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Ctabunmsaunsa BNosIHE MHTErPUPYEMbIX
JIMHENHbIX CTaUMOHapPHbIX cuctem Mpadda
B C/ly4ae CKaNAPHOro ynpasaeHus
0.B. Xpamuos

YupexcoeHue obpasosaHus «Bumebckuli 2ocydapcmeeHHblli yHugepcumem
umeHu N.M. Maweposa»

B pabome mamepuanom uccaedo8aHus ABASIMCA 8MOAHE UHME2PUPY cmayuoHap cucmeme! flgpagpcpa, komopele
ABAAIOMCSA UHEUHbIMU 110 8X00y — YIPABAEHUIO U M0 8bIx00y — COCMOAHUIO CUCMeMbl. TaKue cucmembl U3y4aauce Ha obnadaHue
UMU pazauYHLIMU - C8OUCMEAMU: MONHAA Yrpasasemocms, Kol yym ynp ocmu, MaKcl ynp ocme. B

HacmoAweli pabome uccnedyemcs 8onpoc 06 061a0aHUU YKA3aHHbIMU cucmemamu ceolicmeom cmabunuszayuu. [1od a3mum ceoli-
CMeOM MoHUMaemcsa nMocmpoeHue ¢ Nomowblo 06pamHoli cea3u makoli 8rnoaHe uHmMezpupyemoli CMayuoHapHol cucmembl
Mpagppa, mpusuansHoe peweHue Komopoli A6a9emcA ACUMIMOMUYECKU yCmoUyuBbiM 6 Mepeom KeadpaHme na0CKOCMU usme-
HeHusA 08yMepHO20 apayMeHma.

Llesb cmambu — nosyyeHue ycnosul, npu ebInonHeHUU Komopbix AuHeliHas cCMayuoHapHAA 8MosHe L pup cucmema
Mgpacpda obaadaem ceolicmeom cmabunuzayuu 8 cay4ae CKAaAAPHO20 ynpaeneHus.

Mamepuan u memodsi. Mamepuanom 017 uccnedo8aHusa nocayxuna ougpgepeHyuansHas moodens npouecca 8 sude nuHel-
Holi cmayuoHapHoli enosHe uHmezpupyemoli cucmemsi lMgpagea e cneyuansHoli popme. Memodsl: Mampu4yHoO20 aHAAU3A, Meo-

puu cucmem duggepeHy yp i Npacppa, npobaemsr momeHmMOo8.
P u ux obcy . B pabome onpedeneHo noHamue ceolicmea cmabunuzayuu auHelHol cmayuoHapHol

pry

srnosnHe uHmezpupyemoli cucmemol lpagpeha, npedcr ol 8 crey ol hopme. B criy4ae CKanAPHO20 ynpasneHus nony-
4YeH Kpumepuli 061a0aHUA Makumu cucmemamu ceolicmeom cmabuausayuu. Kpumepuli cmabunuzayuu Hocum paH208bili Xapak-
mep om Hekomopol Mampuysl, cOCMasseHHol ¢ MOMOWb0 U38eCMHbIX MOMPUY, U 8eKMOPO8 UCX0O0HOU cucmemsl.
. B gbrqucrt OM [1/1aHe MpO8epKa Kpumepus He 8bi3bleaem 30mpy0HeHu17, MAaK Kak eblvucneHuAa npoeadﬂm-
€A 8 PAMKAX MaMpPUYHO20 aHAAU3a. MccnedosaHue HocUm yHOameHmabHell xapakmep.
Knroueeole cnosa: cucmemel Mpagpepa, nonHas pUPyemMocme, yrp ocme, cmabunuzayus.

Stabilization of Complete Integrated Linear
Stationary Pfaff Systems in Case of Scalar Control

0.V. Khramtsov
Educational Establishment «Vitebsk State P.M. Masherov University»

The research material is complete integrated stationary Pfaff systems, which are linear at the entrance, control, and the exit, the
state of the system. Such systems were studied from the point of view of possession by them of different features, like the feature of
complete control, ‘continuum control, maximal control. The issue of the possession by the above mentioned systems of the property
of stabilization is under consideration in the article. The stabilization is understood as building, with the help of a feedback, of a
complete integrated stationary Pfaff system, the trivial solution of which is asymptotically stable in the first square of the plain of
change of a two-dimension argument.

The purpose of the work is obtaining conditions, provision of which presents linear complete integrated stationary Pfaff system
as having the feature of stabilization under scalar control.

Material and methods. The research material is differential model of the process in the form of linear stationary complete
integrated Pfaff system in a special form. The research methods are methods of matrix analysis, methods of the theory of
differential Pfaff equation systems, the method of the moment problem.

Findings and their discussion. The notion of the stabilization feature of linear stationary complete integrated Pfaff system rep-
resented in a special form is identified in the paper. In the case of scalar control criterion is obtained of possession by such
systems of the feature of stabilization. The stabilization criterion is of range character from some matrix which is built with the help
of known matrices and vectors of the initial system.

Conclusion. From the point of view of calculation the criterion test does not cause any difficulties since calculations are
conducted within matrix analysis. The research is of fundamental character.

Key words: complete integrability, Pfaff systems, stabilization, controllability.

22



BecHik BAY. —2017. — Ne 2(95)

B AaHHOW paboTe NpoAo/KaeTCA U3ydeHUe CBOMCTB BMOJIHE UHTErPUPYEMbIX IMHEWHbIX CTaLMOHAPHbIX CUCTEM
MNdadda. B [1-3] nonyyeHbl KpUTEPUM MONHON YNPaBAAEMOCTU, KOHTUHYYM YNPaBAAeMOCTM, MaKCMManbHOMN
ynpasnsemocTu. P. KanmaH [4, c. 62] foKasan KpUTEpUA HaNUYMA CBOWCTBA CTabuan3aunm ANA NUHEWHbIX CTaumo-
HapHbIX CMCTeM 0BbIKHOBEHHBIX AnddepeHLManbHbIX ypaBHeHUIA. B HacTosAwwelt paboTe pelaeTca BONPOC O BO3MOXK-
HOCTU CTabuAM3auMn NMHEWHOW CTalMOHApHOM BMOAHe WHTerpupyemol cuctemsl Mdadda B cnyvae ckanapHoro
ynpasneHus. PaccmaTpuBaeman cuctema anaeTca 6onee cnoxHbiM 06bEKTOM, 60 npescTasnseT coboit nepeonpe-
[eneHHylo cuctemy anddepeHLManbHbIX ypaBHEHUI ¢ YaCTHBIMU NPOM3BOAHBLIMU. MONYYEHHbIN KpUTepUin cTabunu-
3aLMKM HOCUT PaHrOBbIV XapaKTep OT HEKOTOPO MaTPULibl, COCTAaBNEHHOW C MOMOLLbIO U3BECTHbIX MATPULL U BEKTOPOB
MCXOAHOM CUCTEMBI.

Llenb cTaTby — Nosy4YeHWe YCA0BMIA, NPU BbINOIHEHUU KOTOPbIX IMHEMHAA CTAaLMOHAPHAN BMOAHE UHTErpupyemMasn
cuctema Moadda obnagaet cBoicTBOM CTabuAM3aLMK B CyHae CKaNAPHOro ynpasBaeHus.

Matepuan u metoabl. Matepuanom Ana UccnefoBaHus asasetca aubdepeHumansHas MoAenb npouecca B Buae
JMHEHON CcTalMOHapHOW BnosiHe MHTerpupyemoit cuctemsl MNdpadda B cneumansHoil dopme [5; c. 323]. MeToab!:
MaTPUYHOro aHanu3a, Teopun cuctem auddepeHumanbHbix ypasHeHui Npadda, npobaembl MOMEHTOB.

PesynbTathl U Ux obCykAeHMe. PaccmaTpuBaeTCcA NPOLLECC, ONUCHIBAEMbIN BNOMHE UHTErPUPYEMOWi NHENHOM cu-
cremoit Moadda

© 1dx = (Ayx + byu(t))dt, + (Ayx + byu(t))de,, (1)
rfe aprymeHT t = (t,,t,) € R?, x < R" — BbIXOf, COCTOAHNE CUCTEMBI, uc R — BXOJ, YNPaBAEHUE, HEMPEPbIBHO And-
dbepeHumpyeman ckanapHas GyHKUMA, A, A, — NOCTOAHHbIE BELECTBEHHbIE MAaTPULIbI COOTBETCTBYIOWMX PasMepHO-

CTelt, b, ,b, — NOCTOAHHbIE BEW|ECTBEHHbIE BEKTOPbI. YCNOBUA NONHOI UHTETpUPYeMOcTy [6, c. 44] cuctemsl (1) umetot

BUA
W =A,A, —AA, =0,
ou ou
by — b, —=pu, p=A,b, —Ab,.
s, 0s,

MoaTomy AnA NOAHOW MHTerpupyemoctu cuctembl MNbadda HeobXOAMMO M AOCTAaTOMHO B C/yYae CKaAAPHOro
ynpasieHus BbinosHeHne cBoicTs [1]:

1. Ycnosue nepecTaHOBOYHOCTU MATPUL, CUCTEMBI

AA = AJA; (2)

2. Ycnoswe COracoBaHHOCTU PaHros

rankT =1, T =[b,,by.,p] - (3)

Mpu BbINONHEHUM 3TUX CBOWCTB ANA 3afaHHOW CKanApHOM GYHKUMM u cucTema (1) umeeT eMHCTBEHHOE pelue-

HUWe C HaYaNbHbIM yCN0BUEM
x(0) = x°.

PaccmoTpum cBoicTBO cTabuamsaumu. Myctb o6paTHas CBA3b UMEET BUA,

Uu=cx, c=(c;,Cppm Cp) (4)
Tl BELECTBEHHbIN BEKTOP-CTPOKa C MOANEXUT onpeaeneHnto. 3amkHem cuctemy (1) o6paTHoit ceasbio (4). B pe-
3yNbTaTe NONYYUM CUCTEMY

dx = Hxdt, + H,xdt,, (5)
30€Cb H, = A, + b,c,i = 1,2.

Onpegenenune 1. Cucmema (1) o6nadaem ceolicmeom cmabunuzayuu mo2da u mosabkKo moada no onpedeneHutro,
Koeda cywecmayem makoli seujecmeeHHbIl sekmop ¢, ymo cucmema (5) Asnaemcs enonHe uHmezpupyemoli u ee
mpueuansHoe peweHue acumnmomuyecku ycmoliyueo 8 nepeom K8adpaHme g = [0,w)x [0,x) MIOCKOCMU U3Me-
HEeHUs 8eKMOPHO20 Ap2yMeHma ¢ = (t,,t,) -

MpuBesem Aga npocTbix $paKTa, UCMOb3yeMblX B AanbHelwem. MycTb AuHelHoe npeobpasosaHue [ 3apaeTcs
C MOMOLLBIO MPOU3BO/ILHONM MOCTOAHHOM BELWECTBEHHOW MaTpUubl D, KOTOpas SABASETCA HEBbIPOXAEHHOM
(det D = 0 ).

JNlemma 1. Mpu auHeliHom npeobpazoeaHuu L c8olicmeo (2) nepecmaHo8oYHOCMuU mampuy, cucmems (1) coxpaHa-
emcA.

[lleiicTButensHo: B cuny (2) umeem

W = A,A —AA, = D *A,0D A0 -DADD A0 = ptwp — 0.

Nemma 2. Mpu nuHeliHom npeobpaszoeaHuu L ceolicmeo (3) c02n1aco8aHHOCMU paH208 COXPAHAEMCA.
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[JeictenutensHo
rank R = rank [D~'b,,0"*b,,0 " A,00 ‘b, — D "A,0D “*b,] = rankd “'R = rankR =1
B CWJ/Iy CBOIACTBA paHra npousseaeHuna matpuy, [7, c. 25].
NmeeT mecto

Teopema 1. Cucmema (1) ob6aadaem cgolicmeom cmabunusayuu mo2da u MosabKO Mo20d, Ko20a 8binoaHAemcs
xoms 661 00HO u3 ycaosuli

rankk (b;,A;)=n, (6)
K, (b, A) =[b, A AT D] i=1,2.
[loka3aTenbcTBsO.YCI0BME COMNACOBAHNA PAHTOB (3) 03HAYAET IMHENHYIO 3aBUCUMOCTb MEKAY BEKTOPamMMn
b, b,
1,
3keR':b, = kb,. (7)
MycTb BbINONHEHO ycnoBKe (6) B ciyyae j=1.
MpumeHum K cucteme (1) nMHeliHoe npeobpasoBaHue
x=Dy,det D O. (8)
B pe3ynbTate ¢ ydetom (7) nonyuum cuctemy

dy = (D7'A,Dy +D 'bu(t))dt, + (D 'A,Dy + D kbyu(t))dt, . (9)
B cuny ycnosus (6) cornacHo pesynbtaty Kanmana [4, c. 53] cyliectsyer HeBbIpOXXaeHHan maTpuua D Takas, uto
Db, =r, D 'kby=kr, r=1(0,n.,01)". (10)

B cBoto ouepepb, matpuua D’lAlD =F, sasnsaetca [4, c. 55] maTpuueit PpobeHnyca unm maTpuLein KaHOHUYECKo-
ro NpeAcTaBaeHus

[0 1 0 0 0 o ]
} 0 0 1 0 0 0 }
FI:} e } (11)
| 0 0 0 0 0 1 |
L—an -0, —0,, —0G,3 .. —0, —0; J
rAE YMCNa a,,i=1,...,n —KOIDONUMEHTbI XapaKTEPMCTUHECKOTO MHOToUIeHa
XA](z)z‘Ez—Al‘ 2" +az2" 4 ta,
MaTpuupl 4, . bonee Toro [4, c. 56], xapaKTEPMCTUYECKME MHOTOUNEHbI MATPULL A, M £, COBMadatoT
Xa, (2) = X, (2).
CornacHo nemme 1 CBOWCTBO NMePECTaHOBOYHOCTH (2) MaTpuL, coxpaHseTtcs
FyFy, = FyFy - (12)
CuuTan maTpuuy F, U3BECTHOM U3 paBeHcTsa (12), Hallgem NpeacTaBneHVe MaTpuLbI F,
[ sp s 0 0 0 0 1
‘ 0 sp s 0 0 0 }
=l . \
} 0 0 0 0 sp s } (13)
L—san -sa,, —Sa,, —Sa,; .. —sa, —5a1+spJ

B maTpuue F, BelecTBEHHbIe YACAA s,p MPOWU3BO/bHbI. [OSTOMY MOAYYEH LEnblit KNace ® = ®(p,s) matpuy, F, .
Tenepb MOXHO YyTOYHUTL cuctemy (9)
dy = (Fy + ru(t))dt, + (Fy + kru (t))dt, , (14)

34€eCh MaTPUUBl F,,F, ONpeaeneHbl paseHctsamu (11), (13), sekTop r ykasaH 8 (10): r = (0, ... 01)" -
Mo nemme 2 yCa0BME COrNACcOBAHHOCTM PAHIOB (3) fO/IKHO COXPAHATLCA:

rank [r kr,F,r — Fkr]=1. (15)
TaK KaK BeKTop
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Fyr = Fikr =(0,0,...,0,s —k,(s = k)a, + sp)T ,
TO ANA BbINOJHEHWA ycnoBuA (15) He06X0AMMO M AOCTAaTOYHO PAaBEHCTBO
s =k. (16)
Takum o06paszom, TpeboBaHWe COrNacoBaHHOCTM PAHTOB CYXKAeT KNACcC MaTpuL, F, :
@ =®(p,k),
rAe YnCno k onpeseneHo B (7), a BELWECTBEHHOE YUCNO p — NPOU3BOJBHO.
B bl B 0 4. Mpy BbINOSHEHUM YCNOBUSA NEPECTAHOBOYHOCTM MaTpuL, (2), yCNOBUA COrNacoBaHHOCTU PaHroB. (3) u
ycnosus (4) Teopemst (1) ¢ yuetom TpebosaHus (16) B pesynbTtaTe npeobpasosanus (9) cuctema (1) npuHumaert sug,
dy = (Fy + ru(t))dt, + (Fy + kru (t))dt, (17)
TAe maTpuua r, onpezeneHa paseHcTBoM (11), a maTpuua

[p 1 0 0 .. 0 o ]
} 0 p 1 0o .. o0 0 }
F, = k| . l,
} 0 0 0 0 p 1 }
L’ a, —a,,; —04,, ~—0,3 —a, *01+pJ

BeKTop r=(0,0,... ,0,1)T .
Pelaem Tenepb 3agavy ctabunmsaumu. Nyctb obpaTHas cBA3b UMEET BUA,
u=cx, c=(cy,Cpsm Coh (18)
rZie MPOU3BOJIbHbIN BELLECTBEHHbIM BEKTOP-CTPOKA € NOAJ/IEXKMUT onpeaeneHnto. 3amkHem cuctemy (17) obpaTHoit cea-
3blo (18). B pe3ynbTaTte nonyuyum cuctemy
dx = Hxds + Hxds,, (19)
30eCb H, =F +rc, H,=F,+krc.
HenocpeacTBeHHbIMM BbIMMCNEHMAMM MOKEM Y6eAUTBER, YTO MaTPULb! H, ,H, NepPecTaHoBO4YHbI. CTpoKa ¢ Home-
pom n B mMaTpuue H, UMeeT BUA,
(Hl)["] =(-ap+c,—0a, ; +€,,...,—a; +C,) .
MoaTomy xapaKkTepucTU4ecKoe ypaBHeHUe ‘AE = Hl‘: 0 AnA maTpuubl 4,
n n-1 n-2
Xy W= 4"+ (ay 26 ) (o, =0y )
wo*(a, ; —c)A+(a,—¢;)=0. (20)
C Apyroii CTOPOHbl, 0603HAUYUB = A + p , NOJYHUM XapaKTEPUCTUYECKOE YpaBHEHWE ‘uE - Hl‘ =0 pna matpuupl

Hyt Xy, () =0 . ViHbIMK clOBaMM, KaXKAOe COBCTBEHHOE YNCIO M3 CMIEKTPa MaTPULbI H, OTINYAETCA OT coBCTBEHHOTO

uMcna U3 CNeKTpa MaTpULbl 4, Ha YNCIO p . B xapakTepuctuyeckom ypasHeHnu (20) BO3MOXHO NOCTPOEHME KaXA0ro
13 ero KoaGdULUMEHTOB 3a CUYET MPOU3BONLHOCTU BbIGOPA KaX/0K KOMMOHEHTbI ¢, BEKTOPA ¢ . 3HAUYMT, BO3SMOXHO
nocTpoeHwe Ntobbix Hanepes 3aaaHHbIX CNEKTPOB MaTPULL H,,H, B TOM YMCAE U C YCAOBUAMM
Re A, <0 W Rey =Re(A+p)<O0. (21)
Ycnosus (21) 03HauatoT acMMNTOTUYECKYIO YCTOMYMBOCTb TPUBMANBHOTO pelueHus cuctemsl (19) B nepBom Keasg-
paHTe K =[0,%)x[0;c0) MIOCKOCTU W3MEHEHUA BEKTOPHOTO aprymeHTa ¢ — (t,,t,) . Oba ycnosua onpepenenma 1
CBOWCTBA CTAaBUAM3aLMU cUCTEMBI BbINONHEHDI. Teopema 1 fokasaHa.
PaccmoTpum ycnosue (6) Teopembl 1. MmeeT mecto
Cnepcteue 1. Ecau ebinosnHaemcs ycnosue
rankK ,(b,,A,)=n, (22)
Mo 86INOAHAEMCA U ycosue
rankk ,(b,,A,)=n.

(23)
JleicTBUTENIbHO: U3 BbINONHEHWUA PaBeHCTBa (22) cnesyeT BbINOAHEHWE PAaBEHCTBA rankk (r,F,) = n. 3HauuT, cnpa-
BeJ/IMBO PaBeHCTBO rank (kr,F,)=n. U3 nocneAHero paBeHCTBa BbITEKaeT CNPaBe/IMBOCTb yTBepAeHNA (23).
3akntoueHne. B paboTe OBBLEKTOM MCCNEA0BaHUA ABNAIOTCA BMOJHE WHTErpUpyemble CTaLMOHapHble CUCTEMbI
Ndadda B cneupansHoi bopme, KOTOpbIE MHENHDBI NO CKANAPHOMY BXOAY — YNPaBAEHWUIO U MO BbIXOAY — COCTOAHUIO
CUCTembl. BBS,D,EHO NOHATUE CBOICTBA CTaﬁMﬂl/BaLI,MM. B CcNny4ae CKaZIApHOro ynpasaeHuUA noayvyeH KpIATepIAIZ o6na,a,a-
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HUA TaKMMW CUCTEMAMM CBOWCTBOM CTabuamsaLmun. Kputepuin cTabuamsaumm HOCUT PAaHroBbli XapaKTep OT HEKOTO-
p0|71 maTpuupl, COCTaBNEHHOW C MNOMOLLBIO M3BECTHbIX MaTpuUL, U BEKTOPOB MCXOAHOﬂ cucTembl. B BbluMcAUTENBHOM
nnaHe NpoBepKa KpUTepua He Bbi3biBaeT BBprAHeHMﬁ, TaK KaK BblMUCNEHUA NPOBOAATCA B PaMKax MaTpUYHOro aHa-
Nn3a. MccnepoBaHue HOCUT GYHAAMEHTaNbHbIN XapaKTep.
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