOJIOJDKUTE Ha OTpe3oK T —g, T +¢g .
Hanee u3 paBerctra (13) cienyet, 4To

limz t =limF?[U t ]=F" A =1Z,,

t—o

rne |Z, — HekoTopass mepecTaHOBKa HCKOMBIX

KOpHeii ypaBHeHUs (1).
Jlemma 3. Mnuoowcecmeo M, sensemca om-
KpbImbIM U CEA3HbIM, a MHodxcecmeéo M, — om-

KpbIMbIM.
JokaszartensbcTso. JJokakeM OTKPBITOCTh
MHOXxecTBa M. JlonmycTuM HpoTHBHOE. 3HAYMT,

cymecTByeT Takasg Touka U, € M, uto ee irobas
Io-

ckosbky U, e M, 1O DIS[U tU, ]7&0 IIPH JI1O-

okpecTHOCTE B U, mepecekaercs ¢ X .

oom te 0,00 , ByactHocTH DIS U, #0.

PaCCMOTpI/IM IIOCJICAOBATCIIBHOCTD TOYCK

UOi i=12,... , cxomamryrocs k U, s KoTopoit
U, eX, (eBuay GyHKIMH

DIS U MoxHO cuutath, uto DIS U,' #0). 3ua-

HEIIPEPBIBHOCTH

YUT, CYILECTBYET MOCIEN0BATENBHOCTh t € 0,00 |,

JUTSL KOTOPOU

DIS[U t;U; ]=0. (15)

Breimenum w3 mociemoBaTrenbHOCTH 0 CXOms-

i
IIyloCsl TI0CJIEOBaTeNbHOCTh M 00O03HAYUM €€
onatk uepe3 t 1t —>T , nomyckas T =+c0. Ilo-
KaXeM, 4TO

limu t;U; =U T;U,

t—>o

ITockonbky
UTU, =A+ U,-Ae",

(16)

TO
Ut:u, -UTU, =
=A+ Uj—Aet—[A+ U, —Ae |=
=Up-Ae'-U,-Ae' =
=Uge " -Uge T +AeT —e"

Tak kak UOi —U, u t, >T, 10 paBencrso (16)

JOKa3aHo.
N3 pasenctBa (16) BBUAY HENpPEepHIBHOCTH

¢ynkuun DIS U umeem
DIS[U T;U, ]=limDIS[U t;U; |=0,

i—>w
YTO TIPOTHBOPEYUT UCXOAHOMY HPEIATIOIOKEHHIO O
TOM, YTO TIpU JIFOOOM te 0,00 BBITIONHSIETCS He-

PaBEHCTBO DIS[U t;U, ];tO.
OTKpbITOCT MHOXKECTBA M|, J0OKa3aHa.
MHoxectBo M, siBiISI€TCSI CBA3HBIM.
HdoxaszaTtenscrts o. [lycts U(l,eMU,
UZeM, - aBe pasnuuHble TOYKH. TpaekTopuu
U tu;

TOYKOU

u U t;U HempepbiBHO CBA3BIBAIOT UX C

A=U +o;U; =U +oo;U¢

3HAYUT, IPOXOAS OJHY TPACKTOPHUIO B NMPSIMOM Ha-
NPaBJICHUH, a JIPYTYIO — B 00paTHOM, IiepeiieM oT
OJIHOM TOYKH K JIPYTOH.

JlokaxxeM Teneps OTKPBITOCTh MHOXKECTBa M, .

Ilycts Z,eM, n U,=F Z; . JlokanpHO 0TOOpA-

xenne F sBisercs muddeomopduzmom. Ilycthb
N, — OTKpBITOE MHOXECTBO, Ui KOTOPOTO

U,eNy, c My u Ha KOoTOpPOM ompeneneH o0part-
it muddeomopdusm F ' myers N, =F ™ N,

Torga, ecmu Z; € N, , To Tpaexropus Z t;Z, He
[IEPECEKAETCSI C MHOXKECTBOM X, . JIeHCTBUTENBHO,
Z t,Z,
U ty, =U tF Z,

clelHee HEBO3MOXKHO, Tak Kak F Z, e N, c M.

CCJIn NEpeCCKACTCA C ZZ 5 TO

nepecekaercs ¢ 2 . Ilo-




Becuixk BAY. —2013. — Ne 2(74)

Jlemma 3 noka3zaHa.
Jlemma 4. IIycmv ¢: o, —C; — Henpepuis-

Hoe omobpadicenue u MuHus Zy=¢ t  TE O,

He nepecexaem nogepxHocmv L,. Tozoa moboe

HadajllbHoe yciosue nopoofcéaem peuitenue

Z t;p T , xomopoe npodoadxcaemcsi 00 +% no

nepemennoli t u ynkyus Z t;¢p T HenpepuigHa

Ha sceti nonoce te 0,0 , te o,f .
Kpome moeo, onsa moboeo v e o, cywecmey-

em oKkpecmHocmv 1T —g, T +& maxas, ymo Ol

106020 T uz amoti OKpecmHrocmu

te v —¢, v+ mpaekmopusi Z t;0 T cmpe-
Mumcs K 0OHOU U3 nepecmano8ok kopreti. T.e.

!imZ tot =1Z,

071 HeKOMOopo huKkcupo8anHol nepecmanosxku 1.
HdoxkaszaTenscTB o. CymecrBoBaHue pe-

menust Z t;¢o t mnpu te 0,00 clenyer U3 Toro,

gyro Z,=¢ Tt ¢%,. IlokaxkeM HENpepLIBHOCTh

1110230901707 SEEVAN WORK B momoce te 0,00 ,
te a,pB . [Ipenmonoxum, uto B Touke t',7" He-

MPEPBIBHOCTH 110 TIEPEMEHHON T HapymaeTcs (1o t
HETNPEPHIBHOCTh UMEETCSI TPU JIIOOOM 3HAUCHWH
¢ Tt ¢%,). Paccmorpum pemtenue ypasenus (7) ¢

HavanpHbBIM ycnoBueM U, =F [(p T ] :
U[t;F Pt J:F[Z tio T ]:
=A+[F ot -Ale".
3TO pelIeHne HeMPEPHIBHO 10 00eUM IepEeMEHHBIM
B nojoce te 0,0, 1€ o,B .
Paccmotrpum  TOUKY Ul[t’; Fort J ITo-
ckoneKy DIS U, #0, TO B HEKOTOPOH OKPECTHO-

CTH 5Toii ToukH onpeseien auddeomopdpusm F*.
3HaunT QYHKIHA

Z[t;(p T ]:F’l[U tF ot ]:
~F A+ Fot -Ae"]
HemnpepbiBHA B Touke t', 1" .

JlokaxxeM  BTOpYIO

limzZ|t;o © ]= IZ,. Bo3bMeM OKPECTHOCTH TOY-
t—ow

gacte JiemMMbl. [lycTb
ku 1Z,, B KoTOpoil oToOpakeHue F sBusercs
maddeomopdusmom u F* A =1Z,. [Tycts Touka
t' TakoBa, uTO 3HaueHHE Z[t’;(p r’] JEKHUT B

3TOH OKPECTHOCTH. BBUIY HENpephbIBHOCTH (YHK-

1208 Z[t;(p T ] TOYKH Z[t';(p T ] mpu t, O6Iu3-

KUX K T , TaAKXKe JIeXKaT B OTOM OKPECTHOCTH. Pac-
CMOTPHUM Ha4daJIbHOE yCIIOBHE

Zy v =Z[to 1 ]
BMECTC C YCIIOBUEM
Uyt =F[Z tho t |.
OueBHIHO,
Z[tZ tip v |=Z[t+te 1 |,
[ToaToMy
limZ[t;p © ]=lim Z[t;Z[t’;(p T ]]

t—>+0 t—+o0

ITockonbky
U[tU, * J=U[tF Z tho |-
:A+[F Z the —AJe‘t,
TO
limu[tu, T |=A.

Jlemma 4 nokazaHa.

JokazaTenbcTBO TeopeMb 1.
IIycts |, m |, — nBe pasnuyHble NEPECTAHOBKH.

1 2
Torma ecnu ZyeK,, , a Z;eK, , , To mobas

HENpepbIBHAs JMHUA, coequbsiomas Z; u Z7,
NepeceKaeT IOBEPXHOCTh X, . JleHCTBUTENBHO,
nyctb @: 0,1 —C; — HenpepsIBHOE 0TOOpaKEHHE
u @0 =2, o1 =2;. o nemme 4 npu 1,
OJIM3KUX K HYJIIO, UMEEM
imZ[to © |=1,Z,.
t—>+w0
Kpowme Toro,
imz[te1]|=1,2,#1Z,.
t—>+o0
ITycth T — HIDKHSAS TPaHb T€X 3HAYECHHUN T, JUIS
KOTOPBIX

imZ[te t |#1,Z,.

t—>+o

Ecmu Z [t;(p T }e 2, , TO CYIIECTBYET NMPEAEI
fmz[te < ]
paBHbIil uinu He paBubiil |,Z,. Ilo nemme 4 u pa-

BCHCTBO, U HCPABCHCTBO AOJI’KHBI BBLIITOJIHATHCS HaA

HEKOTOPOM HHTEpBaIE T —¢g, T +€ , YTO HEBO3-

MOKHO I10 OIPEJIENCHHIO T .

3HayuT Z[t;(p T :|EEZ .

Yreepxaenne Z, € K, TOrna u TOIbKO TOrAa,
korma 1Z, e K, cnexyer u3 ieMMsl 1.

Jokaxem OTKpeITOCT MHOXeCTBA K, . ITycTh

Z,eK,, ,1.e. Z,€M,. BBuly OTKPBITOCTH MHO-
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xKecTBa M, Touka Z, BXOAUT B HETO C HEKOTOPOH
BBIITYKJION OKpecTHOCTBIO. [lycth Z;, — mpoms-
BOJIbHAs TOYKAa 3TOM OKpecTHOCTU. Ilockoibky
ZyeM,, 10 ZjeK,, it uekoroporo |”. Ecmn
I+ 1, To, MO TOKa3aHHOMY, OTPE30K

te 0,1

MEPECCKACT MHOXCCTBO ZZ , 3HA4YUT HC JICKUT

Q0T =2y1-1 +Z;

HOJTHOCTBIO B M, , 4TO NPOTHBOPEUYUT €€ MOCTpOoe-
Huto. 3Haunt, |'=1 u Z;eK,, .

Taxum obpaszom, MHOXKeCTBO K|, SBIISICTCS OT-

KPBITBIM.
Jloka3z3aTenbCcTBO CBI3ZHOCTH MHOMKECT-
Ba K, MOJy4aeTcs JOCIOBHBIM IOBTOPECHHEM

JI0Ka3aTeIbCTBA CBA3HOCTH MHOXECTBA M U

Teopema 1 nokazana.

W3 oTkpelTocTH MHOXECTBA K, clemyer yc-
A

TOMYUBOCTH IO JISSMYyHOBY MOJOKEHUSI paBHOBECHS
1Z,.

W3 npoBeAeHHBIX pacCyXIECHUH OYEBHIHBIM
00pa3oM BEITEKAeT PABEHCTBO

M, =K, -
|

Hokaxem, uro orobpaxenne F:K, —M,

(17)

apiserca quddeomopduzmom. Ecmm U, e M, TO
emy cootBeTcTBYeT Z, €K, u 1Z,€K, . Ilosro-

My orobpaxenne F:K,, —M, ssusercs B3anm-

HO oJxHO3HAa4YHBIM. Kpome Toro, otoOpaxenue F
Ha K, uMeer 06paTHMyIO IPOM3BOIHYIO.
[IpoBenem ananu3 oOiacTell MPUTSDKEHUS, T.€.

MIOCTPOUM B SIBHOM Buje pa3ouenue (17) mHOXKe-
cTBa M, s ciiydast KBapaTHOTO yPaBHEHUS
Z+az+a,=0. (18)
PaBencTBo
Ut =A+U,-Ae"
st ypaBHeHUs (18) mpUBOAUT K CIIETYIOMICH CcHC-
TeMme:

zt+z,t +a=e")z 0 +2z, 0 +a, |,
U4z, t+a=e'[2 0 +2, 0 +a] (19)

zt-z,t —a,=e"[20-2,0 -3,
Cucrema (19) osnawaet, uro ¢yHkuuu z, t u
Z, t SBIAIOTCS PEIICHUAMH YPaBHECHUS

2+ a-€e'z 0 +2 0 +a | z+ 20)
+a,+e"[z, 0 -2, 0 —a, |=0.

Haiinem muckpumunant D storo ypaBHeHus:

D=a-e'[z 0 +27 0 +a| g
4 a,+e'[z, 02,0 -a,] =
=a’-2a[z, 0 +2, 0 +a Je" +
+e7[z, 0 +2, 0 +a1T—
~4a,-4[7, 0 -2, 0 —a,Je" =
=[2,0 +2, 0 +aJ2e‘2t—
- 2al+2a[2 0 +2, 0 |+
+4[2, 0 -2, 0 —a, | e +a] —4a,.
O6o3naumB s cokpaienus 3amucu 2, 0 =7, u
z, 0 =z,,, Homy4aem, 4TO Pa3peUINMOCTb YpaB-
HCHUS
Zo+12,+3 €2 -
—[2af +28, 75+2, +4 25253, &'+ (21)
+a’ —4a, =0
IpH HEKOTOpPOM te 0,00 O3HAYAET, YTO MPH Ta-
KHX Ha4yalbHBIX 3HAYCHWSIX OQyHKuuH Z, t H

Z, t Ha Bech momyuHTepBanl 0,00 HENPOIOJLKH-
MBI.
Tak kak ypaBHeHue (21) Mo OTHOIIEHHIO K Te-
peMeHHoO} €' sABNsgeTCS KBaAPATHBIM, TO
et — 231 ZiptZn+td +4 ZipZy — & VA

> , (22)
2 2o+ Z,+8

rae
2
2
A=[2a0 +28, 2y+2, +4 L2y -8, | -
2 2
-4 a —4a, z,+2,+8 =
2 2
=16 z;, +a,z,+a, Zy+aZy,+a, .
O003HaYUM ISl COKPAIIEHHSI 3aITCH
2 2
A= Zo+az,+a, Zy+taZ,+a, .
Torma A=16A,. Iloacrasnss HailleHHOE 3HAaUEHNE
A B BeIpaxenue (22), moaydaem:
-t _ & Zyyt+Zypt+a +2 ZipZy — &, iZVAl (23)
= > .
le + ZZO + ail.
Takum 00pa3om, MPU BHITIOIHEHUU XOTS OBI O1-
HOTO U3 HEPaBEHCTB

Zo+2Zp+a, +2 2,02, —a +2,/A
O<a1 10 20 ai 10 202 2 1<1'
Z1O+ZZO+a1
Zin+2Zp+a +2 2,072, — —2,/A
0<a1 10 20 ai 10 202 a? l<1
Z1O+ZZO+a1

e
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Gyskmum 7z, t w Z, t ¢ TaKMMHM HaYaJbHBIMH
3HAQUEHMAMM Ha MoiayuHrepsan 0,c0 HENpoaoI-

KUMBL.
3ameTuM, YTO paBeHCTBO (23) ompemenseT
MHOXECTBO X, . Hampumep, ecnu z,, = z,,, TO Ta-

KM€ TOYKY IIPUHAJUIEKAT IOBEPXHOCTH X, . JelcT-
BUTEINBHO, yCTh Z,, = Z,, = Z, TOTJa

a 2z+a, +2 2°—a, +2 7*+az+a,

27+ ?
472 +4az+38] 1
27+a, ? '
T.e. ypaBHeHue (23) paspemumo npu t =0.
[oBepxHOCTh (23) COAEPKUT M APYTHE TOUKH.
Paccmotpum ypaBHeHue
22 +2+1=0,
nycts z,, =1, z,, =0, Torna ypasuenue (23) npu-
MET BU]L

T.C.
t=In2-In+/3,
3HAYUT, ypaBHeHHE (23) umeeT perienne te 0,00 .

[Tonyyennsiii B Teopeme 1 pe3ynabTaT MOKHO
0000mmuTh. [TycTh

dz -1
—=—|F'z | -Fz, 24
- LF 2] (24)
rie F — muddepennupyemseiii mo ®pemie Henu-
HEWHBII OllepaTop, AECUCTBYIOIUN U3 HEKOTOPOIO

MHOkecTBa M OaHaxoBa mpoctpaHcTBa E, B Oa-
HaxXOBO MPOCTpaHCTBO E, .

Teopema 2. I[Iyemv F z, =0 u auneiinvii

onepamop F' z, umeem oepanuuennviti obpam-
*

HbLU, KpOoMe MOo2o,
lim |[F"z —-F' z,

J=2.]>0 =0 (23)

moezoa npouseoonas Ppeute omobpadrcenus
[Fz] Fz
6 mouke 7=1, pasna —E, ec0e E — eounuunwiii
onepamop.
HoxaszatenbcTBO TeopeMHsl 2. Or-
METHM, YTO JIMHEHHbIE orepaTopsl F' z B Onus-

KHUX K Z, TOYKaxX Z TaKXE MMCIOT OrpaHUYCHHBIC

oOparHbIe [F' z ]_l u

[F' z T—[F’ Z, :|71

lim

[z-2,]>0

=0. (26)

Ilycte
Az =1-[F z :|_1F z . (27)
PacCMOTPHM CIIEyIOIIee TOXKIECTBO:
Az -Az =
=[F' z T[F’ z, 71-2, -F 7z +F 7, |+
+ F z T[F’ z -F'z |z-2,. (28

JleficTBUTEIBHO, MOCIIE PACKPHITHS CKOOOK B Ipa-
BOI1 yacTw paBeHcTBa (28), moxydaem

[F'z T[F’ z, |2-2. -
-[F' z T[F z -F z, |+
+F' z T[F’ z -F'z Jz-2, =
=[Fz]'[Fz-Fz ]+
+[F' z ]_IF’ z z-2, =
=z-2,-[F'z TF z +[F' 2 TF z, =
=7-[F' 1 TF z - 7,-[F 1, ]le z,

Hanee u3 Toxnectsa (28) BBITEKAET, YTO

Az -Az .
=T
| - "_1 IFz-Fz -F 2z z-z N
z-1,
+|Fz —F" 2, J
[Hoatomy
Az -Az ~
2o z-z|
T.C.
Az, =0. (29)
Takum o06pazom,
0=Az, =E- [F' 2 | F z '7 ,
T.€. *
~[Fz]'Fz O E (30)

=7,

Teopema 2 mokazana.

JanHas Teopema BiedeT aCUMITOTHYECKYIO yC-
TOWYMBOCTH 1O JIAMyHOBY COCTOSIHWSI PaBHOBECHS
Z, oneparopHOro qudGhepeHIInalbHOT0 YPaBHEHUS
(24).

OTMeTuM, 4TO J10Ka3aTeIbCTBO TEOPEMBI 2 MO
CYILIECTBY IOBTOPSIET PAacCyKACHUs, IPUBEICHHBIC
B [2, c. 137].

PaBenctBo (30) siBnseTCsl OUEBUIHBIM B CIIydae
IuddepeHnnansHoro anaitora merona Hetorona

11
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dx  f
dt

JlericTBUTENBHO,

X

frx

B Tabn. nmpuBeAcHBI HEKOTOPBIC U3 MHOTOYHC-
JIEHHBIX PE3yJIbTATOB BBIYMCICHUN 3HAYEHUN pe-

wenuit Z; t  j=12,..,n ypasuenus (6), mo-

JMYYEHHBIX C WCTOBb30BaHUEM MMaKeTa CHMBOJIbHON
MateMaTrku Maple, ¢ mpumeHenuem muddepeH-
LHUAJIBHOTO aHajora WTEepalMoOHHOro mertona Ben-

__[f’ x}z—f x f" x

: [t x ]

+f x f" x
[t xT

fx'
f’xX

epuiTpacca

=-1 1,

X=X,

dz; Pn[zj t]
e A T

m'[zj t ] '

3HaueHue napaMerpa t BappupoBajoCh B IIMPOKUX

npeaciax aimd U3YYCHUSI CKOPOCTU CXOAHMMOCTHU

rae X, — kopenb ypaBHenus f x =0.

HUTCPAllMOHHOI0 IMpoLecca.

Tabmuma

Pe3yabTaThl BIYMCIEHUH NPUOINKEHHBIX 3HAYeHUH KOPHeil ypaBHeHMii,
NmoJIiyueHHbIE ¢ Hcnosib3oBannem Maple

HavasibHble 3HaUeHUs |

Kopuu ypaBHeHUs

1. z—-i z-1 z-3 =0
2(0)=2-i; 2,(0)=6; | z(100)=1.72126-10° +1.00000-i;  z,(100) = 3.00000 — 2.90487 -10°%i;
7,(0) =0. 2,(100) =1.00000 + 2.68979-10°%i.
20)=2; z,(0)=6-1; | z(100)=3.00000+2.37177-10%;  z,(100) =1.00000 +3.59373-10°%i;
2,(0)=-19. 2,(100) = 4.38430-10°° +1.00000.-i.
2(0)=0; z,(0)=1, 2,(100) =1.70201-10* +0.99999-i;  z,(100) =1.00000+0-i;
2,(0)=3. 2,(100) =3.00000 +0-1i.

2. 224741 z-1%=0

2(0)=i; z,(0)=1,
z,(0)=5; z,(0)=09.

z,(889) =—0.50000 + 0.86602 - i;
2,(889) =1.00000 + 4.81809-10°° -i;

2,(889) =1.00000+ 0-i;
7,(889) = —0.50000 — 0.86602 - i.

z,(0) =i; z,(0)=2-i;
2,(0)=10-i; z,(0)=123-i.

2, (40) = —0.50000 + 0.86602 - i;
2,(40) = —0.50000 — 0.86602 -i;

z,(40) =1.00000 + 3.18191-10°° -i;
z,(40) =1.00000 —3.18193-10°° -i.

3. z-1%7-1-28-i °=0

2(0)=0; z,(0)=1 2,(89) =—1.20775-10™ +1.00000-i;  z,(89) =1.00000 + 28.00000-i;
,(0)=5 7,(00=9. | 7 (89)=-1.40211-10"° +1.00000-i;  z,(89) =1.00000 -+ 28.00000-i.
z(0)=0; z,(0)=L | z(89)=-2.20676-10" +1.00000-i;  z,(89) =1.00000 + 28.00000- i;

2,(0)=11 2,(0)=12.| 7 (89)=1.76701-10" +1.00000-i;

z,(89) =1.00000 + 28.00000- 1.

4, 7—i% z+i =0

20)=i;  z,(00=L | z(29)=0.+1.00000-i; 2,(29) =6.96291-10" —0.99999 -i;
(0)=5 z(0)=9 | z,(29)=-7.87554-10" +1.00000-i; z,(29) =—6.96055-10"" —1.00000-i.
2,(00=0; z,(0)=1 | z,(0.00007)=0.0000530399+0-i;  z,(0.00007) =0.988296 +0-i;
2,(0)=1.1; z,(0)=1.2. | z,(0.00007) =1.13779+0-i; 2,(0.00007) =1.17363+0-i.
z(0)=i; z,(0)=1 2,(50) = 0.+1.00000-i; 2,(50) =3.82841-10"° +1.00000-i;

(0)=11 2,(00=-200.| ; (50)_242952.10"* ~1.00000-i;

z,(50) = —3.83907 -10® —1.00000 - .
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Ha npumepe BbIUMCIEHUST KOPHEH TPEX MEPBBIX
YPaBHEHUH XOPOIIO MPOCIEKUBAETCS CXOTUMOCTh
BBIYHCIIUTEIHHOTO TpoIecca K OJHOM U3 mepecTa-
HOBOK KOpHeH |Z, mpM pa3auuHBIX HadaJdbHBIX

3HaueHUsX Z,. /I 4eTBepTOro ypaBHEHHs B Iep-

BOM ciyuae HaOmromaercss ObICTpas CXOIUMOCTh
mporecca K KOpHAM ypaBHeHHs. OJTHaKO, BO BTO-
pPOM cilyyae NpH TaKUX HadaJbHBIX 3HAYCHUSIX Z,

BBIYHCIUTEIBHBIA TPOIIECC OBLI OCTAHOBJICH MPO-
rpaMMOii. DTO CBUJIETEIBCTBYET O TOM, YTO JIaH-
HbIC HAYAIbHBIC YCIIOBHS SIBISIIOTCS «IIOXHMUY,
T.€. pelIeHns ypaBHeHH (6) IpU TaKUX HAYaJTbHBIX

3HAYEHUSIX HEMPOJOIDKUMBI st Mo0bIX te 0,00 .

B Tperhem cityuae, mipu HEOOIBIIOM H3MEHEHHH
HaYaJbHBIX 3HAYCHUH, OMATH HAOJFOJAETCS XOpO-
I1asi CXOAUMOCTh K KOPHSIM perIaeMoro anreopan-
YEeCKOTO YpaBHEHUSI.

3amMeTuM TAaKXXC, 4YTO B U3BECTHLIX aBTOpPaM HUC-
TOYHHUKAX [2—7], CTaBIINX K HACTOSIIEMY BPEMEHU
KJIACCHYECKUMH B OOJACTH HTEPALMOHHBIX METO-
OOB U TCOpHU AUHAMHYCCKUX CUCTEM, IIEPCXOJ] K
muddepeHIMATBHEIM ~ aHAIOTaM  UTEPAIMOHHBIX
MPOLIECCOB HE PACCMATPHBAIICS.

3akmovyenue. Takum 00pa3oM, B CTaThe II0-
CTpoeH AuQQepeHIMATBHBIA aHAJIOT HTEPAIUOH-
HOTO Tmporecca BeiliepmiTpacca 0OJXHOBPEMEHHOTO
HAXOXXCHHUS BCEX KOPHEU alre0panyuecKoro ypas-
HeHus. J[okazaHO, YTO MOJMHOMXECTBO MPOCTPaH-
CTBa HAYaJbHBIX YCIOBHM, JJIsI KOTOPOTO BCE Tpa-
eKTOPUH CTPEMATCSI K OJHOW M3 IIepPecTaHOBOK

KOpHEH, SBISAETCS OTKPHITHIM M CBS3HBIM, IPH 3TOM
0TOOpakeHHe JaHHOTO MOJMHOKECTBAa HAa MHOXe-
CTBO 3Ha4eHHU KOI(D()HUIINEHTOB ypaBHEHHS SIBIIS-
ercs auddeomoppuzmom. JlokazaHa acUMITOTH-
yeckas yCTOMYMBOCTh IO JISAMyHOBY COCTOSHHIA
pPaBHOBECHS; HWCCIENOBaHBI BOMPOCH MPOIOIKH-
MocTH pemeHnid. [lomydeHHble pe3ynbTaTel 0000-
HIEHBI [T TMOCTpOoeHHs JudQepeHnnansHoro aHa-
Jora  WTEpalMoOHHOro  mpormecca  HproToHa—
KanropoBnua B obmem ciywae. IlpuBeneHHbIC
YHCJICHHBIC MPUMEPHI TOKA3bIBAIOT BBICOKYIO (-
(heKTHBHOCTH 3TOrO Tporecca: 3amaya Komm, pe-
Imaemas Juisi COOTBETCTBYIOIIEH cuctembl Audde-
pPEHLMAIBHBIX YPaBHEHUH, HMMEET TPACKTOPUIO,
OBICTPO MPUOIIDKAIOIIYIOCS K BEKTOpY KOpHEH aj-
re0pandeckoro ypaBHEHHs TPHU «ITOYTH JIFOOBIX»
Ha4YaJIbHBIX YCIIOBHUAX.
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